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CHAPTER  I 


INTRODUCTION 


Section  1.1  MOTIVATION 

Over  the  past  fifteen  years  a considerable  research  effort  has 
been  focused  by  computer  scientists  on  the  problems  of  concurrent 
computing.  Many  different  aspects  of  concurrent  computing,  ranging 
from  the  design  and  implementation  of  hardware  structures  capable  of 
performing  computations  In  parallel  to  the  control  and  coordination 
of  such  computing  systems,  have  been  under  study.  One  of  the  effects 
of  this  research  work  has  been  the  development  of  several  distinct 
abstract  models  of  concurrent  systems.  The  general  goal  of  the  devel- 
opment of  formal  models  is  to  obtain  a clear,  simple  but  nonetheless 
valid  abstract  representation  of  systems  exhibiting  concurrency,  based 
on  which  certain  analysis  or  synthesis  questions  regarding  the  modelled 
real-life  systems  may  eventually  be  easier  to  answer.  Recent  works 
([PETE-73],  [AGAR-75])  have  shown  that  despite  the  fact  that  the  vari- 
ous models  of  concurrent  systems  use  different  approaches  in  their 
way  of  representing  the  processes  which  can  be  encountered  in  a con- 
current processing  environment,  they  have  a great  deal  in  common.  It 
is  apparent  that  earlier  models  were  concerned  mainly  with  the  repre- 
sentation and  analysis  of  the  sequencing  of  the  various  concurrent  and 
sequential  computational  steps  of  a program,  in  other  words  with  the 
study  of  the  control  flow  in  parallel  programs.  More  recent  studies 
have  considered  the  modelling  of  collections  of  programs  which  interact 
with  each  other  in  a competitive  as  well  as  cooperative  manner  while 
executing  simultaneously.  Gostelow  ([GOST-71])  and  Cerf  ([CERF-72]) 
have  attempted  to  model  well-known  programming  structures  such  as 
subroutines,  reentrant  subroutines  and  recursive  routines  using  the 
UCLA  Graph  Model  of  Computation  ((MC).  The  GMC  is  formed  by  a bilogic 
directed  graph  in  which  the  vertices  represent  computational  steps  and 
the  directed  arcs  which  connect  the  vertices  to  each  other  represent 
precedence  relations  existing  between  the  various  computational  steps. 

In  [GOST-71]  and  [CERF-72]  the  GMC  is  extended  to  the  so-called 
"Complex  GMC"  by  the  introduction  of  complex  arcs,  tha<"  is  directed  arcs 
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which  can  have  multiple  source  vertices  and  multiple  destination 
vertices.  A certain  precedence  condition  is  said  to  hold  if  there 
are  tokens  present  on  the  corresponding  arc  of  the  Complex  CMC.  Each 
node  is  associated  with  a fixed  input  and  output  logic  which  may  be 
of  the  AND  (*)  or  OR  (+)  type.  A node  with  AND  input  logic  may  begin 
its  execution  if  all  its  input  arcs  have  tokens  present  on  them.  If 
the  input  logic  of  a node  is  of  the  OR  type,  it  may  start  its  execution 
if  any  of  its  input  arcs  contains  tokens.  A node  is  executed  by 
removing  tokens  from  its  input  arcs  according  to  the  vertex  input 
logic  and  by  placing  tokens  on  its  output  arcs  according  to  its  output 
logic.  If  a node  has  AND  type  output  logic  then  all  its  output  arcs 
receive  tokens  at  the  termination  of  the  vertex  execution.  On  the 
other  hand,  if  the  output  logic  is  of  the  OR  type  then  any  one  of  the 
vertex  output  arcs  can  receive  tokens  upon  vertex  execution  termina- 
tion. The  number  of  tokens  removed  and/or  placed  by  a node  on  a com- 
plex arc  is  given  by  the  degree  of  the  respective  arc. 

Gostelow  and  Cerf  were  mainly  Interested  in  the  analysis  of  the 
control  flow  in  parallel  programs  and  therefore  their  studies  use  the 
Complex  CMC  as  an  uninterpreted  model  of  parallel  computation. 

In  [GOST-71]  it  is  shown  that  the  introduction  of  complex  arcs  in 
the  CMC  permits  the  correct  modelling  of  subroutine  calls  in  the  con- 
text of  parallel  programs,  which  would  not  have  been  possible  if  only 
simple  arcs  were  used.  Complex  arcs  are  credited  with  the  capability 
of  correctly  solving  the  problem  of  return  of  control  from  a subroutine 
model  which  may  be  called  from  several  distinct  call  vertices,  without 
violating  the  assumption  that  the  model  is  uninterpreted.  Both  Gostelow 
and  Cerf,  however,  recognize  that  reentrant  subprograms  cannot  be  repre- 
sented by  the  Complex  CMC  as  neatly  as  ordinary  subroutines. 

In  Costelow's  view  "reentrancy  is  that  property  of  programs  which 
allows  a single  program  to  be  entered  and  to  execute  as  a program, 
while  other  Independent  entries  and  executions  of  the  same  program  are 
in  progress."  Reentrancy  is  tlius  a special  property  of  programs  which 
not  every  program  can  have,  namely  that  more  than  one  Independent  con- 
trol flow  streams  operate  simultaneously  within  the  same  program. 

Since  the  Complex  CMC  is  a model  of  control  flow  independent  of  inter- 


pretation  it  should  be  able  to  represent  the  distinct  control  flow 
streams  acting  in  a reentrant  subroutine  only  through  a proper  arrange- 
ment of  the  arcs  and  vertices  of  the  model,  without  relying  on  extra 
information  provided  by  some  specific  interpretation  of  the  vertex 
functions.  The  Complex  CMC,  as  it  is  currently  defined,  cannot  accom- 
plish this  task.  Figure  1.1.1  exhibits  an  attempt  to  model  a reentrant 
subroutine  using  the  Complex  CMC,  as  given  in  [CERF-72].  The  reentrant 
subroutine  formed  by  vertices  4 and  5 can  be  called  concurrently  from 
vertices  2 and  3,  respectively.  If  a token  appears  on  arc  D,  it  is 
absorbed  by  vertex  5 which  in  turn  places  one  token  on  arc  R.  Since 
both  arcs  A and  B may  contain  tokens  simultaneously,  the  token  on  arc 
R can  be  removed  by  either  vertex  6 or  7.  The  choice  of  the  vertex 
which  absorbs  the  token  on  arc  R is  completely  arbitrary  in  this  case, 
according  Co  the  execution  rules  of  the  CMC.  Therefore,  vertex  5 may 
fail  to  return  control  precisely  to  the  calling  routine  which  corres- 
ponds to  the  control  flow  stream  which  has  just  terminated  the  execu- 
tion (one  of  the  two  simultaneous  executions)  of  the  reentrant  sub- 
routine. The  problem  stems  from  the  fact  that  the  occurrence  of  a 
token  on  arc  D does  not  provide  vertex  5 with  enough  information 
regarding  which  of  the  two  control  flow  streams  operating  concurrently 
in  the  reentrant  subroutine  does  that  token  represent;  that  is  to  which 
call  of  the  reentrant  subroutine  (from  vertex  2 or  3)  does  the  respec- 
tive token  belong. 

This  difficulty  in  modelling  reentrant  control  structures  is  not 
particular  only  to  Complex  GMC's.  In  fact,  based  on  the  results  ob- 
tained in  [PETE-73],  [AGAR-75],  [MlLL-74],  where  the  modelling  power  of 
the  significant  models  of  parallel  computation  such  as  Petri  Nets,  the 
Complex  GMC,  Parallel  Program  Schema  (Finite  State),  Program  Graph 
Model,  Vector  Addition  Systems,  etc.  was  compared,  it  appears  that  the 
modelling  difficulty  mentioned  above  extends  to  all  these  formal  models 
as  well. 

Gostelow  suggests  the  following  solution  to  the  problem  of  repre- 
senting reentrant  programs.  Reentrant  subroutines  are  a priori  identi- 
fied and  distinct  copies  are  made  for  each  instance  of  reentrancy,  that 
is  each  call  vertex  which  can  initiate  a reentrant  execution  of  the  sub- 
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rout  int^  In  question  is  linked  to  a separate,  distinct  copy  of  tiie 
graph  model  of  that  subroutine.  Since  tlie  number  of  call  vertices 
is  bounded,  the  resulting  graph  model  will  remain  finite,  as 
required.  Figure  1.1.2  exhibits  the  method  given  above  as  applied  to 
the  reentrant  subroutine  of  Figure  1.1.1. 

The  main  drawback  of  this  solution  is  that  it  increases  the 
size  of  the  respective  graph  model  at  an  undesirable  rate,  especially 
if  subroutine  calls  are  nested.  Analysis  of  such  a model  would  be  at 
the  best  difficult,  especially  if  one  is  Interested  in  modelling 
real-life  collections  of  programs  such  as  reentrant  portions  of  com- 
pilers or  reentrant  operating  system  routines. 

On  the  other  hand,  models  of  concurrent  systems  such  as  the  Petri 
Net  Model  for  example,  do  not  have  to  be  viewed  only  as  formal  repre- 
sentations of  programs,  but  more  generally,  as  formal  counterparts  of 
arbitrary  asynchronous,  concurrent  structures.  Petri  Nets  were  orig- 
inally defined  to  represent  relationships  between  events  and  conditions. 

Instances  of  events  are  represented  in  the  model  by  transitions  and 
instances  of  conditions  are  represented  by  places.  Graphically,  a 
Petri  Net  is  formed  by  a bipartite  directed  graph  in  which  transi- 
tions are  represented  by  bars  and  places  by  circles.  Directed  arcs 
connect  transitions  to  places  and  places  to  transitions.  Tokens  are 
placed  in  the  circles  to  represent  the  holding  of  the  corresponding 
condition.  As  mentioned  above,  Petri  Nets  can  be  used  to  represent 
formally  coordination  structures  of  a.synclironous  concurrent  systems. 

If  we  are  seeking  a physical  Implementation  of  a certain  coordination 
structure  modelled  theoretically,  such  as  the  hardware  realization  of 
Petri  Nets  suggested  in  [PATl-70],  then  the  number  of  places  and  tran- 
sitions used  in  the  model  is  of  primary  importance.  Such  general  coor-  ' 

dlnatlon  structures  may  also  contain  reentrant  substructures  and 
Gostelow's  method  of  representing  reentrancy  becomes  inappropriate. 

Another  potential  drawback  is  the  fact  that  no  interrelationship 
exists  between  the  subroutine  copies  wliich  have  replaced  the  instances 
of  reentrant  calls.  Let  us  consider  a class  of  process  coordination 
structures  which  Iniierently  contain  reentrancy,  namely  the  "pipelined" 
coordination  strtictures.  In  connection  with  pipelined  synchronization 
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structures  we  would  like  to  be  able  to  model  the  interaction  between 
the  different  control  flow  streams  operating  simultaneously  within  the 
collection  of  processes  which  form  the  pipeline.  In  particular,  one 
would  be  interested  in  assigning  different  priorities  to  distinct  con- 
trol flow  streams  with  respect  to  the  activation  of  processes  at  cer- 
tain points  in  the  pipeline  structure.  This  goal  seems  to  be  impos- 
sible to  achieve  through  Gostelow's  method  of  representing  reentrant 
control  structures. 

As  an  alternate  way  of  representing  reentrancy  which  Gostelow  and 
Cerf  suggest  is  to  allow  colored  tokens  to  identify  which  control 
stream  It  represents.  Upon  entry  to  a subroutine,  the  control  token 
is  painted  with  a color  which  identifies  the  call  vertex  and  upon 
returning  from  the  subroutine  the  token  changes  color  again  in  the 
reverse  order.  This  method  would  eliminate  the  need  of  distinct 
copies  for  distinct  reentrant  calls  to  a subroutine.  Both  Gostelow 
and  Cerf,  however,  do  not  pursue  this  method  further  as  it  would  imply 
changes  to  the  original  definition  of  tlielr  model. 

As  pointed  out  in  (PETE-731,  another  assumption  which  limits  the 
theoretical  modelling  power  of  most  models  of  parallel  computation  is 
the  assumption  of  a static  system  structure.  This  excludes  all  systems 
that  can  only  be  modelled  by  dvnamii  control  st  rtictures , such  as  pro- 
grams which  use  recursion,  I rom  the  > lass  ot  r*-al  systems  which  can  be 
formally  modelled. 

Recursive  progr.uns  raise  even  n»'ri  .umfilex  modelling  problems  than 
reentrant  programs.  In  |(^)Sr-71|  .«nd  (tKRf  | ti>e  following  solution  was 
adopted  in  connection  with  t h»'  <u«plex  i ••  K<‘ursive  subroutines  are 
represented  by  a "m*-t  a-desc  i 1 pt  ion , " tfi.it  is  whenever  a call  vertex  to 
a recursive  subroutine  is  executed,  t ti«  pr<oesslng  of  the  graph  model 
is  stopped,  the  current  state  of  the  niod«-l  Is  saved  and  the  structure  of 
the  graph  is  redefined:  a ropy  of  the  reiiitsive  routine  is  substituted 
for  its  dummy  stand-in  vertex.  After  the  substitution  of  the  subrou- 
tine copy  is  made,  the  execution  of  the  grapfi  model  is  restarted  from 
the  saved  state.  Figure  1.1.3  exhibits  the  meta-description  of  a 
recursive  routine  and  Figure  1.1. A displays  the  same  routine  after  two 
levels  of  recursion  have  occurred.  This  example  was  originally 


Figure  1.1.3 

Meta-descrlptlon  of  a Recursive  Routine  which  Computes  the  Factorial 

Function 
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presented  in  [CKRK-72]. 

This  method  of  handling  recursive  routines  in  the  context  of  the 
Complex  CMC  is  similar  to  the  method  used  for  reentrant  programs: 
rei'ursive  routines  are  a priori  detected  and  copies  are  substituted 
for  each  distinct  call  to  a recursive  routine.  Tlie  main  difference 
is  that  it  is  not  possible  to  state  a priori  how  many  levels  of  recur- 
sion will  occur  during  the  execution  of  the  model  and  thus  how  many 
copies  of  the  recursive  subroutine  must  be  made.  Therefore  the  struc- 
ture of  the  graph  model  must  be  redefined  dynamically,  during  the 
execution  of  the  model.  This  rule  certainly  violates  the  assumption 
that  the  Complex  CMC  is  an  uninterpreted  model  of  control  flow  in 
programs  since  vertices  with  special  functions  are  used  for  all  call 
vertices  to  the  recursive  subroutines,  namely  dummy  vertices  which 
merely  stand-in  for  copies  of  the  corresponding  recursive  subroutine. 
Secondly,  the  user  is  required  to  follow  the  execution  of  the  graph 
model  and  to  replace  the  dummy  stand-in  vertices  of  recursive  subrou- 
tines by  copies  of  the  called  subroutine  whenever  the  execution  of  the 
graph  model  reaches  such  a call  vertex.  This  meta-description  of 
recursive  subroutines  can  neither  be  correctly  represented  merely  by  a 
proper  arrangement  of  the  arcs  and  vertices  of  the  graph  model  nor  can 
it  be  supported  by  the  current  execution  rules  of  the  Complex  CMC.  As 
Cerf  simply  remarks  "...  there  is  no  way  with  the  current  CMC  to 
express  recursion  ...  As  a guess,  the  solution  to  this  problem  will 
require  a major  quantum  change  in  the  nature  of  the  CMC."  The  analysis 
of  recursive  programs  is  then  particularized  in  [CERF-72]  where  it  is 
proven  by  induction  that  the  Complex  CMC  meta-description  of  certain 
recursive  functions  is  properly  terminating  (I’T). 

The  difficulty  in  the  representation  of  recursion  discussed  above 
in  connection  with  the  Complex  CMC  is  not  specific  only  to  this  model 
of  parallel  computation  but  seems  to  extend  to  all  the  other  formal 
models  mentioned  earlier  whose  representation  power  is  equivalent  to  or 
less  than  that  of  the  Complex  CMC.  The  drawbacks  which  we  have  exhib- 
ited relative  to  the  "copy"  method  u-sed  for  the  representation  of 
reentrant  subroutines  in  the  Complex  CMC  apply  as  well  to  the  meta- 
description method  suggested  for  the  representation  of  recursion.  One 
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should  notice  that  the  graph  model  of  a recursive  program  Increases 
in  size  at  a very  fast  rate.  The  dynamic  restructuring  of  the  model 
required  by  the  meta-description  method  makes  a physical  implementation 
such  as  that  suggested  in  [PATI-70]  of  a recursive  coordination  struc- 
ture represented  formally  by  a Petri  Net  impossible.  In  fact,  even 
more  powerful  versions  of  the  Petri  Net  Model  such  as  the  Extended 
Petri  Model  ([AGAR-75])  or  the  Priority  Petri  Model  ([HACK-75])  fall 
to  offer  a natural  representation  of  reentrancy  and  recursion.  This 
statement  will  be  reexamined  in  Chapter  V.  As  an  alternate  method, 
Gostelow  suggests  again  the  use  of  colored  tokens  in  the  representa- 
tion of  recursion  but  does  not  pursue  this  idea  further. 

So  far  we  have  discussed  three  types  of  control  structures,  namely 
the  reentrant,  recursive  and  pipelined  control  structures,  and  we  have 
tried  to  emphasize  the  reasons  for  which  the  existing  formal  models  of 
concurrent  systems  have  difficulty  in  representing  these  forms  of  con- 
trol. We  have  also  hinted  on  an  intuitive  basis  that  the  use  of  colors 
in  the  representation  of  flow  of  control  may  have  a beneficial  influence 
on  the  representation  capabilities  of  formal  models  of  concurrent  sys- 
tems. It  appears  that  none  of  the  existing  models  of  concurrent  sys- 
tems which  we  have  mentioned  earlier  can  handle  in  their  original  defi- 
nition "colored"  representations  of  control  flow.  There  are  however 
in  the  literature  pertinent  to  the  field  of  formal  models  of  parallel 
systems  a few  reports  on  attempts  to  use  colors  in  the  modelling  of 
concurrent  control  structures. 

The  first  formal  model  known  to  have  Indirectly  used  "colors"  in 
the  representation  of  control  flow  is  the  E-Net  Model  developed  in 
[NUTT-72]  and  [NOE-73].  The  E-Net  Model  is  a modified  version  of  the 
original  Petri  Net  Model,  created  with  the  goal  of  having  an  inter- 
preted model  of  parallel  computer  systems.  E-Nets  were  meant  to  be 
used  as  aids  in  development  of  simulations  and  planning  of  measurements 
for  examining  characteristics  of  parallel  computing  systems  such  as 
throughput,  turnaround  time  and  utilization  of  resources.  An  E-Net  can 
be  constructed  by  using  transitions  from  five  primitive  transition 
classes  and  places.  Tokens  may  move  along  directed  arcs  in  the  net, 
being  transferred  by  transitions  from  their  input  places  to  their 
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output  places.  It  is  interesting  to  mention  that  a transition  cannot 
fire  if  its  output  places  contain  tokens.  in  this  way  it  is  ensured 
that  any  place  contains  at  the  most  one  token  at  any  time  during  the 
execution  of  the  net.  It  is  also  interesting  to  mention  that  the 
tokens  used  in  an  E-Net  can  be  of  two  types,  namely  simple  tokens  such 
as  those  used  in  the  ordinary  Petri  Net  Model  (their  presence  in  a 
place  of  the  net  merely  implies  the  holding  of  a certain  condition)  and 
attribute  tokens.  The  attribute  tokens  could  be  regarded  as  "colored 
tokens"  since  each  attribute  token  is  associated  with  a vector  repre- 
senting a set  of  attributes.  As  an  attribute  token  flows  through  the 
net,  its  attribute  values  may  change  as  well  as  the  attribute  set 
itself.  A special  type  of  places,  called  resolution  places,  may  refer- 
ence the  attributes  of  attribute  tokens  present  in  the  various  places 
of  the  net  in  order  to  evaluate  certain  predicates  associated  with  the 
respective  resolution  places.  The  E-Net  Model  represents  a formalism 
very  similar  to  a simulation  language  such  as  GPSS  for  exitmple, 
oriented,  of  course,  towards  the  modelling  of  parallel  computing  sys- 
tems. The  attribute  tokens  resemble  closely  to  the  dynamic  entities  of 
the  CPSS  models,  the  so-called  transactions. 

Another  model  of  parallel  systems  which  makes  explicit  use  of 
colored  tokens  is  the  CL-Net  Model  presented  in  [SONN-75].  There  the 
CL-Nets  were  introduced  as  a modified  version  of  the  Petri  Nets, 
offering  a more  compact  representation  of  systems  with  concurrenc'  nd 
an  increased  representation  power.  The  tokens  present  in  a CL-Net 
carry  one  of  the  colors  of  a finite  set  of  colors  associated  with  the 
net.  A partial  ordering  relation  is  defined  on  the  set  of  colors  such 
that  the  set  of  colors  forms  a lattice.  Each  transition  of  a CL-Net  is 
also  assigned  a fixed  color.  Based  on  the  colors  of  the  tokens  present 
in  the  input  places  of  transitions  and  on  the  colors  of  the  transitions, 
a hierarchy  of  firing  priorities  is  established  for  the  transitions  of 
the  net.  Tills  priority  rule  is  used  in  solving  conflicts  among  transi- 
tions. A transition  has  also  the  capacllv  of  deciding  the  color  of  the 
tokens  it  will  place  in  its  output  places  upon  firing.  In  this  way  the 
tokens  can  be*  repainted  while  flowing  through  tlie  net. 

The  CL-Nets  were  introduced  as  an  auxiliary  tool,  meant  to  be  used 


13 


as  a compact  representation  of  certain  parallel  algorithms  presented 
In  [SONN-75].  Therefore,  no  In-depth  analysis  of  the  CL-Net  Model  was 
attempted  there.  We  shall  consider  again  the  CL-Nets  together  with  an 
Interesting  remark  made  In  [SONN-75]  about  their  representation  power 
In  Section  1.2. 

In  [DENN-75],  based  on  the  concept  of  data  flow,  a programming 
language  for  parallel  processing  environments  is  defined.  The  language 
is  equivalent  In  expressive  power  to  a block  structured  language  with 
internal  procedure  variables  and  permits  the  concurrent  execution  of 
noninterfering  program  parts.  The  sequencing  of  the  program  steps  is 
determined  based  solely  on  the  availability  of  the  input  data  for  the 
particular  computations. 

A data  flow  program  is  graphically  represented  as  a bipartite 
directed  graph  where  the  two  types  of  nodes  are  called  links  and  actors. 
Actors  are  connected  to  links  and  links  are  connected  to  actors  by 
means  of  directed  arcs.  The  arcs  of  a data  flow  program  are  regarded 
as  channels  through  which  tokens  flow  from  each  actor  to  other  actors 
by  way  of  the  links. 

Values  are  represented  by  a "heap",  a finite,  acyclic,  directed 
graph  having  one  or  more  root  nodes  such  that  each  node  of  the  heap 
can  be  reached  via  some  directed  path  from  one  of  the  roots.  The  nodes 
of  the  heap  are  of  three  types; 

I.  - elementary  nodes  - these  nodes  have  no  emanating  branches 
and  contain  a value  of  the  type  boolean  (true  or  false),  integer,  real 
or  string. 

II.  - structured  nodes  - these  nodes  contain  pointers  to  the 
nodes  placed  at  the  ends  of  the  branches  emanating  from  the  respective 
structured  node  and  the  values  associated  with  the  "successor  nodes." 

ill.  - text  nodes  - these  nodes  contain  the  text  of  some  data 
flow  procedure  as  value. 

The  tokens  flowing  through  a data  flow  program  are  "indirectly" 
colored  In  the  sense  that  each  token  carries  a pointer  to  some  node  of 
the  )ieap  structure.  The  actors  perform  operations  on  the  values 
associated  with  the  nodes  of  the  heap  pointed  to  by  the  tokens  present 
on  their  input  arcs.  T)ie  links  have  only  one  input  arc  and  possibly 
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several  output  arcs.  Their  purpose  Is  to  distribute  identical  tokens 
to  actors.  During  tlie  execution  of  a data  flow  program,  nodes  are 
appended  and/or  deleted  from  the  heap. 

A special  type  of  actors,  called  "apply  actors,"  operate  on  text- 
nodes.  Eacii  t iiiK'  such  an  actor  is  fired,  tiie  data  flow  procedure 
pointed  to  by  tiie  token  which  has  caused  tiie  apply  actor  to  fire 
begins  execution.  Since  many  concurrent  activations  of  the  same  data 
flow  procedure  may  exist  due  to  concurrent  or  recursive  procedure  appli- 
cations, colored  tokens  are  used  in  order  to  avoid  the  possibility  of 
confusing  the  tokens  present  in  a data  flow  procedure  on  account  of 
two  or  more  distinct  activations  of  that  procedure.  That  is,  tokens 
present  in  some  data  flew  procedure  carry  besides  the  pointer  to  the 
heap  structure  mentioned  earlier,  a color  tag  which  uniquely  identi- 
fies the  procedure  activation  the  token  is  associated  with. 

Tlie  architecture  of  a parallel  computing  system  capable  of  execu- 
ting programs  written  in  the  data  flow  language  is  defined  in  [RUMB-75]. 

The  data  flow  language  defined  in  [DENN-75]  can  be  viewed  as  an 
interpreted  model  of  parallel  computation.  For  a general  study  of  flow 
of  control  in  parallel  programs,  however,  the  data  flow  language  model 
has  to  be  used  rather  as  an  uninterpreted  model.  Tlte  specific  inter- 
pretation of  the  actor  nodes,  the  heap  structure  and  consequently,  the 
pointers  to  the  heap  structure  carried  by  tokens  will  not  be  included 
in  an  uninterpreted  data  flow  program  scheme.  It  appears  that  the  con- 
trol coordination  problems  which  may  'ccur  in  such  an  uninterpreted 
data  flow  program  scheme  are  fairly  simple.  This  fact  is  also  empha- 
sized by  a restriction  imposed  in  the  definition  of  the  data  flow 
language  on  the  firing  rules  of  tlie  nodes,  namely  that  any  node  can 
fire  if  and  only  if  its  output  arcs  do  not  contain  tokens.  In  this  way 
no  more  than  one  token  can  exist  at  any  time  on  any  arc  of  the  model. 
Complications  may  arise,  however,  if  procedure  calls  are  modelled  in  an 
unint<-rpreted  data  flow  nrogram  scheme  because  the  procedures  are 
stored  as  text-nodes  in  the  heap  structure. 

Another  potential  problem  with  the  data  flow  language  regarded  as 
a model  of  parallel  computation  is  the  fact  that  it  can  be  only  used  to 
represent  parallel  programs  in  which  the  sequencing  of  the  computational 
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steps  is  determined  only  by  the  data  flow,  that  is  by  the  availability 
of  the  input  operands  of  the  respective  computations.  If  one  is  Inter- 
ested to  model  coordination  problems  of  asynchronous  concurrent  pro- 
cesses in  general,  then  the  data  flow  language  model  becomes  inappro- 
priate. From  this  point  of  view  it  becomes  apparent  that  the  CL-Nets 
of  [SONN-75]  represent  a model  of  systems  exhibiting  concurrency  whose 
definition  is  very  close  to  the  original  definition  of  the  Petri  Net 
Model.  In  this  way,  the  CL-Net  Model  maintains  the  generality  of  the 
ordinary  Petri  Nets,  namely  the  capability  to  represent  asynchronous 
concurrent  systems  in  general.  On  the  other  hand,  the  modifications 
introduced  in  the  execution  rules  of  the  CL-Nets  with  respect  to  the 
original  execution  rules  of  the  Petri  Nets  are  minimal,  and  thus  the 
CL-Net  Model  also  has  the  advantage  of  a relatively  simple  represen- 
tation of  the  modelled  systems. 

Section  1.2  OVERVIEW  OF  THE  THESIS 

In  Section  1.1  we  have  explained  how  and  why  the  idea  of  using 
colors  to  represent  distinct  control  flow  streams  operating  simultan- 
eously in  concurrent  systems  was  developed.  We  have  tried  to  empha- 
size the  reasons  why  the  use  of  colors  would  enable  a simpler  and  more 
natural  representation  of  reentrancy,  recursivity  and  pipe-lining  of 
control  in  asynchronous  concurrent  structures  and  which  would  also 
eliminate  some  of  the  drawbacks  of  the  other  solutions  to  these  prob- 
lems known  so  far.  Consequently,  we  have  defined  a model  of  concurrent 
systems  having  the  capability  of  handling  "colored"  representations  of 
control  flow.  We  could  have  proceeded  in  this  respect  in  two  different 
ways,  that  is  we  could  have  defined  a completely  new  model  or  could 

have  tried  to  extend  the  definition  of  an  already  existing  model  of 
parallel  systems  in  order  to  make  it  capable  of  handling  "colored" 
representations  of  control  flow  streams.  We  have  chosen  the  latter 
method  in  order  to  have  a basis  for  comparison  between  our  model  and 
other  established  models  of  parallel  systems.  Thus,  we  have  selected 
the  Petri  Net  Model  as  the  formal  model  underlying  our  extension.  The 
reasons  for  this  specific  selection  were: 

1)  Petri  Nets  had  been  defined  initially  with  a broad  scope  in 
mind,  namely  to  represent  formally  coordination  schemes  of  asynchronous 


If) 


concurrent  processes  rather  than  specifically  parallel  programs.  None- 
theless, parallel  programs  themselves  can  he  tiiongit t of  as  coordinated 
collections  of  asynchronous  concurrent  processes  where  the  processes 
are  the  various  computational  steps  of  the  program.  In  this  way  we 
hope  to  increase  the  generality  of  an  already  quite  general  formal 
model . 

il)  More  analytical  work  has  been  performed  on  the  Petri  Net 
Model  than  on  other  formal  models  of  concurrent  systems. 

We  have  modified  the  structure  and  the  execution  rules  of  the 
Petri  Nets  in  order  to  be  able  to  handle  colored  tokens.  From  this 
point  of  view  our  model  is  a generalization  of  the  Colored  Petri  Nets 
Introduced  in  [SONN-75].  While  extending  the  definition  of  the  ordi- 
nary Petri  Net  Model  we  have  tried  not  to  complicate  our  model  beyond  a 
reasonable  level.  After  all,  any  formal  model  of  concurrent  systems 
is  useful  only  as  long  as  it  offers  a simple,  natural  and  easy-to- 
understand  abstract  representation  of  the  real-life  systems. 

Further  our  objective  was  to  analyze  formally  the  modelling  power 
of  the  model  we  have  defined  and  to  find  a measure  of  its  representa- 
tion capabilities,  as  accurately  as  possible.  In  more  specific  terras 
we  would  like  to  get  some  insight  into  what  is  gained,  as  far  as  the 
representation  capabilities  of  the  mtidel  are  concerned,  by  Introducing 
colored  tokens  in  the  ordinary  Petri  Net  Model. 

We  have  mentioned  earlier  that  our  model  is  a generalization  of 
the  model  defined  by  Sonnenburg  in  [SONN-75).  There,  Petri  Nets  aug- 
mented with  colored  tokens  (called  CL-Nets)  were  used  mainly  as  a more 
compact  representation  of  parallel  algorithms  than  that  offered  by 
ordinary  Petri  Nets.  No  fvirther  analytical  analysis  of  tVie  model  was 
pursued.  However,  it  was  shown  that  the  class  of  concurrent  systems 
representable  by  the  Cl.-Nets  includes  the  class  of  concurrent  systems 
representable  by  ordinary  Petri  Nets  (with  uncolored  tokens)  as  a 
proper  subset.  This  assertion  was  proven  by  showing  that  CL-Nets  can 
correctly  model  a producer-consumer  problem  mentioned  earlier  in 
[KOSA-73].  Also  in  [KOSA-73]  it  was  proven  that  ordinary  Petri  Nets 
cannot  represent  correctly  the  same  problem.  It  is  interesting  to  men- 
tion that  the  respective  producer-consumer  synchronization  problem  does 
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not  involve  In  any  way  reentrancy  or  recursivity  of  control  flow. 

Tills  indicates  that  the  use  of  colored  tokens  positively  affects  the 
representation  capabilities  of  the  Petri  Nets  with  respect  to  the 
modelling  of  synchronization  schemes  in  areas  other  than  those  envis- 
aged in  Section  1.1  (l.e.,  reentrancy,  recursivity,  pipe-lining,  etc.), 
and  tills  encourages  one  to  attempt  a more  in-depth  analysis  of  the 
representation  power  of  the  model. 

A general  framework  for  the  modelling  of  systems  exhibiting  con- 
currency, called  the  Colored  Petri  Model,  is  defined  in  Chapter  II. 

The  Colored  Petri  Model  (CPM)  has  emerged  from  the  association  of  the 
Generalized  Petri  Nets  with  sets  of  colors.  Starting  with  real-life 
synchronization  situations,  two  classes  of  the  CPM  having  simple  struc- 
tures, namely  the  C-Colored  Petri  Model  (C-CPM)  and  the  EC-Colored 
Petri  Model  (EC-CPM) , are  slngled-out.  The  C-CPM  and  the  EC-CPM  are 
defined  such  that  they  offer  a compact  and  natural  representation  for 
various  coordination  structures  of  practical  significance. 

In  Chapter  III  we  analyze  in  detail  the  representation  capabilities 
of  the  EC-CPM.  For  this  purpose,  the  family  of  computation  sequence 
sets  and  the  family  of  terminal  computation  sequence  sets  of  the  EC-CPM 
are  defined  and  their  closure  properties  under  various  composition 
operations  and  mappings  as  well  as  their  extents  are  studied. 

Chapter  IV  presents  a study  of  the  representation  power  of  the 
C-CPM.  There,  the  C-CPM  is  compared  with  various  other  formal  models  of 
concurrent  systems.  Chapter  IV  is  concluded  witli  the  comparison 
between  the  representation  power  of  the  EC-CPM  and  that  of  the  C-CPM. 

Several  modelling  examples  were  designed  in  order  to  support  the 
necessity  and  appropriateness  of  the  concepts  of  dynamic  priority 
hierarchy,  conflict  and  queueing  of  control  flow  streams  Incorporated  in 
the  C-CPM  and  EC-CPM,  respectively.  These  modelling  examples  are 
exhibited  in  C’  ter  V. 

Finally,  Cnapter  VI  presents  a few  conclusions  which  can  be  drawn 
from  this  research  regarding  "colored"  representations  c^  control  flow 
in  asynchronous  concurrent  structures. 


CHAPTER  11 


THE  COLORED  PETRI  MODEL 


Section  2.1  INTRODUCTION  AND  PRELIMINARY  DEFINITIONS 

In  this  chapter  we  shall  formally  define  the  Colored  Petri  Model 
(CPM) . We  shall  also  define  two  classes  of  the  CPM,  named  the 
C-Colored  Petri  Model  (C-CPM)  and  the  EC-Colored  Petri  Model  (EC-CPM), 
respectively.  These  two  classes  of  the  CPM  are  obtained  by  imposing 
certain  restrictions  on  the  definitions  pertinent  to  the  CPM.  Before 
defining  the  CPM,  however,  we  shall  first  give  a few  basic  definitions 
and  notations. 


Def inition  2.1.1 

A Generalized  Petri  Net  (GPN)  is  a system  N = (T,  P,  1,  0)  where: 

1.  T is  a finite  set  of  transitions:  T = •••  . 

2.  P is  a finite  set  of  places;  P = {p  . , , ...  , p . } 
where  n = |t|,  m = jpj  and  T (1  P = (}). 

3.  1 is  an  input  incidence  function:  1 : P x T *• 

where  Z°  = {O,  1,  2,  . . . } is  the  set  of  nonnegative  integers. 

4.  0 is  an  output  incidence  function:  U:  T x P -<■  Z^ . 

A Generalized  Petri  Net  is  represented  graphically  by  a bi- 
partite directed  graph  where: 


1.  Transitions  are  represented  by  bars. 

2.  Places  are  represented  by  circles. 

3.  Circles  and  bars  are  connected  by  directed  arcs.  The  set  of 

arcs  associated  with  tlie  sets  T and  P is  denoted  bv  A.  Let  t,  C T 

k 

be  a transition  and  let  Pj  e P be  a place  of  the  GPN  N = (T,  P,  1,  0). 

For  every  such  pair  (p  , t ) C P x i,  there  are  exactly  1 (p . , t ) 

JR  JR 

arcs  directed  from  p.  to  t,  . If  I(p.,  t,  ) > 0,  p.  is  called  an 

J k J k ‘ j 

input  place  of  transition  t . The  arcs  connecting  p.  to  t are 

i ^ i ^ 

denoted  by  a..  , i = 1,  ...  , l(p.,  t ) and  each  arc  a is  called 
J R JR  JR 

an  input  arc  of  transition  t^^.  Similarly,  for  every  pair 

(t  , p.)  e T X p,  there  are  exactly  0(t  , p.)  arcs  directed  from 
R J R J 
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^ Pj  called  an  output  place  of 

transition  t,  . The  arcs  corresponding  to  such  a pair  (t  , p ) are 

i 1^  J 

denoted  by  a , i = 1 0(t  , p.)  and  each  arc  a,  is  called 

K.J  *^4  *^4 

an  output  arc  of  transition  tj^. 

Definition  2.1.2 


If  t|^  e T,  the  bag  of  input  places  of  transition  tj^  is  defined 


to  be : 


I,  = < P . P . e P and  I(p . , t ) = s > 0 > 

k J J J k 

(for  bag  notations  and  definitions,  see  Appendix  A) 
Definition  2.1.3 


If  tj^  c T,  the  bag  of  output  places  of  transition  t^^  is  defined 


to  be : 
0, 


< p.  p e P and  0(t,  , p.)  = s >0  > 
J j k 


Note : The  definition  of  a GPN  N = (T,  P,  I,  0)  does  not  Impose 

Ij^  n , for  any  tj^  e T.  Thus,  a place  p.  e P may  be  both  an 

input  as  well  as  an  output  place  for  some  transition  t^^  e T.  Also, 
I(p  , t ) may  be  different  from  0(t,  , p.),  l.e.  the  number  of 

J k k J 

input  arcs  from  p to  t is  not  necessarily  equal  to  the  number  of 
J k 

output  arcs  from  t,  to  p . . 

k 

Definition  2.1.4 

A marking  of  a GPN  N = (T,  P,  I,  0)  is  a total,  single-valued 
mapping  from  P into  Z°.  An  arbitrary  marking  of  N is  denoted  M^, 
where  the  superscript  i distinguishes  it  from  other  possible,  dis- 
tinct markings  of  N.  For  each  p,  e P,  M^(p.)  Indicates  the  number 

i 

of  tokens  present  in  place  Pj  in  the  marking  M . Graphically,  a 
token  is  represented  by  drawing  a dot  in  the  corresponding  place. 
Figure  2.1.1  gives  an  example  of  a GPN. 


Def initlon  2.1.5 

A set  of  colors  is  defined  to  be  a lattice  C “ (X,5)  where: 


1.  X is  a set. 

2.  S is  a partial  ordering  relation  defined  on  the  set  X. 


An  element  of  the  set  X is  called  a color. 
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In  the  following  definitions  we  shall  assume  that  each  token 
present  in  a place  of  a GPN  N carries  a color  from  a unique  color 
set  associated  with  N.  The  implications  of  this  fact  and  the  way 
in  which  colors  from  the  color  set  are  assigned  to  tokens  will  become 
apparent  later  on. 

Definition  2.1.6 

Let  N = (T,  P,  I,  0)  be  a GPN  and  let  C = (X,S)  be  the  set  of 

colors  associated  with  N.  Given  some  marking  of  N,  the  color  bag 

of  a place  p.  e P is  defined  to  be: 

J 

1 '^r 

C = < c I c C X and  c is  the  color  of  n tokens  present 
j r ' r r ^ r 

in  Pj  in  the  marking  M >. 

By  convention,  if  M^(p.)  = 0,  then  = <p,  the  empty  bag. 

J j 

Note  also  that  following  relation  must  hold: 

^ Hc^,  C^)  = ^ = M^p.) 

e ^(Cj) 


where  ^(Cj)  denotes  as  usual,  the  domain  of  the  bag  C^. 


Definition  2.1.7 

Let  N = (T,  P,  1,  0)  be  a GPN  and  let  C = (X,£)  be  the  set  of 
colors  associated  with  N.  Given  some  marking  of  N,  the  correspond- 
ing color  marking  of  N is  a total,  single-valued  mapping 

i * * 

CM  : P < X > where  < X > denotes  the  bag  closure  of  the  set  X. 
For  any  place  Pj  C P,  CM^(Pj)  = c!^. 

ion  2.1.8 

Let  N^  = (Tj^,  Pj  , 0^)  and  N^  * (T^,  P^.  ^2'  GPN's, 

and  let  •=  and  C2  * (X^.S^)  be  the  sets  of  colors  associated 

with  Nj  and  N2.  respectively.  Let  us  also  assume  that  P^  H P2  = 

(this  condition  can  always  be  achieved  through  appropriate  renaming). 

1 r 

Given  some  color  markings  CM^  and  CM2  of  N^^  and  N2,  respectively, 

i r 

we  shall  define  the  direct  sum  color  marking  of  CM^^  and  CH^  to  be 


J. 
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i.  r 

the  total,  single-valued  mapping  CM,  V CM, : F U P, 

1 2 1 


such  that  for  any  place  p^ 

cm]  7 cm"  (p  ) = ( J 

^ 2 j (^C<(p  ) 


< U > 


If  p.  e 
if  P.  e 


The  notion  of  direct  sum  color  marking  will  be  used  in  the  study 
of  the  composition  properties  of  the  EC-CPM,  to  be  presented  later  on. 
It  can  easily  be  extended  to  more  than  two  GPN's. 


Section  2.2  THE  COLORED  PETRI  MODEL 

Based  on  the  definitions  given  in  the  previous  section,  we  can 
proceed  now  to  define  the  Colored  Petri  Model. 


Definition  2.2.1 
A 


(CPN)  is  a system  CN  = (N,  C,  F,  R,  Q)  where; 


1.  N = (T,  P,  I,  0)  is  a Generalized  Petri  Net.  Let  A be  the 
set  of  arcs  associated  with  the  sets  T and  P. 

2.  C = (X,S)  is  the  set  of  colors  associated  with  N. 

3.  F;  A -►  f is  a total,  single-valued  mapping.  The  range  f 
of  the  mapping  F is  a set  of  functions: 

f ” '(■^41  I f 41  “ ^(®4i  ) for  some  arc  a|,  G A and 
Jk  Jk  jk  jk 

f.,  : ^i^(X)  -*•  X if  a!^,  is  an  input  arc  or 
jk  jk  ^ 

fjj^:  ;y<X)  X ,y>(x)  X if  is  an  output  arc} 

Here  d^(x)  denotes  the  power  set  of  the  set  X. 

4.  Re  {Rj^,  R^j^,  Rg,  R^,g,  R^}  where 

Rj^={(c,c’)  |ceX,  c’eX  and  c < c’} 

Rj  P * {(c,c’>  1 c e X,  c’  ex  and  c £ c’ } 

Rp  = Rj^P  - Rp  = {(c,c)  I c e X)  (the  identity  relation  on  the  set  X) 


Rj  P = {(c,c’)  I c e X,  c’  e X and  c i c’ } 
{(c,c’)  I c eX,  c’  eX  and  c > c’  } . 


GE 


5.  Q:  T q Is  a total,  single-valued  m.applng.  The  range  q 
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of  the  mapping  tj  is  a set  of  functions: 

q “ iqR  I ‘Ik  = some  tj^  e T and  ^(X>  >X}  . 

in  other  words,  the  mapping  F associates  with  each  arc 

a^,  e A a function  if  a^,  is  an  input  arc  of  some  transition 

J K j k ^ i 

t e T,  the  corresponding  function  f.,  is  called  the  color  threshold 

i i 

function  of  the  input  arc  a . If  a.,  is,  on  the  contrary,  an 

J J 

output  arc  of  some  transition  t.  e T,  the  function  f.,  is  called  the 

3 i Jk 

output  color  function  of  the  output  arc  a..  . R is  a relation  defined 

on  the  set  X,  which  is  derived  from  the  partial  ordering  £ which 

determines  the  lattice  C = (X,S).  The  definitions  which  follow  will 

explain  the  role  of  the  functions  f^,  and  of  the  relation  R.  The 

Jk 

mapping  Q associates  with  each  transition  tj^  e T a function  called 
the  priority  function  of  the  transition  t^^.  Further  explanations 
regarding  the  functions  will  be  given  in  Section  2.3. 

Let  CN  = (N,  C,  F,  R,  Q)  be  a CPN  and  let  us  assume  that  the 
GPN  N = (T,  P,  1,  0)  is  in  some  color  marking  CM^ . Consider  some 
transition  t,  e T and  suppose  p.  (1  ).  Consequently,  there  are 

K - 1 iC 

1 m . 

m input  arcs  a , ...  , a.,  from  p.  to  t,  , where  m = I(p.,  ti,)* 

JK  JK  J K 

Then,  for  each  input  arc  ^-i,*  1 £ r £ m,  f ,))  is  a color 

3 3 ^ J 

c e X. 
r 

A color  c of  a token  present  in  place  p.  in  the  color  marking 

i ^ 

CM  is  said  to  be  the  enabling  color  of  transition  t,  on  input  arc 


a,,  if  (c,c  ) e R,  and  there  exists  no  other  token  of  color  c’ , 

-+k  r . 

c J*  c’ , present  in  p^  in  tfve  color  marking  CM  , such  that  (c,c’)  e R 
and  (c’ .c^)  E R. 

Note : The  ordering  relation  defined  on  the  colors  of  the  set 

X is  only  a partial  ordering.  Thus,  depending  on  the  relation  R 
and  on  the  particular  color  marking  CM^,  there  may  exist  tokens  of 
colors  c and  c’,  in  the  color  bag  Cj  such  that  (c,c’)  t R, 

(c’,e)  R and  (c,c^)  e R,  (c’,c^)  e R.  In  other  words,  c and  c’ 

are  incomparable  under  the  relation  R and  both  colors  are  eligible 

r 

to  become  the  enabling  color  of  transition  t^^  on  the  Input  arc 
according  to  Oriinition  2.2.2.  For  a situation  like  this  where 
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there  exLsts  a set  of  several  tokens  of  distinct  colors, 

I" 

all  eligible  to  become  the  enabling  color  on  some  input  arc  a.,  , 
the  general  rule  will  be  that  the  enabling  color  is  selected  arbi- 
trarily from  the  set  of  candidate  colors.  We  have  to  emphasize  that 

after  the  selection  of  the  enabling  color  for  some  input  arc  a^,  is 

jk 

made,  the  selected  color  is  the  unique  enabling  color  for  the  respec- 
tive arc,  regardless  of  how  many  colors  were  initially  eligible  to 
become  its  enabling  color.  We  should  also  mention  tliat  once  the 

f 

enabling  color  for  some  arc  a.,  is  selected,  we  shall  not  differen- 

J 

tiate  among  the  tokens  of  that  color  present  in  p.  at  that  time. 

r 

Thus,  we  select  an  enabling  color  for  the  arc  a^j^  and  not  a particu- 
lar token  of  that  color.  It  should  be  noticed  that  if  for  some 
color  bag  , f^^^  (Cj))  = c^,  then  c^  C X,  but  it  is  not  neces- 
sary that  c^  E Also,  if  there  exists  no  color  c efT'  (c!) 

such  that  (c,c  ) C R,  then  simply  there  exists  no  enabling  color  for 

r i r 

a.,  in  the  color  bag  C..  Thus,  the  function  f.,  actually  sets  a 
i k j j k ^ 

color  threshold  for  the  selection  of  the  enabling  color  of  a in 

i r 

any  color  marking  CM  of  the  C?N  CN.  The  arc  a is  said  to  c.  1 a im 

1 ^ 

r 

a token  of  color  c if  c ’S  the  enabling  color  of  a , . 

Jk 

Uef initi jn  2.2.3 

The  bag  of  enabling  colors  of  t^^  f rom  the  input  place 

is  defined  for  some  color  bag  as  follows: 


0 


)k 


< c ! c is  the  enabling  color  cif  1 £ r i 1 (p . , t,  )> 

J k 


1 


For  each  color  c E X,  n = //(c  , 0.,  ) indicates  the  number 
s s s jk 

of  input  arcs  from  p.  to  t,  which  claim  tokens  of  the  same  color, 

. 'j  k 

c , f rom  C . . 
s J 

Definition  2.2.4 

The  bag  of  enabling  colors  of  transition  t^^  in  the  color  marking 


CM  is ; 


't  ■ U 


We  can  now  explain  the  role  of  the  output  color  functions.  Let 
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us  assume  that  where  t^^  is  an  arbitrary  transition  of  T. 

Suppose  also  that  p^)  = n.  Consequently,  there  are  n output 

arcs  a,^  , ...  , a!^  directed  from  t,  to  p . For  each  such  output  arc 
ks  ks  k s ^ 

r r 

, the  corresponding  output  color  function  f^^^  determines  the 

color  of  the  token  placed  by  the  arc  a in  the  place  p when  t 

K.S  S If 

fires  (an  exact  definition  of  the  "firing  of  a transition"  will  be 
given  in  the  following  section).  Thus,  the  color  of  the  token  pro- 
duced by  t,  on  the  output  arc  a^  is  f^  (0^)  (C^  )).  The 

K Kfa  KS  K c 

color  of  the  output  token  is  determined  by  the  domain 

bag  of  enabling  colors  of  transition  t^^  in  the  color  marking  CM^  and 

by  the  domain  of  the  color  bag  of  the  output  place  p , where 

C^“  = if  p iQa,)  and  C^~  = - 6^, 

s s s"*k  .s  s sk 

occurrence  of  the  color  bag  will  be  further  explained  in  the  next 
section. 


6",  if  P The 


Definition  2.2.5 

A Colored  Petri  Model  (CPM)  is  a system  ^ = (CN , CM°)  where: 

1.  CN  = (N,  C,  F,  R,  Q)  is  a Colored  Petri  Net. 

2.  CM^  is  the  initial  color  marking  of  CN. 


Section  2.3  EXECUTION  RULES  FOR  THE  COLORED  PETRI  MODEL 

So  far  we  have  defined  the  structure  of  the  CPM.  We  can  present 
now  the  dynamic  behavior  of  the  CPM  which  we  shall  call  the  "execu- 
tion of  the  CPM." 


Definition  2.3.1 

Let  CN  = (N,  C,  F,  R,  Q)  be  a CPN  in  some  color  marking  CM^ . A 
transition  tj^  of  N is  said  to  be  enabled  in  Che  color  marking  CM^  if 
the  following  condition  holds: 


where  0,,  denotes 
input  place  p , as 


^ Cj  for  every  p^ 

Che  bag  of  enabling  colors  of  transition 
defined  earlier. 


t,  from 
k 


ing 


In  other  words,  a transition  t is  enabled  in  some  color  mark- 

CM  if  each  input  arc  a , , for  all  places  p.  c C/(T  ),  can  claim 

J ^ J k 
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a dLstinct  enabling  token  from  the  respective  color  bag  C.  . Two 

i 

tokens  of  the  same  color,  present  in  some  color  bag  C.,  are  con- 
sidered to  be  distinct  from  this  point  of  view. 

A transition  t^^  enabled  in  some  color  marking  CM^  may  be  se- 
lected to  fire.  The  rule  under  whicli  tliis  selection  is  made  will 
be  given  later  in  this  section.  We  shall  first  describe  the  effect 
produced  by  the  firing  of  a transition. 


Definition  2.3.2 

A transition  t^^  enabled  in  some  color  marking  CM^  f ires  by 
performing  the  following  oper.ations: 


1.  For  each  color  c ),  n tokens  of  color  c are 

r ' jk  r r 

removed  from  the  corresponding  input  place  p.,  where  n = #(c  , 6.,) 

.1  c t j k 

This  operation  is  performed  for  all  p.  (1  ) and  results  in  a new 

^ ^ J 

"intermediate"  color  marking  CM  in  which  each  place  p.  E P is 

i — 

associated  with  some  color  bag  C.  , where: 


if  p i 

J K 

if  P.  e ^/"(l  ) 

.1  k 


r 

2.  For  each  output  arc  a^^^  E A,  for  all  output  places 
p,  £ V'(D,  ),  a token  of  color  f^  ))  is  placed 

S K KS  K S 

in  the  corresponding  output  place  p . 

s 

Before  we  proceed  witli  the  definition  of  tlie  execution  rule  of 
the  CPM,  we  shall  first  make  a few  observations  on  tlie  "conflicts" 
which  m.iy  occur  in  the  process  of  selecting  the  transition  to  be 


f ired . 

Let  CN  = (N,  C,  F,  R,  Q)  be  a CPN  in  some  color  marking  . 
We  shall  denote  by  the  set  of  transitions  enabled  in  the  color 
marking  (,'M^.  Let  us  also  denote  for  eacti  place  p.  £ P the  set  of 
transitions  for  whicti  p,  is  an  input  place  by  T(p.): 


T(Pj)  = {f^ 
Def init ion  2.3.3 


t E T and  I(p.,  t,  ) > Ol. 

K IK 


Tliere  exists  a conflict  at  tlie  place  p for  the  color  c i 

i * 

the  color  marking  CM  if  ;,nd  only  if: 
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I 


I 

(■ 


I 


L '('r' 


e E n T(pj) 

In  other  words,  we  shall  say  that  a conflict  has  occurred  at  the 

place  p.  for  the  color  c if  the  number  of  tokens  of  color  c claimed 
J t ^ r 

from  Pj  by  the  transitions  enabled  in  the  color  marking  CM  is  larger 
than  the  number  of  tokens  of  this  color  contained  in  the  color  bag 
Cj.  We  note  that  in  some  color  marking  CM^,  there  may  exist  con- 
flicts at  the  same  place  Pj  for  several  distinct  colors. 

Two  transitions  t,  e T and  t e T are  said  to  conflict  in  the 
^ k s 

color  marking  CM  if  the  following  conditions  hold: 


' (I  ) such 
s 


1.  t,  e and  t e 

k s 

2.  There  exists  at  least  one  place  p.  C n 

1 k 

that  there  is  a conflict  at  p,  for  some  color  c , where 

c e^(6^  ) n ),  ^ 

r jk  js 

If  two  transitions  t,  and  t conflict,  this  relation  between  t, 

k s k 

and  t is  denoted  by  t,  o t . For  convenience,  we  shall  assume  that 
s k . s 

tj^  o t|^  for  every  t^^  E E . 

We  can  extend  the  conflict  relation  defined  above  as  follows. 

Let  CONE  be  the  relation  on  E^  such  tat  for  any  t,  £ E^  and  t £ E^, 

k m 

(t,  , t ) £ CONF  if  there  exists  a sequence  of  transitions 
km 

t,  =t,,t_,  ...  ,t  =t  and  t , o t for  1 < j 5 n-1 . 

k rl  r2  rn  m rj  rj+1 


Lemma  2.3.1 

CONF  is  an  equivalence  relation  on  E^ 

Proof : We  have  to  show  that  CONF  is  a reflexive,  symmetric  and 

transitive  relation  on  E^. 

1.  By  the  di  nition  of  CONF,  for  every  tj^  £ E^,  (t^^,  tj^)  £ CONF. 
Thus,  CONF  is  reflexive. 

ii.  We  shall  first  remark  that  by  Definition  2.3.3,  if  t,  o t 
1 i ' km 

in  CM  , then  t o t,  in  CM  as  well.  Let  us  assume  now  that 
m k 

(t,  , t ) £ CONF.  Consequently,  there  exists  a sequence  of  transitions 
k m 

t,  = t , , t , . . . , t • t such  that  t ,0  t ,,,  for  1 ::  j 5 n-1. 
k rl  r2  rn  m rJ  rJ+1 

Since  t , , o t , also,  for  1 5 j 5 n-1 , it  follows  that 
rj+1  rj 

(t  , t,  ) £ CONF.  Therefore,  CONF  is  symmetric, 
m k 
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iii.  Let  us  assume  that  (t,  , t ) e CONF  and  (t  , t ) 6 CONF. 

km  ms 

Then,  there  exist  the  transition  sequences 


t=t  ,t  ,...,t  =t  and  t = t ,t  t =t 

k rl  r2  rn  nj  m rn  rn+1  rq  s 

such  that  t^j  o fwt  1 £ j i q-1.  Consequently,  C CONF. 

Thus,  CONF  is  transitive. 


An  equivalence  class  of  the  relation  CONF  is  called  a conflict 
cluster.  The  quotient  set  of  modulo  CONF,  i.e.  E^/CONF,  is  called 
the  set  of  conflict  clusters  of  the  color  marking  CM^  and  is  denoted 
by  Cf\ 

Lemma  2.3.1  immediately  leads  to  the  following  fact; 

Lemma  2.3.2 

The  set  CF^  of  conflict  clusters  of  some  color  marking  CM^  is  a 
partition  of  the  set  E^  of  transitions  enabled  in  CM^. 

Let  CF^  = {CT?',  ...  , CT^}  where  CT^,  1 £ r £ m,  denotes  the 

J.  ^ i ^ 

conflict  clusters  present  in  CM  . 

Dutinilion  2.3.4 

Given  a conflict  cluster  CT^,  a conflict  subcluster  is  a maximal 

r 

subset  SCT  , of  CT  such  that  for  anv  two  transitions  t E SCT  , and 
. rk  r - m rk 

t E SCT^,  , t o t . 
s rk  m s 

In  other  words,  the  transitions  which  form  a conflict  subcluster 
are  all  pairwise  in  conflict  in  the  color  marking  CM^. 


Uefinition  2.3.5 

A transition  t.  is  said  to  cover  another  transition  t in  the 
k m 

color  marking  CM  if  the  following  conditions  hold: 

1.  t,  E E^  and  f E E^. 
k , m 


2.  q,(?',/(0'))  > 


If  t,  covers  t in  the  color  marl.ing  CM  , we  denote  this  relation 
k m 

between  t,  and  t by  t,/t  . Equivalently,  we  shall  say  that  t,  has 
k m km  ' ^ k 

higher  priority  than  t^  in  the  color  marking  CM  if 
Pet  in  it  ion  2.3.6 

The  set  of  majorants  of  a conflict  subcluster  is  a maximal 


29 


subset  majiSCT^  } of  SCI'*'  such  that  if  t t raaj{sCT^,  },  then  there 
tit  rk  . m rk. 

exists  no  other  transition  t £ SCT^,  and  t /t 

s rk  c Dj 

A transition  belonging  to  the  set  maj {SCT^,  } is  called  a 

rk 

maiorant  of  the  conflict  subcluster  SCT^  . 

rk 

Note : Since  the  colors  of  the  color  set  C form  only  a partial 

ordering  rather  than  a total  ordering,  the  majorant  of  a conflict 

subclu„:."r  does  not  necessarily  have  to  be  unique.  This  is  why 

maj{SCT^j^}  can  be  a set  rather  than  a single  transition. 

In  order  to  simplify  notations  in  the  following  definitions,  we 

shall  denote  by  SCF^  the  set  of  all  conflict  subclusters  of  a conflict 

cluster  CT^.  Let  SCF^  = {SCT^, , ...  , SCT^  }.  From  Definition  2.3.4 
r r rl  rn 

it  follows  that: 


U ‘‘"■'it  ■ 

k = 1 

However,  SCF^  is  not  necessarily  a partition  of  the  parent  con- 
i'^ 1 

flict  cluster  CT^  since  a transition  t^  £ CT^  may  participate  in 
several  distinct  conflict  subclusters. 

With  the  definitions  given  above,  we  can  proceed  to  define  the 
conditions  under  which  a transition  of  a CPN  can  fire: 

Definition  2.3.7 

A transition  tj^  is  f irable  in  some  color  marking  CM^  if  and  only 

if  t is  a majorant  of  all  the  conflict  subclusters  in  which  it  is 

^ . i 

contained.  Any  firable  transition  may  be  selected  to  fire  in  CM  . 

We  shall  sometimes  refer  to  Definition  2.3.7  as  to  the  "execution 

rule  of  the  CPM.”  The  question  can  be  raised  whether  the  selection 

rule  of  Definition  2.3.7  can  always  enable  one  to  find  a firable 

transition  from  a non-empty  set  of  enabled  transitions.  The  answer 

to  this  question  is  positive,  as  proved  in  the  following  lemma. 

Leiana  2.3.3 

There  exists  a firable  transition  in  any  conflict  cluster. 

Proof : Let  CT^  be  a conflict  cluster. 


30 


1 


Let : 

COL^  = {q  (^/(O^))  I t e CT^} 
i s_  R s r 

Evidently > COE^  is  a finite  subset  of  the  set  of  colors  X.  Conse- 
i ^ 

quently,  COL  must  have  at  least  one  maximal  element.  Let  us  assume 

1 

that  c is  a maximal  eJement  of  COL  and  suppose  t,  is  a transition 
^ . r k 

of  CT  such  that  q ((/  (0  ))  = c.  Hence,  t is  a majorant  of  alJ  the 
I*  K-  R K 

conflict  subclusters  in  which  it  is  contained  and,  therefore,  flrable. 


□ 

Note : qj^(!!^(6^))  is  a maximal  element  of  the  set  COL^  is  a 

sufficient  condition  for  tj^  to  be  firable  in  the  color  marking  CM^, 
but  not  a necessary  condition. 

We  shall  now  give  a few  detinitlons  which  we  shall  make  use  of 
in  later  sections.  Suppose  t is  a transition  firable  in  some  color 
marking  CM^.  Let  us  assume  that  is  the  color  marking  obtained 

after  the  firing  of  t in  CM^.  We  shall  denote  this  fact  by 
CM^  [t  CM^'*'^ . We  can  extend  this  notion  in  the  following  definition; 


Definition  2.3.8 

Given  an  arbitrary  color  marking  CM^,  a firing  sequence  from  CM^ 

* 

t.,  of  transition  names  (y.  C T ) such  that 


rs  a string  y . - c , , ...  i. . , 

J Jl  Jk 

there  exist  the  color  markings  CM 

t . ' CM 


i+r 


, 1 S r S k . and 


jr 


If 


CM 


is  the  color  marking  obtained  after  the  execution  of 


the  firing  sequence  y.  from  CM^,  we  shall  say  that  y.  leads  from  CM^ 
to  the  color  marking  CM 
CM"  t^>  CM’^'*'*^. 


i+k 

' and  shall  denote  this  fact  by 


Definition  2.3.9 

Given  a CPM  (CN,  GM°) , the  set  of  firing  sequences  of  is 

defined  to  be: 

S(CM°)  = {y  I y e T and  CM'’  [y>  CM*",  Cor  some  arbitrary 
color  marking  CM^}. 

If  we  are  given  a certain  final  color  marking  CM^  at  which  the  exe- 
cution of  has  to  stop,  we  can  define  the  set  of  terminal  firing 


sequences : 


M 


Definition  2.3.1 0 

Given  a CPM  (CN,  GM^)  and  a final  color  marking  CM^ , the 

set  of  terminal  f irit^  sequences  of  is  defined  to  be: 

T(<,-m",  CmS  - (y  I Y p T*  and  Cm"  [y>  CM^ } 

No-t : The  empty  string  X may  or  may  not  belong  to  T(CM°,  CM^) 

depending  on  wliether  CM°  = C:M^  or  not.  On  the  other  hand,  > is 
always  an  element  oi 

Definit ion  2 . 3 , 11 

Given  a CPM  “ (CN,  CM^) , a ^olor  marking  CM  is  said  to  be 

reachable  fronj  if  there  exists  at  least  one  firing  sequence 

Y £ T such  that  CM^  (Y>  CM. 

The  set  oi  all  color  markings  reachable  from  CM°  is  denoted  by 

r(cm‘^)  . 

Definition  2.3.12 

Given  a CPM  = (CN,  CM^)  , the  set  of  active  color  markint>s 
reacnable  from  CM^^  is  the  subset  E(CM°)  of  R(CM°)  such  that: 

E(CM°)  - {CM^  1 CM^  e R(Cm“)  and  E^  <p) 

Definition  2.3.13 

Let  “ (CN^,  CM^)  and  = (CN^,  CM°)  be  two  arbitrary  CPM's 
and  let  R^  (CM°)  and  R2(CM2)  be  tlie  sets  of  all  reachable  color  mark- 
ings of  ^ and  respectively.  Then,  the  set  of  all  reachable  di- 

rect sum  color  markings  of  and  ^1^  is  defined  to  be: 

P.j(CM°)  7 R^rCM^)  = {CM^  V CM^  ] CM^  £ R^(Cm")  and  CM^  £ R2(CM2)} 
At  this  point,  an  explanation  is  required.  In  the  definitions 
pertinent  to  the  CPM  which  we  have  presented  so  far,  no  assumptions 
were  made  about  the  lattice  of  colors  C = (X,5),  and  in  particular 
about  the  cardinality  of  the  set  X.  Also,  no  restrictions  were  imposed 
on  the  type  of  the  color  threshold,  color  output  or  of  the  priority 
functions.  In  fact,  any  total,  slngle-v;;lued  mappings  can  be  used. 

Such  a wide  selection  range  could  eventually  decrease  the  possibility 
of  developing  effective  analysi.s  tools  for  the  CPM.  Our  intention, 
however,  was  to  define  a new,  general  framework  for  the  modelling  of 
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systems  exhibiting  concurrency  which  then  can  be  further  restricted 
according  to  the  needs  for  modelling.  We  liave  defined  two  special 
classes  of  the  CPM,  namely  the  C-CPM  and  the  EC-CPM.  The  formal 
definitions  of  these  two  classes  of  the  CPM  will  be  given  in  the 
sections  of  this  chapter  immediately  following.  The  properties  of  the 
C-CPM  and  of  the  EC-CPM  will  be  studied  In  detail  in  the  sequel.  Their 
usefulness  is  impliclty  justified  by  their  simplicity  and  will  be 
illustrated  by  means  of  numerous  modelling  examples.  In  spite  of 
thei.'  simplicity,  the  C-CPM  and  the  EC-CPM  are  shown  to  be  extremely 
powerful  models  of  concurrent  systems. 

Section  2.4  THE  C-COLORED  PETRI  MODEL 

The  development  of  this  particular  class  of  the  CPM  was  inspired 
by  the  following  producer-consumer  synchronization  problem  reported  in 
[KOSA-73].  The  coordination  system  contains  two  producer  processes 
Pj^  and  P^,  two  buffers  and  and  two  consumer  processes  C^^  and 

C^.  The  two  buffers  are  not  sliared,  that  is  producer  process 
P^  (i  = 1,  2)  deposits  items  only  in  buffer  B^  while  consumer  process 

C,  attempts  to  consume  items  o.ily  from  the  associated  buffer  B,. 

1 i 

Either  producer  process  can  be  activated  at  any  time  and  it  produces 
and  deposits  an  item  in  the  corresponding  buffer.  On  the  other  hand, 
a consumer  process  can  be  activated  only  if  the  associated  buffer  is 
not  empty.  An  additional  constraint  is  imposed,  namely  if  both  and 
are  activated,  then  has  priority  to  consume  over  C^.  Otherwise 
viewed,  (.^  and  consume  items  from  their  associated  buffers  under 
the  control  of  a decider  module  which  enforces  the  priority  rule  men- 
tioned above.  This  i- roducer-consumer  synchronization  problem  is  repre- 
sented schematically  in  Figure  2.4.1. 

The  basic  coordination  aspect  of  this  synchronization  system  is 
the  fact  that  a priority  hierarchy  is  imposed  among  the  set  of  under- 
lying processes.  From  this  point  of  view,  the  decider  module  can  be 
reg.irded  as  a critical  region  with  a priority  rule  over  the  competing 
processes . 

It  has  been  proved  ((KOSA-73)]  that  the  producer-consumer 


Decider 


Figure  2.4.1 

Schematical  Representation  of  a Producer-Consumer  Synchronization 

Problem 


Figure  2.4.2 

C-CPM  of  the  Producer-Consumer  Synchronization  Problem  of 

Figure  2.4.1 
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synclironization  problem  described  above  cannot,  be  modelled  correctly 
by  any  Petri  Net.  On  the  other  hand,  it  was  shown  ([PKTE-73], 
[AG/\R-75])  that  the  representation  capabilities  of  the  Petri  Net 
Model  are  equivalent  to  the  representation  capabilities  of  several 
other  formal  models  of  concurrent  systems,  such  as  the  Complex  Graph 
Model  of  Computation,  the  P-Nets,  the  Vector  Addition  and  Vector  Re- 
placement Systems,  etc.  Consequently,  these  formal  models  cannot 
represent  correctly  this  type  of  synchronization  systems,  either. 

In  what  follows  we  shall  define  a very  simple  class  of  the  CPM, 
called  the  C-Colored  Petri  Model,  which  can  represent  in  a natural 
way  synchronization  systems  which  incorporate  priority  hierarchies, 
such  as  that  described  at  the  beginning  of  this  section. 

Definition  2.4.1 

A C-Colored  Petri  Net  (C-CPN)  is  a Colored  Petri  Net 
CN  = (N,  C,  F,  R,  Q)  where: 


1.  N = (T,  P,  I,  0)  is  a GPN.  Let  A be  the  set  of  arcs  asso- 
ciated with  the  sets  T and  P. 

2.  C = (X,5)  is  the  set  of  colors  associated  witli  N,  where  X 
is  a f inite  set . 


I 


3.  F : A » f is  a total  mapping.  The  range  f of  the  mapping  P 
is  a set  of  functions: 

' ■ 'iSk ' iik ; «»lk>’  “ik " * “"■'/ik'  ’ 'Ik 

if  a^j^  is  an  input  arc,  ^ j ^ 

f^,  : ^ X)  ->•  c^,  if  a!",  is  an  output  arc}. 

j K i K I K 

~ *^GF  ~ I c e X,  c’  e X and  c - c’}.  Since  all 

models  in  the  C-CPM  class  will  employ  the  relation  R^.j.  for  the  selec- 
tion of  enabling  colors,  we  shall  omit  it  when  defining  a C-CPN  in  the 
remainder. 


5.  Q:  T *■  q is  a total,  single-valued  mapping.  The  ramje  q of 
the  mapping  Q is  a singleton  set  containing  the  function 
g.f..b.:  (X)  ► X,  where  for  any  set  D C.'y’(X),  g.Jl.b.(D)  denotes 

the  greatest  lower  bound  of  the  set  D and  refers  to  the  ordering  re- 
lation defined  on  the  set  X.  By  convention,  g.H.b.(d))  «=  x wliere 

o 

x^  ►.  X is  arbitrarily  selected.  In  the  sequel,  we  shall  omit  tlie 
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mapping  Q from  the  definition  of  any  C-CPN  under  the  assumption  that 
the  mapping  Q for  the  respective  C-CPN  obeys  the  definition  specified 
above . 

The  definitions  pertinent  to  the  CPM  given  in  the  previous  sec- 
tions can  immediately  be  translated  to  the  case  of  the  C-CPN  (where 
the  color  set  is  a finite  lattice). 

Definition  2.4.2 

A C-Colored  Petri  Model  (C-CPM)  is  a CPM  CP  = (CN,  CM°)  such  that: 

1.  CN  = (N,  C,  F)  is  a C-Colored  Petri  Net. 

2.  CM°  is  the  initial  color  marking  of  CN. 

For  convenience,  we  have  not  changed  in  the  case  of  the  C-CPM 
the  notations  used  with  the  CPM. 

Regarding  the  dynamic  behavior  of  the  C-CPM,  we  note  that  given 

a C-CPN  CN  in  some  color  marking  CM^  and  an  arbitrary  transition  t, 

1 ^ 
of  CN,  enabled  in  CM  , the  priority  of  the  transition  t,  is 

g.i.b.(2Xe  j^)),  where  represents  the  bag  of  enabling  colors  of 
transition  t^^  in  the  color  marking  CM^.  Thus,  the  priority  of  t^ 
depends  both  on  the  color  marking  CM^  and  on  the  particular  selec- 
tion of  enabling  colors  in  CM^.  Consequently,  the  priority  of  a 
transition  may  vary  from  one  color  marking  to  another. 

Figure  2.4.2  displays  the  C-CPM  representation  of  the  producer- 
consumer  synchronization  problem  described  at  the  beginning  of  this 
section.  In  the  figure,  the  color  threshold  and  the  color  output 
functions  are  marked  adjacent  to  the  corresponding  arcs.  The  set  of 
colors  is  given  in  its  Hasse  diagram  representation. 

Transitions  t^  and  represent  the  producer  processes  P^^  and  P2« 
respectively.  Similarly,  transitions  t^  and  t^  model  the  consumer 
processes  C,  and  C , respectively.  Places  p,.  and  j represent  the 

i Z JO 

two  buffers  and  B^,  respectively  while  place  p^  permits  the  imple- 
mentation of  the  priority  rule  enforced,  in  the  modelled  synchroni- 
zation system,  by  the  decider  module.  If  both  places  p^  and  p^  are 
not  empty,  then  the  conflict  at  place  p^  for  the  token  of  color  c^ 
is  always  solved  in  favor  of  transition  t^.  It  is  easy  to  see  that 
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transition  t^  can  fire  if  and  ot.ly  if  transition  t^  is  disabled  or, 
equivalently,  if  and  only  if  place  is  empty.  Thus,  the  condi- 
tions under  which  transitions  t_  and  t,  can  fire  model  exactly  the 

j 4 

conditions  under  which  the  respective  consumer  processes  and 

could  have  consumed  an  item  from  the  associated  buffers. 

In  order  tor  the  reader  to  gain  familiarity  with  tlie  C-Colored 
Petri  Model,  we  present  anotlier  modelling  example  using  the  C-CPM. 

We  have  selected  a well-known  coordination  problem  of  practical 
significance  presented  in  [COUR-71],  namely  the  readers-writers 
synchronization  problem.  The  coordination  system  involves  two  classes 
of  processes  which  access  a shared  resource.  The  first  class  of 
processes  is  formed  by  the  "writers."  Each  process  in  this  class 
must  have  exclusive  access  to  the  resource.  The  processes  of  the 
second  class  are  called  the  "readers"  and  an  unlimited  number  of  pro- 
cesses from  this  class  may  simultaneously  access  the  resource.  We 
have  chosen  the  case  where  the  readers  have  priority  over  the  writers, 
i.e.  no  reader  is  kept  waiting  unless  a writer  has  already  gained 
access  to  the  resource.  Figure  2.4.3  displays  the  original  solution 
using  semaphores,  as  given  in  [COlIR-71]. 

As  stated  in  [PETE-73]  and  [CERF-72] , the  P-Net  and  the  Complex 
Graph  Model  of  Computation,  respectively,  cannot  provide  a correct 
representation  of  the  interaction  between  readers  and  writers.  Since 
the  Complex  Graph  Model  of  Computation  and  the  Petri  Net  Model  are 
equivalent,  as  far  as  their  capabilities  of  representation  are  con- 
cerned ([PETE-73],  [AGAR-75]),  the  difficulty  of  modelling  the  readers- 
writers  synchronization  problem  extends  to  the  Petri  Net  Model  as  well. 
The  basic  reason  for  the  Inadequacy  of  these  models  stems  from  the  fact 
that  they  cannot  implement  decisions  of  the  form  "if  both  readers  and 
writers  are  waiting  to  access  the  shared  resource,  then  reader  pro- 
cesses have  priority  over  writer  processes."  We  note  that  in  the 
original  solution  of  [COUR-71],  the  priority  of  the  readers  over  the 
writers  could  be  established  only  through  Che  use  of  conditional  P and 
V primitives. 

The  solution  to  the  readers-writers  synchronization  problem 
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READER 

Integer  readcount;  (initial  value  * 0) 
semaphore  mutex,  w;  (initial  value  for  both  = 1) 

P (mutex) ; 

readcount:  = readcount  + 1; 
if  readcount  = 1,  then  P (w) ; 

V (mutex) ; 


reading  is  performed 


P (mutex) ; 

readcount:  = readcount  - 1; 
if  readcount  = 0,  then  V(w); 
V (mutex)  ; 


WRITER 

P(w); 

writing  is  performed 
V(w); 


Figure  2.4.3 

Solution  to  the  Readers-Writers  Synchronization  Problem  Using 

Semaphores. 
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using  the  C-CPM  is  exhibited  in  Figure  2.4.4.  There,  transitions 
and  t^  "generate"  an  unlimited  number  of  readers  and  writers, 
i.e.  model  the  unrestricted  arrival  of  readers  and  writers  to  the 
critical  region.  Transition  t^  models  the  case  where  the  first  reader 
enters  the  critical  region  while  transition  t^  models  the  subsequent 
entrance  of  other  reader  processes  in  the  critical  region.  Conversely, 
transition  t^  simulates  the  exit  of  reader  processes  from  the  critical 
region  while  other  reader  processes  are  still  accessing  the  shared  re- 
source. Transition  t models  the  exit  of  the  last  reader  from  the 

o 

critical  region.  On  the  other  hand,  transitions  t„  and  t,_  model  the 

o lU 

entrance  and  exit  of  a writer  from  the  critical  region,  respectively. 
Transitions  t^  and  t^  represent  the  actual  read  and  write  operations, 
respectively.  The  markings  of  the  places  p,,  and  p,.  indicate  the  num- 
ber  of  reader  and  writer  processes,  respectively,  waiting  to  enter  the 
critical  region.  Place  p^^^  plays  the  same  role  as  the  variable  read- 
count  in  the  original  solution,  namely  indicates  the  number  of  reader 
processes  currently  accessing  the  resource.  Place  p^^  indicates  the 
status  of  the  critical  region  and  thus,  combines  the  roles  of  the 
variable  readcount  and  of  the  semaphore  w.  If  a writer  enters  the 
critical  region,  i.e.  transition  t„  fires,  the  token  of  color  c.,  in 
place  Pj^  is  consumed  without  being  replaced,  tlius  inhibiting  any 
readers  from  entering  the  critical  region.  This  token  is  restored 
only  after  transition  t^^  has  fired  and  thus,  no  reader,  or  for  that 
matter  another  writer,  can  gain  access  to  the  resource  while  a writer 
is  using  it. 

On  the  other  hand,  after  a reader  has  entered  the  critical  region, 
i.e.  transition  t^  has  fired,  place  p^^^  contains  a token  of  color  c^- 
This  color  marking  maintains  transition  t disabled,  thus  preventing 

O 

any  writer  from  entering  the  critical  region  while  readers  are  ac- 
cessing the  shared  resource.  We  note  that  transition  places  a 
token  of  color  c^  in  place  p^^  wliile  subsequent  readers  entering  the 
critical  region,  i.e.  subsequent  firings  of  transition  t^,  will  place 
tokens  of  color  c^  in  the  same  place.  On  the  other  hand,  transition 
t^  can  select  as  enabling  color  from  place  p^^  only  the  color  c^ 


while  transition  t^  can  select  as  enabling  color  from  the  same  place 

only  the  color  c^,  according  to  Definitions  2.2.2  and  2.4.1.  If  there 

are  several  readers  in  the  critical  region,  then  t^  and  t^  will  always 

become  enabled  simultaneously.  Transition  t^,  however,  will  have 

higher  priority  than  transition  t . Consequently,  transition  t,  can 

o D 

fire  only  if  transition  t^  is  disabled  which  occurs  exactly  when  the 

last  reader  exists  from  the  critical  region.  The  firing  of  transition 

t^  restores  the  token  of  color  c^  in  place  ^id  thus  allows  (after 

all  readers  have  left  the  critical  region)  the  writer  processes  to 

eventually  gain  control  over  the  shared  resource.  We  note  that  if 

several  readers  and  writers  are  waiting  to  enter  the  critical  region 

(places  Pj^j^  and  p^^  are  both  not  empty)  but  no  readers  nor  writers  are 

in  the  critical  region,  then  there  exists  a conflict  at  place  p^^^  for 

the  token  of  color  c_  among  transitions  t and  t„.  Since  t has  higher 

J 2.  o 2. 

priority  than  t_,  readers  will  gain  first  access  to  the  resource. 

O 

It  should  be  clear  by  now  that  the  C-CPM  offers  a simple  and 
correct  representation  of  the  interaction  between  readers  and  writers. 
It  also  becomes  apparent  that  the  introduction  of  colors  and  of  prior- 
ity rules  in  resolving  conflicts  opens  new  possibilities  with  respect 
to  the  representation  capabilities  of  the  Petri  Net  Model.  As  will  be 
seen  later  on,  the  fact  that  the  transitions  may  dynamically  change 
their  priorities  adds  to  the  versatility  of  tlie  modelling  capabilities 
of  the  C-CPM.  We  shall  examine  in  detail  tiie  representation  power 
of  the  C-CPM  in  Chapter  IV. 

Section  2.5  THE  EC-COLORPD  PETRI  MODEL 

Originally,  we  were  led  towards  the  development  of  this  particu- 
lar class  of  the  CPM  by  yet  another  synchronization  problem  presented 
in  [KOSA-7'3].  The  synchronization  problem  we  are  referring  to  involves 
two  producer  processes,  P^  and  P^,  and  two  consumer  processes,  Cj^  and 
C^.  which  share  a common  buffer.  The  buffer  is  accessed  in  a UFO 
mode.  Ttius,  at  any  Instant,  a producer  can  be  activated  and  it  will 
produce  and  deposit  an  item  in  the  top  position  of  the  buffer.  If  tlie 
buffer  is  not  empty,  eitlier  of  the  two  consumer  processes  can  be 


Figure  2.5.1 

Schematlcal  Representation  of  a Producer-Consumer  Synchronization 

Problem 


Figure  2.5.2 

EC-CPM  Representation  of  the  Producer-Consumer  Synchronization 
Problem  of  Figure  2.5.1 
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activated  and  it  will  attempt  to 
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top  of  the  buffer.  Nevertheless,  consumer  (i  = 1,  2)  is  allowed 
to  consume  the  item  in  the  top  position  of  the  buffer  only  if  it  was 
produced  by  producer  process  P^ . This  producer-consumer  synchroniza- 
tion system  is  represented  schematically  in  Tigure  2.5.!. 

Tlie  coordination  problem  described  above  involves  two  characteris- 
tic aspects  wliich  must  be  incorporated  in  any  correct  modelling  at- 


tempt : 

a)  The  consurucr  and  producer  processes  are  organized  in  pairs 
and  consequently,  a consumer  is  allowed  to  consume  from  ttie  common 
buffer  only  those  items  which  were  produced  by  its  associate  producer 
process.  Tlierefore,  each  item  in  the  shared  buffer  must  uniquely 
identify  tlie  corresponding  producer. 

b)  The  order  of  arrival  of  the  items  in  the  buffer  must  be  re- 
corded for  subsequent  use  in  the  coordination  of  the  consumer  processes 
or,  equivalently,  in  tlie  policy  for  the  retrieval  of  items  from  tlte 
buffer . 

This  synchronization  problem  can  easily  be  extended  to  the  case 
where  there  are  m producer  processes  (2  U m < “) , k consumer  processes 
(2  ■ k * °°)  and  where  more  tlian  one  consumer  processes  may  be  as- 
sociated witli  tlie  same  producer  process.  Also,  tlie  policy  for  the 
retrieval  of  items  from  the  shared  buffer  can  be  modified  from  LIFO 
to  FIFO  while  preserving  the  basic  characteristics  of  the  original 
problem. 

As  shown  in  [KOSA-73],  this  particular  consumer-producer  coordi- 
nation problem  cannot  be  represented  by  a Petri  Net  Model.  Again, 
in  view  of  the  equivalence  relations  among  formal  models  of  concurrent 
systems  presented  in  [PF'l'K-73]  and  [AGAK-75J,  this  assertion  can  be 
extended  to  other  well-known  formal  models  such  as  the  Complex  Graph 
Model  of  Computation,  the  Finite  State  Parallel  Program  Schemata,  the 
P-.\ets,  the  Vector  Addition  and  Vector  Keplacement  Systems,  etc.  On 
the  other  hand,  we  notice  that  the  modelling  characteristic  a)  men- 
tioned above  can  easily  be  implemented  in  the  C-CPM  through  the  use 
of  colored  tokens.  Let  us,  however,  mention  at  this  point  a drawb.ick 
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in  the  way  the  colored  tokens  are  handled  by  the  C-CPM.  Consider  an 

arbitrary  place  in  some  color  marking  CM^.  Let  us  assume  that 

the  color  bag  of  p has  the  following  configuration:  = < c^  c^  c > 

j 1 4 6 

where  c, , c,  and  c,  are  colors  of  the  finite  color  set  C associated 
14  D 

with  the  respective  C-CPM.  In  most  cases,  it  is  impossible  to  deter- 
mine the  order  in  which  the  particular  tokens  of  colors  c, , c,  and  c, 

14  o 

have  arrived  in  p^ . In  view  of  the  modelling  characteristic  b)  indi- 
cated earlier,  such  information  is  essential  for  a natural  and  correct 
modelling  of  the  synchronization  problem  we  have  described  at  the 
beginning  of  this  section.  As  will  be  proved  later  on,  this  producer- 
consumer  synchronization  problem  cannot  be  modelled  in  a manner  which 
preserves  the  "natural  structure"  of  the  system  even  by  formal  models 
which  are  strictly  more  powerful  than  the  Petri  Net  Model,  such  as  the 
Priority  Petri  Model  ([HACK-75]),  the  Extended  Petri  Model  ([AGAR-75]) 
and  the  C-CPM. 

In  what  follows,  we  shall  define  the  EC-CPM,  a class  of  the 
CPM  which  can  easily  handle  this  type  of  synchronization  situations 
while  preserving  the  natural  structure  of  the  system.  The  EC-CPM  is 
defined  such  that  it  has  the  capacity  to  "remember"  the  order  of 
arrival  of  colored  tokens  in  the  places  of  a net.  As  will  be  seen 
later  on,  the  availability  of  this  kind  of  information  positively 
influences  the  representation  capabilities  of  the  EC-Colored  Petri 
Model . 

The  sets  of  colors  which  could  be  associated  with  the  C-CPM 
were  lattices  C = (X,i.),  where  X was  restricted  to  a finite  set.  Let 
us  now  consider  such  a finite  lattice  C = (X,i)  with  a special  con- 
f iguration : 


(I)  X = {c  , . . . , c , c , c } 

1 n m M 

(II)  The  partial  ordering  S defined  on  X is  sucli  that: 


I la.  For  any  c.  eX,  l<iSn,  we  have  c < c^  < c... 

1 m i M 

lib.  For  any  c^  E X and  any  Cj  e X,  where  1 £ 1 S n, 

1 £ j £ n and  i j , we  have  c^  ^ Cj  and  c^  ^ c^,  l.e.  the  elements 

of  the  set  (c, , ...  , c } are  incomparable  under  the  partial  ordering 
1 n 


We  shall  now  define  an  extension  of  the  color  sets  C = 
which  satisfy  conditions  (i)  and  (ii)  mentioned  above.  Let 
= {l,  2,  3,  . . . } be  the  set  of  positive  Integers. 

Def initlon  2.5.1 

Given  a finite  color  set  C = (X,S)  which  satisfies  conditions 
(I)  and  (11)  specified  above,  the  extension  of  the  color  set  C is  a 
lattice  U(C)  = (U,|5)  where: 

1.  U = {(c,  m)  I c c X,  m e Z'^},  i.e.  U = X x z"^. 

2.  is  a partial  ordering  relation  defined  on  the  set  U as 
follows : 

If  u,  = (c . , ni . ) t U and  u.  = (c.,  ra.)  C U,  then  u,  b u.  if 
1 1 i 111  1 J 

and  only  if  c.  Sc.  in  C and  m.  cx  m.  (the  latter  u relation  denotes 
t J 1=1  = 

the  usual  "greater  than  or  equal  to"  ordering  relation  of  the  positive 

integers) . 

For  convenience,  we  shall  continue  to  call  the  two-tuples  of 
L’(C)  colors . 

Note : The  extension  U(C)  of  some  color  set  C = (X,£)  actually 

represents  the  direct  product  of  the  latices  C = (X,£)  and  (Z^,a). 
According  to  Theorem  7,  Section  I.A  of  [BiRK-67],  U(C)  is  certainly 
a lattice.  By  the  use  of  positive  integers  as  the  second  coordinate 
of  the  elements  in  U(C),  the  extension  of  a color  set  C becomes  in 
fact  an  infinite  set  of  colors.  Figure  2.5.3  exhibits  a typical  color 
set  U(C) . 

Let  us  consider  a GPN  N = (T,  1’,  I,  0)  and  let  C = (X,*il  be  some 
finite  color  set  which  satisfies  tlie  conditions  (1)  and  (II)  specified 
earlier.  In  tl>e  following  definitions,  we  shall  assume  that  the  ex- 
tension U(C)  of  the  Color  set  C is  the  color  set  associated  with  N, 
rather  than  G.  For  the  sake  ol  clarity,  we  shall  adjust  some  of  the 
definitions  pertinent  to  tlie  CPM  to  this  special  cast  wheie  the  color 
Set  is  two-dimensional  and  infinite. 

Del Initlon  2. 5. 2 

Given  an  arbitrary  marking  M of  N,  the  color  bag  of  some  place 


Af) 


^ ^ ^ II 

I . = < U , m) 

J r 


Then : 


c E X,  m f; 
r 

n tokens 


7.  and  (c^,  m)  is  the  color  of 
present  In  p.  In  the  marking  M 


Del  Ini t i on  2.5.3 

Given  some  marking  of  N,  tlie  color  marking  of  N is  a total, 

* * 

single-valued  mapping  UM  : P U . Again,  < U > denotes  the 
bag  closure  of  the  set  U. 

We  can  proceed  now  to  define  the  EC-CPM,  as  a class  of  the  CPM 
obtained  by  imposing  additional  restrictions  on  the  structure  of  the 
color  set  and  on  the  type  of  mappings  admissible  as  color  threshold, 
color  outpu*-  and  priority  functions  of  the  CPM. 

Definition  2.5 .4 

An  EC-Colored  Petri  Net  (EC-CPN)  is  a CPN  CN  = (N,  U(C) , H,  R^,  Q) 
where : 


1.  N = (T,  P,  1,  0)  is  a Generalized  Petri  Net. 

2.  U(C)  = (U,!-^)  is  the  extension  of  some  finite  color  set 

C = (X,’-)  which  satisfies  the  conditions  (I)  and  (II).  U(C)  is  the 
color  set  associated  with  the  GPN  N. 

3.  H is  a total,  single-valued  mapping;  H:  A h.  A denotes 
the  set  of  arcs  associated  with  the  sets  T and  P.  The  range  h of 
the  mapping  H is  the  set  of  functions: 

h 

JK  ■ JK 

. i 


})  ct.  with  c!  EX  - {c  , c ] 
j k i k m M 


where  f?,  : ^ ({c  , ...  , 
jk  1 

and  gji^:  (?/)  -v  z}. 

7.  denotes  the  set  of  integers. 

The  functions  g!,  are  further  restricted  as  follows: 
i ^ ^ i 

3a.  If  a^j^  is  an  input  arc,  then  Is  one  of  tlie  following 


functions : 

?-.u,b.(b)  ~ s 


g.  b.  (B)  + m^^ 
"i 

B C ,^{7?'). 


s^  E Z 
m E Z*’ 


where 


U1 


3b.  it  a^,  is  an  output  arc,  then  gi  (B)  is  one  of  the 
following  functions: 

^.u.b.  (Ji)  + s . ■ - .-o 


g.«,.b.  (B)  + 


i 


s . e Z 
1 

m e Z*' 

z , e Z^ 
1 


where  B e ^{1  ) . 

Here,  for  any  set  B e ^ (Z^) , Z.u.b.(B)  and  g.H.b.(B)  denote 
the  lowest  upper-bound  and  the  greatest  lower-bound  of  the  set  B, 
respectively,  and  refer  to  the  usual  "greater  than  or  equal  to" 
ordering  relation  on  Z . We  shall  make  the  convention  that 
X..u.b.(B)  “ g.i,.b.(B)  = 1 if  B = <(>. 

4.  R = i (u  , u.)  I u,  e U,  u.  £ U and  u.  = u.}.  Since  all 

E i j ' 1 j i j 

models  in  the  FX-CPM  class  will  use  the  relation  R„,  we  shall  omit 

L 

it  when  specifying  a particular  EC-CPN  in  the  sequel. 

5.  Q:  T - {q}  is  a total,  single-valued  mapping,  where  q is 
the  function  defined  by 


q;  3^(u) 

In  the  sequel,  we  shall  omit  the  mapping  Q from  the  definition 

of  any  EC-CPN  with  the  understanding  that  the  mapping  Q for  the 

respective  EC-CPN  obeys  the  definition  given  above. 

As  one  can  imagine,  the  mapping  H associates  with  each  arc 

at,  £ A a two-tuple  (f!^,  i gt.  ) which  is  called  the  color  threshold 
J R J R J k ^ 

function  or  the  color  output  function  of  the  arc  a , depending  on 

i 

whether  a is  an  input  arc  or  an  output  arc,  respectively.  We  shall 
J k 

briefly  explain  now  how  the  selection  of  the  enabling  colors  is 

made  in  the  case  of  the  EC-CPM.  Let  us  consider  an  EC-CPN 

CN  = (N,  U(C),  H)  in  some  given  color  marking  UM^.  Let  tj^  £ T be  an 

arbitrary  transition  of  N and  suppose  p.  £Ci^(I,)>  Let  us  also 

J k 

assume  that  l(p.,  t.)  = m and,  consequently,  that  there  are  m input 

■^1  m 

arcs  f rom  p . to  t,  , a , ...  , a . , . 

J k jk  ^ jk 

We  notice  that  if  U.  is  the  color  bag  of  p.  in  the  color  marking 

i ^ i ^ 

CM  , thenh/(U.)  is  in  fact  a binary  relation.  We  can  define 

and  as  the  domain  and  the  range,  respectively,  of 

the  relation 


<1 
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*(U^)  = {c  1 c e X - {c  , c } and  (c,  m)  C f]/ (U^  ) for  some  m c z'*’} 
j m M j 

= {m  I m c z"^  and  (c,  m)  e ^JKU^)  for  some  c e X - {c  , cj} 
J J m M 

Let  us  also  define  the  following  subsets  of  ■ (uS  , for  1 L r m: 
Yj^cr])  = {c  I (C,  (^/^u!))  e 

The  mapping  g^  selects  the  second  coordinate  of  the  enabling 
J ^ 

color  for  the  input  arc  a.,  , 1 i r S i(p.,  t ),  in  the  given  color 
i J J J. 

nuirking  LIM  . The  first  coordinate  of  the  enabling  color  for  a.,  is 

r 1 ^ 

produced  bv  the  mapping  f.,  and  is  the  color  f*^  (<2)  (U  ) ) = c’^  . 

jk  jk  j jk 

Then, 


Definition  2.5.5 

A color  (c,  n)  of  a token  present  in  place  p.  in  the  color  marking 

i 

I'M  is  said  to  be  the  enabling  color  of  transition  tj^  on  input  arc 

^Ik  = ^"Ik'  8-k(''-/'^ub))- 

Due  to  the  type  of  functions  f.,  and  g.,  and  to  the  relation  R 

J k j k h 

employed  in  the  EC-CPM  class,  unlike  the  C-CPM  class,  the  enabling 

color  of  t,  on  some  input  arc  a\  in  a given  color  marking  UM^,  is 
k j k 

unique.  This  fact  greatly  simplifies  the  execution  of  the  EC-CPM. 

Let  us  denote  by  0^  and  0^  the  bag  of  enabling  colors  of  t 
J k k k 

from  input  place  p.  and  the  bag  of  enabling  colors  of  transition  t,  , 

J i 

respectively.  The  domain  ) of  the  bag  of  enabling  colors  of 

transition  t,  is  a binary  relation.  Let  (0  ) be  the  domain  of  the 

K . K 

relation 

k 

Consider  an  arbitrary  transition  tj^  and  suppose  p^  e Let 

us  assume  that  p ) = n and  that  there  are  n output  arcs 

1 n ^ s 

a , ...  ) n,  from  t to  p . For  each  sucli  output  arc  a,  , the  pair 
Kr  Kr  K r*  ki  _ 

s s s s 

(f‘  . g,  ) = ) determines  the  color  of  the  token  placed  by  a 

k r kr  kr  kr 

in  the  output  place  p^  in  case  t^^  fires.  The  first  coordinate  of  the 

color  of  tiie  token  produced  by  tj^  on  output  arc  1 L s ’ 

is  ff  (fj)  \o.^))  = cf  , whore  cf  e.  X - {c  , c,^}.  Tlie  second  coordinate 
kr  **  k kr  kr  m M ^ 

of  the  color  of  the  token  produced  by  t|^  on  the  output  arc  is 

given  by  ) , where: 
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.i- 


rk 


if  c 
otherwise. 


We  should  mention  here  that  the  role  of  the  g , functions  is 

J 

merely  to  structure  the  color  bag  of  a given  place  in  a desired 

r 

fashion  (LIFO  and  FIFO  included).  Thus,  the  g.,  function  of  some 
r 

input  arc  a.j^  pennits  the  respective  input  arc  to  select  its  en- 
abling color  only  from  witliin  the  bag  of  tokens  placed  in  a certain 

position  in  the  color  bag  of  the  input  place  p..  On  the  other  hand, 
s s 

an  output  arc  a,  uses  the  function  g,  associated  with  it  to  place 
kr  kr 

a token  in  a certain  position  within  the  color  bag  of  the  output 
place  p . Th.e  position  of  a token  in  some  color  bag  is  considered 
to  be  given  by  the  second  coordinate  of  its  color. 

Finally: 


Definition  2.5.6 

An  EL-Colored  Petri  Model  (EC-CPM)  is  a system  ECP  = (CN,  UM°) 
where : 


1.  CN  = (N,  U(C),  H)  is  an  EC-Colored  Petri  Net 

2.  L'M°  is  the  initial  color  marking  of  CN.  For  any  place 

p.  E p,  n {c  , c 1 = 4>. 

j j ^ ^ 

Let  us  consider  next  the  dynamic  behavior  of  the  EC-CPM.  The 

definitions  of  "enabled  transition"  and  of  "firing  of  a transition" 

given  in  Section  2.3  for  the  CPM  can  immediately  be  particularized 

for  the  case  of  the  EC-CPM.  Mote  tliat  in  Definition  2.5.4,  the 

priority  function  q was  defined  from  the  power  set  ^(U)  into  (c  , 1 ) . 

^ i 

Thus,  given  some  EC-CPN  CN  = (N,  U(C),  H)  in  some  color  marking  UM  , 
for  any  two  enabled  transitions  t^^  E E^  and  t^  E E^,  we  have: 

- q(.c/  1)  = (Og)) 

Consequently,  all  transitions  enabled  in  some  arbitrary  color 
marking  UM^  have  the  same  priority  to  fire.  Certainly,  the  set  of 
enabled  transitions  E^  may  still  be  partitioned  in  conflict  clusters 
which  in  turn  may  contain  several  conflict  subclusters.  Nevertheless, 
any  enabled  transition  is  also  a majorant  of  all  conflict  subclusters 
in  which  It  is  contained.  Therefore,  the  search  for  a firable 
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transition  reduces  in  the  case  o£  the  EC-CPM  to  the  search  for  an 
enabled  transition. 

it  should  be  clear  by  now  that  the  places  and  transitions  of  an 
EC-CPM  form  rather  general  queueing  mechanisms  which  include  widely 
used  policies  such  as  UFO,  FIFO,  ranked  insertion  and  any  combina- 
tion thereof.  We  hope  that  this  approach  to  the  modelling  of  systems 
exhibiting  concurrency  will  provide  a modelling  framework  which  will 
preserve  the.  natural  process  structure  of  many  synchronization  struc- 
tures encountered  in  real-life.  We  shall  proceed  now  to  model  the 
producer-consumer  synchronization  problem  described  at  the  beginning 
of  this  section.  The  EC-CPM  representation  of  this  coordination 
system  is  given  in  Figure  2.5.2.  The  color  threshold  and  color 
output  functions  are  marked  adjacent  to  the  corresponding  arcs. 
Transitions  t^  and  model  the  two  producer  processes  P.j  and  P^, 
respectively  while  transitions  t^  and  t^  represent  the  consumer  pro- 
cesses C^  and  C.,,  respectively.  The  place  p^  models  the  shared  buffer. 

We  shall  conclude  this  section  with  another  modelling  example 
using  the  EC-CPM.  We  have  pointed  out  earlier  that  for  any  EC-CPN 
in  some  color  marking  UM^,  all  enabled  transitions  have  the  same 
priority  to  fire  in  . Thus,  the  search  for  a transition  firable 
in  I'M*  does  not  involve  any  priority  lilerarchy  among  the  enabled 
tiausitions.  Nevertheless,  one  can  still  model  in  the  framework  of 
the  EC-CP.M  synclironizat  ion  systems  which  inherently  incorporate 
pri>  rity  hierarchies  among  the  component  subsystems.  In  order  to 
illustrate  this  assertion,  we  have  selected  for  modelling  tlie  fol- 
lowing coordination  structure  suggested  in  [CERF-72].  The  synchro- 
nization system  contains  k classes  of  accessors  which  compete  for  a 
sliared  resource  (e.g.  a data  base).  The  accessors  can  gain  control 
over  the  resource  under  the  following  constraints: 

i)  An  accessor  belonging  to  the  priority  class  j,lSjSk-l, 
can  aciess  the  resource  only  if  no  accessor  belonging  to  some  priority 
class  i,  i > j,  is  waiting. 

ii)  The  resource  is  to  be  accessed  in  a mutually  exclusive 
fashion,  that  is  no  two  accessors  (even  from  the  s:ime  priority  class) 
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should  simultaneously  have  control  over  the  shared  resource. 

This  synchronization  problem  actually  represents  a generali- 
zation of  the  readers-writers  synchronization  problem  presented  in 
the  previous  section.  We  note  that  in  [GEHF-72] , a correct  solution 
to  the  synchronization  problem  stated  above  could  be  given  using  the 
Complex  Graph  Model  of  Computation  only  after  the  number  of  accessors 
in  each  class  was  bounded  by  some  given,  fixed  positive  integer. 

The  EC-CPM  representation  of  this  synchronization  problem  is 

exhibited  in  Figure  2.5.4.  We  note  that  in  the  figure  certain  color 

threshold  and/or  color  output  functions  do  not  have  their  second 

coordinate  indicated  (i.e.  the  corresponding  "g"  function  is  missing). 

In  order  to  simplify  notations,  we  have  made  the  convention  that 

whenever  for  an  arbitrary  arc  the  corresponding  function 

g!^,  : "*■  Z is  of  the  form  g'!'  (B)  = 1 for  any  set  B Ee^Cz"*"), 

J K J k 

then  it  may  be  omitted  from  the  specification  of  the  respective  EC-CPN 
This  convention  will  be  used  throughout  the  remainder  of  this  report. 

In  Figure  2.5.4  each  transition  t^,  1 S i ^ k,  generates  an 
unlimi ted  number  of  accessors,  i.e.  models  the  unrestricted  arrival 
of  accessors  from  the  priority  class  i to  the  critical  region.  On  the 
other  hand,  the  transitions  t^,  k + 1 ^ i 1:  2k,  model  the  entrance 
of  an  accessor  belonging  to  class  j = i - k to  the  critical  region. 

It  is  easy  to  see  that  the  firing  of  a transition  from  this  group 
prohibits  other  accessors  from  gaining  control  over  the  resource. 

The  transitions  t.,  2k  + 1 £ i S 3k,  model  the  actual  access  of  an 
accessor  from  the  priority  class  j = i - 2k  to  the  shared  resource 
while  the  transitions  t^,  3k  + 1 £ i £ 4k,  represent  the  exit  of  an 
accessor  belonging  to  the  class  j = i - 3k  from  the  critical  region. 
The  firing  of  a transition  from  the  latter  group  reenables  the  waiting 
accessors  to  eventually  obtain  control  over  the  resource.  It  should 
be  obvious  by  now  that  our  solution  satisfies  the  mutual  exclusion 
requirement  regarding  the  presence  of  accessors  in  the  critical  region 

Notice  that  place  "structured"  as  a list  with  k ranks. 

The  occurrence  In  the  system  of  accessors  belonging  to  the  i-th 
priority  class  is  modelled  by  transition  t^  by  placing  tokens  in  the 


i-th  rank,  upon  firing.  On  the  other  hand,  the  transitions  > 

1 S 1 i k,  will  extract  a token  only  from  the  liighest  non-enjpty 
rank.  If  j is  tfie  highest  non-empty  rank,  1 S j S k,  then  from  the 
latter  group  only  transition  t,  is  enabled.  It  can  easily  be 

kTj 

verified  that  the  EC-CPM  of  Figure  2.5.4  indeed  implements  the 
priority  rule  required  in  the  statement  of  the  problem.  Thus,  the 
EC-CPM  can  correctly  model  synchronization  structures  which  involve 
priority  hierarchies  among  the  coordinated  processes.  The  repre- 
sentation capabilities  of  the  EC-CPM  will  be  analyzed  in  great  detail 
in  Chapter  HI.  In  Cliapter  IV  we  shall  compare  the  representation 
power  of  the  EC-CPM  with  tt>at  of  the  C-CPM. 
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THi:  i<i.rRj;5i:NTAT L0.\  c.\j-.\iui.nit:.s  of  ntE 
i:c-coLQKi:u  fkiri  mudel 

Section  3.1  INTRODUCTORY  REMARKS 

Tne  Colored  Petri  Model  has  emerged  from  the  association  of  the 
Generalized  Petri  Nets  with  sets  of  colors  as  a compact  and  general 
model  of  systems  exhibiting  concurrency.  in  Chapter  11,  two  classes 
of  the  CPM  liaving  simple  structures,  namely  the  C-CPM  and  the  KC-CPM, 
iiave  been  defined.  Our  next  objective  is  to  analyze  the  modelling 
power  of  these  two  classes  of  the  CPM  and  to  find  a measure  of  their 
representation  capabilities,  as  accurately  as  possible.  Otherwise 
stated,  we  would  like  to  get  some  insight  into  what  is  gained,  as 
tar  as  the  representation  capabilities  of  the  model  are  concerned,  by 
introducing  colored  tokens  in  the  Petri  Net  Model.  In  Sections  2.4 
and  2.5  we  liave  modelled  several  synclironization  problems  using  the 
C-CPM  or  the  EC-CPM.  A.s  already  mentioned,  some  of  those  synchroni- 
zation problems,  in  particular  the  producer-consumer  coordination 
problems  suggested  in  [KOSA-7'3],  were  proved  (also  in  [KOSA-73])  not 
to  be  correctly  representable  by  the  Petri  Net  Model,  though  there 
exist  more  powerful  versions  of  tlie  Petri  Net  Model  such  as  the  Ex- 
tended Petri  Model  ([AGAR-75])  or  the  Priority  Petri  Model  ([llACK-75]) 
which  can  represent  these  synchronization  problems.  This  fact  indi- 
1 cates  that  tlie  use  of  colored  tokens  positively  affects  the  representa- 

J tion  capabilities  of  the  Petri  Net  .Model  and  thus  encourages  one  to 

J .ittempt  a more  in-depth  analysts  of  the  representation  power  of  the 

I C-CPM  and  of  the  EC-CPM  class. 

I I'nt ortunate ly , the  term  "representation  power"  of  a formal  model 

I of  .isynchronous  concurrent  systems  is  not  yet  precisely  defined  and, 

consequently,  there  is  no  well-established  method  by  means  of  which 
. the  range  of  the  class  of  systi'ms  representable  by  a particular  formal 

model  can  be  precisely  determined.  One  method  which  in  our  opinion 
caiw  closest  to  providing  an  answer  to  this  problem  was  the  study  of 
the  formal  l.inguage  families  wtiich  ..in  he  generated  by  the  I’etri  Net 
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Model  ([PETt-73j,  [HACK-75]).  Ln  this  context,  each  transition  of  a 
Petri  Net  can  be  considered  to  correspond  to  tiie  activation  of  a 
particular  process  of  the  system  modelled  by  the  respective  net  (e.g. 
eacli  transition  can  be  made  to  correspond  to  a computational  step  of 
a parallel  program).  Then,  a firing  sequence  of  tiie  net  corresponds 
to  a process  coordination  sequence  of  the  real-life  system.  From 
tills  point  of  view,  the  structure  of  the  net,  that  is  the  particular 
arrangement  of  arcs,  place.s  and  transitions  models  the  constraints 
existing  in  the  real-life  system,  constraints  which  force  the  system 
to  execute  only  certain  synchronization  sequences  over  the  set  of 
underlying  processes  and  not  all  possible  such  sequences.  It  follows 
that  if  the  real-life  system  is  correctly  modelled  by  the  Petri  Net  in 
question,  then  there  exists  a one-to-one  correspondence  between  the 
coordination  sequences  compatible  with  the  system  and  the  firing  se- 
quences of  the  net  which  models  it.  Suppose  now  that  each  distinct 
process  occurring  in  the  modelled  system  receives  a distinct  label  and 
that  all  transitions  of  the  net  which  represent  an  instance  of  the 
same  process  carry  the  label  ol  that  process.  In  this  way,  any  firing 
sequence  of  the  net  generates  a string  over  the  alphabet  formed  by  the 
process  labels.  In  this  context,  a Petri  Net  can  be  viewed  as  an  auto- 
maton generating  a particular  language,  namely  the  set  of  all  strings 
over  the  process  label  alphabet  corresponding  to  all  possible  firing 
sequences  which  can  be  performed  by  the  net.  The  set  of  coordination 
sequences  representable  by  Petri  Nets  can  thus  be  determined  by  study- 
ing the  language  families  which  can  be  generated  by  Petri  Nets. 

We  intend  to  employ  this  method  in  our  study  of  the  representation 
capabilities  of  the  C-CPM  and  of  the  EC-CPM.  We  shall  first  give  a 
few  definitions  with  the  intent  to  formalize  the  concepts  discussed 
above . 

HbliUlUmi 

A Labelled  Colored  Petri  Model  is  a system  =*  (ri^,  I,  L)  where: 

1.  - (CN,  CM°)  is  a CPM. 

2.  Z is  a finite  alphabet. 
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3.  L is  a t-oLal,  siiiglf-valut-d  mapping  I rom  Ux-  stL  '‘t  transi- 
tions T oi  into  Z;  L:  T ^ Z.  L is  cal  If  d the  Iali>-'lltng  I unction 

c£  ./j. 

The  definition  of  the  labelling  function  can  easily  be  extended 
to  firing  sequences.  hel  fy  be  a firing  seciuence  ot  i rom  some 
arbitrary  color  marking  CM'^  (Definition  2.3.7).  Then  L(ty)  is  del  ined 
recursively  as  follows: 

f r.(t)  if  Y = A 

I-(tY)  = < 

1 L.(t)Lvr;  otlierwlse 

where  L(t)L(y)  represents  tlie  concatenation  of  the  strings  i.(t)  and 
I.(Y).  By  convention,  I.(y)  = A If  ,ind  only  i f Y ^ > t-he  empty  firing 

sequence.  We  shall  call  L(y)  the  label  sequence  of  tire  firing  se- 
quence y.  Obviously,  the  label  sequences  corresponding  to  the  ‘iring 
sequences  compatible  with  some  Labelled  Cl’M  form  a language  over  the 
alphabet  Z. 

In  what  follows,  we  shall  often  use  the  term  "lamily  i 1 languages." 
If  , is  a family  of  languages,  we  shall  assume  that: 

i)  then'  exists  A e • such  that  A 4 |. 

: ii)  if  A E • -i^,  then  there  exists  a finite  alphabet  ft  such  that 

j ^ b.  "*• 

I In  accordance  with  this  convention,  let  us  (onsider  the  following 

' families  of  languages: 

^ Def in i t ion  3.1.2 

1//^  is  the  family  of  languages  such  th.at  S E »!/  if  and  only  if  there 

exists  a CM  = (CN,  Cm“)  where  CN  = (N,  C,  F,  R,  Q)  . N ■=  (T,  P,  1,  0) 

' o * 

and  S = S(CM  ).  Obviously.  S ^ T . 

is  the  f.'imily  of  languages  such  that  S t f!/  if  and  only  if  there 
"o  o 

exists  a CPM  » (CN,  CM^^)  and  a final  color  marking  of 
CM^  4 such  that  S = T(CM  , CM  ) . Obviously,  S ^ 1 . 

Notice  that  the  labelling  function  L as  specified  in  Definition 
3.1.1  is  a non-erasing  homomorphism  from  T into  Z , whose  range 
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contains  only  one-symbol  strings.  We  shall  call  this  type  of  homo- 
morphism u X-free  renaming.  For  any  family  of  languages  , we 
shall  define  the  image  of  t under  X-free  renaming  to  be  the  set; 

= {l(A)  I a e . and  L is  a X-free  renaming  on  A}. 

The  families  of  languages  of  interest  to  our  study  are  then  de- 
fined as  follows; 


Definition  3.1.3 

The  family  of  computation  sequence  sets  of  the  CPM  is  the  family 
of  languages  A,  where  A = ).  Similarly,  the  family  of  terminal 

computation  sequence  sets  of  tlie  CPM  is  the  family  of  languages  A , 
where  A 

Note ; The  languages  in  A^  cannot  contain  the  empty  string  X.  This 
constraint  is  motivated  by  the  convenience  which  it  introduces  in  cer- 
t.iin  proofs  and  constructs  which  will  follow.  The  language  families 
introduced  above  actually  represent  synchronization  sequences  com- 
patible with  asynclironous  concurrent  systems  modelled  by  the  CPM. 

From  this  point  of  view,  the  empty  string  and,  equivalently,  the 
"empty  coordination  sequence"  are  not  of  much  practical  importance. 
Thus,  this  constraint  is  not  exceedingly  severe  and  does  not  Influence 
the  generality  of  the  results  obtained.  As  opposed  to  A^ , the  lan- 
guages in  the  A family  must  contain  the  empty  string. 

Similarly  defined  language  families  were  studied  in  (HACK-75]  with 
respect  to  the  Petri  Net  Model,  the  Kxtended  Petri  Model  and  the 
Priority  Petri  Model.  Thus,  a common  basis  of  comparison  between  these 
nk'dt'ls,  the  C-CPM  and  the  KC-CPM  is  provided. 

We  point  out  tliat  describing  the  coordination  sequences  of  a sys- 
tem by  means  of  label  sequences  corresponds  to  a totally  ordered 
execution  of  the  respective  coordination  sequences.  Note,  however, 
that  the  label  sequences  which  can  be  generated  by  a net  are  the 
images  under  some  X-free  renaming  of  the  firing  sequences  which  can 
be  executed  by  that  net.  A generally  accepted  execution  rule  incor- 
porated in  the  Petri  Net  Model  and  in  the  various  modified  versions 
of  it  reported  in  the  literature  is  that  no  matter  how  many  transitions 
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arc  s iinu  1 Laiieoubly  enabled,  only  one  of  them  is  chosen  to  be  fired. 
Consequently,  tiring  sequences  are  totally  ordered  sequences  of  tran- 
sition names.  The  execution  rule  mentioned  above  is  ba.sed  on  tlie 
assumption  that  the  operations  of  a system  are  modelled  as  instan- 
taneous and  non-simultaneous  events.  This  assumption  appears  not  to 
restrict  tlie  adequacy  of  the  Petri  Net  Model  and  of  its  variants  for 
the  modelling  of  systems  exhibiting  concurrency.  For  a detailed  dis- 
cussion of  this  claim,  the  reader  is  referred  to  Section  2.4.1  of 
[PKTE-7.3J . 

All  the  definitions  given  in  this  section  can  immediately  be  trans- 
lated for  the  C-CPM  class  and  for  the  EC-CPM  class.  We  shall  denote 

by  A(C-CPM),  A (C-CPM),  A(EC-CPM) , A (KC-CPM)  the  A and  A language 
o o o 

families  generated  by  the  C-CP.M  and  KC-CPM,  respectively. 

In  the  remainder  of  this  chapter,  we  shall  study  in  detail  the 
closure  properties  and  the  extent  of  the  family  of  computation  sequence 
sots  and  of  the  family  of  terminal  computation  sequence  sets  corre- 
sponding to  the  EC-CPM.  Similar  problems,  related  to  the  C-CPM,  will 
form  the  subject  of  Chapter  IV. 

Section  3.2  COMPOSITION  PROPERTIES  OK  THE  E(>^CPM 

let  us  first  investigate  the  closure  of  the  language  families 
A(EC-CPM)  ;ind  A^(EC-CPM)  under  the  operation  of  concurrency , de- 
noted by  A.  (liven  some  finite  alphabet  E,  the  operator  A is  recur- 
sively defined  (in  terras  of  regular  expressions)  as  follows: 

i.  a A ).  = A A a = a for  .all  a e T, 

ii.  a'w'  A a"w"  = a'(w'  A a"w")  + a"(a'w'  A w")  for  al) 

a',  a"  in  T.  and  all  w' , w"  in  Z . If  W'  and  W"  are  two  languages 
over  the  alphabi't  E,  tlien: 

W’  A W"  = {w’  A w"  I w'  e W' , w"  e W") 

In  words,  if  w'  C W'  and  w"  e W" , then  the  language  W'A  W"  contains  all 

possible  interleavings  of  the  strings  w'  and  w" . 

Given  a l.abelled  EC-CPM  A’CT’j,,  we  denote  by  h(KCP^)  tlie  language 
in  A(KC-CI>M)  generated  by  If  a final  color  marking  IIM*^  of 

E(7Pr-  is  also  given,  then  A (FCP^,  I'mS  denotes  the  language  in 


I 


A^^(FC-CPM)  gont-ratfil  by  A’d’Pj.  (similar  notational  conventions  will  be 
used  in  connection  with  the  C-CI’M,  as  well), 


A(EC-CPM)  and  A^(EC-CPM)  are  closed  under  the  concurrency  opera- 

t ion , 

Proof:  Let  ECP^,  = (ECP\  T.' , L’ ) and  ffCPj...  = (ECP'\  Z".  1.") 

be  two  Labelled  EC-CPM's,  where  ECP  = (CN*  , IIM*^  ) and 
ECP’  = (CN",  UM°').  Let  CN'  = (N* , U(C'),  H')  and 
CN"  = (N",  U(C"),  H")  where  N'  = (T'.  P’ , I’,  O')  and 
N"  = (T",  P",  I".  0"). 

We  construct  a Labelled  EC-CPM  = (ECP ^ L)  such  that 

E(ECP^)  = h{ECP^^)  A h(ECP^^^),  In  case  the  final  color  markings  IIM^ 
and  UM^  of  E<CP^,  and  E(7P^,,,  respectively,  are  also  given,  we  define 
a final  color  marking  UM^  of  that 

A (ECP  UM^)  = A (ECP  UM^  ) A A (E<CP  ,,  UM^  ).  Let 

O L O L O L 

ECP  = (CN,  UM°)  where  CN  = (N,  U(C),  H)  and  N = (T,  P,  I,  0). 

We  assume  that  T'  D T"  = <J)  and  P'  H P"  = 4>;  these  conditions  can 

always  be  achieved  through  appropriate  renaming. 

Let  us  now  jujtapose  the  Labelled  EC-CPM's  ‘itid  ECP^^^^  that 

is  let  us  consider  same  net.  For 

example.  Figure  3.2.3  displays  the  juxtaposition  of  the  Labelled 

EC-CPM's  of  Figure  3.2.1  and  3.2.2.  In  the  figures,  the  labels  of 

the  transitions  are  indicated  underneath  the  corresponding  transition 

names;  i.e.  means  that  transition  t,  carries  the  label  a. 

a 

Next,  let  us  introduce  a new  place,  let  it  be  denoted  ny  p^,  in 

the  net  obtained  by  the  juxtaposition  of  ECP^,  and  ECPy>>  • Suppose 

C « (X',  <')  and  C"  = (X",  where  X'  = {c ' . . . ,c ' , c ' , c ' } and 

J s m n 

X"  = (c',' , . . . , c"  , c"  , c\'.} . Let  us  also  introduce  a new  color,  c,  and 
1 p m M 

let  X = {cj cM  U {c'j,  . . . , c'M  U {c,c^,Cj^}.  Then,  C = (X,  *^)  and 

the  partial  ordering  C-  is  defined  such  that  it  satisfies  conditions 

(I)  and  (II)  given  in  Section  2.5.  The  extention  U(C)  is  the  set  of 

colors  associated  with  the  Labelled  EC-CPM  hCP 

For  each  transition  tj^,  I(p^«  t|^)  “ ^c^  ~ ^ 

H(a^  ) - H(a,^  ) = [r;ll.  Figure  3. 2. A exhibits  this  construct,  as 
CK  kc 


= < (c^M)  > 
m°"(p'^)  = 4) 

i;m‘’’\p^)  = < (cy.i)  > 

UM^"(p'^)  = < (c^,l)  > 


3.2. 2 

.Siunpif  Labelled  bC-CE’M 
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applifci  to  the  Labelled  HC-CI’M's  of  Figure  3.2.1  and  3.2.2.  We  say 
that  each  transition  "seif-loops"  on  p^.  Alternatively,  we  some- 
tiiiK'S  refer  to  a place,  such  as  , on  which  all  transitions  of  a 
net  self-loop  as  a "control  place." 

Let  us  now  define  the  Initial  color  marking  Um"  of  ECPj^-  We  set 
l'M*^(p_)  = (c,l)  > and  define  the  restriction  of  Um'^  to  ?'  " P" , 

C f f I 

i.e.  Um‘Vi”  U P",  by  Um“/P'  U P"  = UM°  V L'm'^  (see  Figure  3.2.4). 

This  completes  the  construction  of  the  Labelled  EC-CPM  KCPy. 

The  control  place  p^  does  not  affect  the  conditions  under  which  any 
transition  of  is  enabled.  Consequently,  each  reachable  color 

marking  L!M^  of  will  satisfy  the  following  conditions: 

i.  UM^(p  ) = UM°(p  ) 

. c c 

ii.  UM^/P'  U P"  C R'(Ull“')  V R"(1Im‘^") 

hence,  A(^CP_)  = l^(.POPy,)  A A(£’C’P„„).  The  final  color  marking  IIM^ 

^ ^ f ^3  f r*r” 

of  ECP„  is  defined  by  UM  (p.)  = I'M*  (p  ) and  UM  /P'  U P"  = TO  V UM  . 

L C J.  C £ I 

Under  this  condition,  A (ECP'^,  UM  ) = A (ECPy-t^  ) A A (fCP^mUM  ). 

o L o L o L 

□ 


The  construct  of  Theorem  3.2.1  allows  for  the  arbitrary  inter- 
leaving of  label  sequences  generated  by  i and  ECPy„.  Taking 

advantage  of  the  control  place  p^  and  of  the  availability  of  colored 
tokens  we  can,  however,  "force"  the  juxtaposed  Labelled  F.C-CPM's 
ECPy,  and  EfJPy,,  to  execute  only  firing  sequences  wliich  follow  a cer- 
tain "pattern."  One  such  "pattern"  is  described  by  the  per f cc t 
siiuf f 1 e operation,  denoted  by  f.  Let  I be  a finite  alphabet  and  s\ip- 

pose  w'  = a'a'...a'  and  w"  = a','a"...a"  are  two  strings  in  Then, 

12m  12m 

w'  1 w"  = a’aVala"  . .a’a" 

112  2 mm 

By  convention,  X 1 A = X . Note  that  tiie  perfect  shuffle  operation  can 
be  applied  only  to  equa 1 - lengt  It  strings.  Note  also  that  the  1 opera- 
tor is  not  commutative.  If  W'  and  W"  are  languages  over  the  a)p;»>  at 


Z,  then: 

W’  1 W" 


{w’  i w"  I w'  e W' , w"  e W"} 


Corol lary  1 

A (F.C-CPM)  is  clo.sed  under  Llie  perfect  shuffle  operation.  A(F.C- 
n 

CPM)  is  not  closed  under  the  perfect  sluiffle  operation. 
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Proot : Consider  tiie  following  modifications  to  the  construct  of 

Theorem  3.2.1.  Instead  of  introducing  one  new  color  c in  the  color 
set  C,  let  us  introduce  two  distinct  new  colors,  denoted  by  c'  and 
c",  respectively.  Next,  for  each  transition  t^^,  let 


"<4> 


[c';l] 


[c'  ;1J 


if  t,  el" 
k 

if  t,  e T" 
k 

if  t,  e T' 


if  t,  e T" 
k 


The  initial  color  marking  UM^  becomes:  UM^(p^)  = < (c',1)  >, 

UM°/P'  U P"  = UM“'  V 


Thus,  the  control  place  is  used  to  alternate  the  firing  of  a 
transition  of  with  the  firing  of  a transition  of  in  the 

Initial  color  marking  UM^,  only  transitions  belonging  to  can  be 

enabled  and  thus  the  first  transition  to  fire  in  any  firing  sequence 
must  belong  to  ECP  , . The  final  color  marking  UM^  of  ECP^  is  defined 

f ^ f fl  rll  i 

by  LTM  (p,)  = < (c’,1)  ■ and  UM  /P'  U P"  = UM  V UM  . With  this 

C p,  jii 

final  color  marking  h {ECP^,  UM  ) = A (ECP.,,,  UM  ) 1 A (ECPy„,  UM  ). 

O 2^  O 'i  f **  ^ f ® 

If  instead  we  want  ECP^,  to  generate  h^^iECP^,,,  UM  ) 1 E^(ECP^,  , UM  ), 
all  we  have  to  do  is  to  modify  the  initial  and  final  color  markings, 
respectively,  as  follows:  UM^*(p^)  = UM^(p^)  = < (c",l)  >. 

Let  us  now  consider  the  language  family  A(EC-CPM).  Note  that 
according  to  Definition  3.1.1,  the  labelling  function  L of  any  Label- 
led EC-CPM  must  satisfy  the  following  condition: 

If  y is  a iKjnempty  firing  .sequence  and  y = 6a,  then 
[,(Y)  = L(6)L(o).  In  particular,  if  y = t|^j...t|^,  then 
L(y)  = L(t,  , ) . . .L(t,  ),  where  L(t,  .)  f-  T.,  f or  1 - j < m (Z  is  the 

finite  label  alpliabet  associated  with  the  respective  Labelled  EC-CPM) . 

Let  ^^'y<  ECP^,„  be  two  arbitrary  Labelled  EC-CPM' s and  sup- 
pose there  exists  a Labelled  EC-CPM  such  that 

MECP^)  = h(ECl'^,)  I h(ELT^„).  Let  w'  = and  w"  = a’j'...aj^ 

be  two  nonempty  string.s  in  AfAYAPj.,)  and  A(A6P^„),  respectively.  Hence, 
there  exists  a firing  sequence  y = ^ (here 

Um”  denotes  the  Initial  color  marking  of  ECP^)  such  that 
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I.(>)  - w’  4 w"  = aja’^.  . Consequently,  tfie  prefix 

*'  ^ ■ ■ ■ 'ion  example,  is  in  S(UM°)  as  well.  There- 

fore, I.(y')  = a'a"...a'  is  contained  In  the  language  h(ECP^).  This 
fnit  contradicts,  however,  the  assumption  that 

.\(t;CP^)  = AfiTCTj.,)  4 MECTyu)  since  a|n'j’...a^  ^ 4 h(ECP^„)  . 

□ 

"Patterns,"  mo’'e  complicated  than  the  perfect  simffle  can  cer- 
tainly be  imagined.  A more  general  result  will  be  proved  in  Theorem 

3. 3. T. 


Let  us  now  investigate  the  closure  of  the  language  families 
A(KC-CPM)  and  A^(EC-Cl’M)  under  the  union  operation.  If  W'  and  W" 
are  languages  over  some  finite  alphabet  Z then, 

W U W"  = (w  I w e W or  w c W"  or  both) 

Theorem  3.2.2 

.A(EC-CPM)  and  A (KC-CPM)  are  closed  under  union, 
o 

Proof : Let  us  first  consider  the  language  family  A(EC-CPM) . 

Let  ECP^,  and  ECP^,,  be  two  arbitrary  Labelled  EC-CPM's.  We  construct 
a Labelled  EC -C PM  ACT ^ such  that  A(ACP^)  = A(ACP^,)  U A(ACP^„).  Tlie 
construct  employed  is  basically  the  same  as  that  of  Theorem  3.2.1, 
with  the  following  modifications.  In  addition  to  the  color  c,  we 
introduce  two  new  distinct  colors  c'  and  c"  in  the  color  set  C.  Next, 
for  each  transition  t|^,  we  set; 


\[c";l] 


if  t|^  £ T' 

if  t,  C T" 
k 


Let  now  E^'  denote  the  set  of  transitions  of  ECP  enabled  in  the 

f ^ o I 

initial  color  marking  UM  . For  each  transition  tj^  C E , we  add  to 

ECP_  a transition  t'  which  has  the  same  label,  the  same  input  and 
L rs 

output  connections  as  well  as  the  s;ime  corresponding  color  threshold 

and  color  output  functions  as  the  transition  t\  except  fur  the  input 

arc  from  the  control  place  p , where  M(a  ^ ) • [c;l]. 

' c c rs 

The  transitions  t'  introduced  above  are  sometimes  referred  to 
r.s 

in  the  ’Iterature  as  "start  transitions."  A similar  construct  Is  per- 

o'*  o'* 

formed  for  the  transitions  in  E , where  E denotes  the  set  of 
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transitions  of  tJCPy,,  tniabled  in  the  initial  color  marking  UM°" , 

Finally,  the  initial  color  marking  UM^  of  PCH’y  is  defined  by 
= ■-  (c,l)  '>  and  Um'^/P'  IJ  P"  = UM®'  V I'm”",  In  the  initial 
color  marking  UM*^,  due  to  * he  color  bag  of  p^,  the  only  enabled 
transitions  are  the  start  transition  corresponding  to  and 

The  firing  of  some  start  transition  t,^  will  change  the 
color  bag  of  the  control  place  to  •'  (c',1)  > or  < (c",l)  > de- 
pending on  whether  t.^  corresponds  to  or  ECPy,,,  respectively. 

By  our  construct,  after  a start  transition  has  fired,  can  exe- 
cute a firing  sequence  in  either  or  PCPy,,  (but  not  both)  de- 

pending on  the  respective  start  transition.  Moreover,  no  start 
transition  can  fire  again  along  that  firing  sequence.  We  can  con- 
clude th.at  the  label  sequences  generated  by  form  the  language 

A(ECPy,  ) :i  A(Ei'Py„). 

The  construct  presented  above  is  sciiemat ical ly  presented  in 
F igure  3.2.5. 

For  languages  from  the  family  A^(EC-CPM)  we  can  employ  the  same 
construct  as  above  with  certain  modifications  required  by  the  fact 
that  we  Iviv,.  to  ensure  a unique  final  color  marking  for  ECPy. 

If  t^^  is  a start  transition  of  ECPy^  corresponding  to  ECP^,  , 
then  (in  addition  to  the  places  in  P')  we  connect  the  places  of  ECPy„, 

if* 

whose  color  bags  arc  nonempty  In  UM  , to  t^^  as  input  places.  We  al- 
so connect  tile  places  of  P‘'Py,,  which  contain  nonempty  color  bags  in 

M ^ 

UM  to  as  output  places.  The  input  incidence  function  I of  A’CTj. 

and  the  lolor  thricshold  tunctions  of  t'  are  defined  such  that  when 

rs 

tired,  t'  collect.s  from  tlie  places  of  ECP^„  all  the  tokens  present 
rs  L 

o** 

in  the  initial  color  marking  UM  (thus  leading  to  an  intermediate 

color  marking  in  whiih  all  places  of  y-'Py,,  are  empty)  . The  output 

incidence  function  0 of  ECPy  and  the  output  color  functions  of  t^^ 

are  defined  such  that  t'  deposits  upon  firing  the  final  color  marking 

rs 

I'm'  in  the  places  of  ECPy„.  We  have  already  shown  that  the  firing 

of  t'  triggers  off  a firing  sequence  in  ECP-,,  which  does  not  affect 
rs  i- 

the  color  marking  of  ECPy„.  With  the  alteration  described  above,  the 

o*» 

firing  of  t*  also  changes  the  color  marking  of  from  IIM  to 

rs  ^ 


start  transitions  transitions  of 


start  transitions  transitions  of 
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f" 

UM  , If  the  firing  sequence?  started  uff  by  t ' is  a terminal  firing 
sequence  of  ECP^, , then  the  restriction  to  P'  U P"  of  the  color 

marking  obtained  in  ECP„  at  the  end  of  that  firing  sequence  is 

f f"  ^ 

UM  V LiM  . 

A similar  modification,  with  respect  to  ECP^, , is  performed  on 

all  start  transitions  of  corresponding  to  ECP^„ . 

We  still  liave  to  arrange  for  a unique  final  color  marking  of  the 

control  place  p^.  For  this  purpose,  for  each  transition  t^^  we  add 

to  P^CP^  a copy  of  t,  , denoted  by  t,  . The  transition  t, 

Ik  kstop  kstop 

has  exactly  the  same  label,  the  same  input  and  output  connections  as 

well  as  the  same  corresponding  color  threshold  and  color  output 

functions  as  t^^,  except  for  the  control  place  p^.  The  transition 

t,  has  p only  as  an  input  place,  i.e.  0(t,  P„)  = 0. 

kstop  c ' k^’top  c 

Obviously,  is  enabled  exactly  when  the  corresponding  transi- 
tion t,  is  enabled.  Moreover,  the  firing  of  t,  produces  the 

k kstop 

same  color  marking  change  as  the  firing  of  tj^,  with  the  exception 

of  the  place  p . The  firing  of  t,  removes  the  token  from  p 

e o kstop 

and,  therefore,  leaves  all  the  transitions  of  disabled.  The 

transitions  t,  are  sometimes  referred  to  in  tlie  literature  as 

kstop 

"stop  transitions." 

Let 


UM^(p 


et  us  now  define  the  final  color  marking  UM  of  t<^Py  by 

f f f"  ^ 

) = (f  and  UM  /?'  U P"  = UM  V UM  . it  should  be  easy  to  see 

that  this  final  color  marking  can  be  reached  only  through  the  firing 

of  a stop  transition.  Hence,  for  .any  nonempty  firing  sequence 

6t,  , L'M°[6t,  > UM^  if  and  onlv  if  lTi^[6t  > UM^  and 

kstop  kstop  k 

UMI/p'  U P"  = iFMf ' V UM*’  . Note  that  the  prefix  6 cannot  contain 


any  occurrence  of  a stop  transition. 


f f f" 

We  conclude  that  A {ECP,.,  UM  ) = A ip'.CPy,,  I'M  ) U A {ECPy„,  UM  ). 

O L O L Of. 


.f". 


□ 


Let  us  now  investigate  the  closure  of  the  language  families 
A(EC-CPM)  and  A (EC-CPM)  under  the  operation  of  cuncatenation.  If 
W'  and  W"  are  two  languages  over  a finite  alphabet  E,  then  the  con- 
catenation of  W'  and  W"  is  the  set: 

W'W"  - {w'w"  I w’  e W' , w"  £ W"}. 


/ 
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Theorem  J.2.J 

A(KC--CTM)  ami  A (EC-CPM)  are  closed  under  concatenation, 
o 

i’root  : l,et  and  Fi'P^„  be  two  arbitrary  Labelled  EC-CPM's. 

Ke  con.struct  a Labelled  EC-Cl’M  ECP^  such  that  A(A'67-  )=A(/?CP  , )A(£’6'P^„)  . 
If  the  final  color  marking.s  I'M  and  I'M  of  ECP^„, 

respectively,  are  also  given,  then  we  define  a final  color  marking 
I'M^  of  EEP^  such  that  A iECP..,  fiM^)  = A {ECP  UM^  )A  (£'CT^„,  I'M^  ). 

I O a O L O L 

The  construct  employed  here  is  a simplified  version  of  the  construct 

used  in  Theorem  3.2.2  in  order  to  show  the  closure  of  the  language 

f.tmily  A(EC-CPM)  under  union. 

Thus,  suppose  we  have  juxtaposed  the  Labelled  EC-CPM's  ECP^, 
and  ECP^^,  and  let  the  transitions  of  PCP^,,  and  ECP-„  self-loop  on 

L L*  L 

a common  control  place  p . We  introduce  two  distinct  new  colors, 

c 

■ ' and  c" , in  the  color  set  C formed  as  shotvn  in  the  proof  of 
Theorem  3.2.1  (instead  of  only  one  new  color,  c) . For  each  tran- 


s i t Lon  t , : 
k 

1 

1 

= H(a;  ) = 

|^[c";l] 

if 

T' 

if 

K 

Next , 

for  €‘ach  transition  t" 

r 

,.o" 
C E 

, let 

us  add  to 

a start 

t rans i t ion 

t"  which  has  the  same 
rs 

label 

, the 

same  input  and 

output 

cunnections  as  well  as  the  same  corresponding  color  tlireshold  and 

color  output  functions  as  t’^,  except  for  the  control  place  p^.  We 

set  li(a  ^ ) = [c';l].  In  the  case  of  this  construct,  it  is  not 

c rs 

m ■- essary  to  introduce  In^''*^,.  start  transitions  corresponding  to 

The  initial  color  marking  EM°  of  ECP is  defined  by 

UM‘^(p  ) » ^ (c',1)  > and  Um"'/P'  U P"  = UM""  V L'm'^"  . 
c 

The  transitions  enabled  In  UM°  either  belong  to  or  are 

start  transitions  corresponding  to  F'  P^„.  Let  us  as.sume  that  a tran- 
sition t,'  of  P‘^P^,  is  selected  to  fire  in  L'm‘^ . Then,  t'  starts  off 
a firing  sequence  i5 ' in  E>''P  , wliich  does  not  alter  the  color  marking 

of  the  places  of  At  any  time,  6'  can  be  terminated  by  the 

firing  of  some  start  transition  t"  of  ECP^„.  Upon  the.  firing  of 
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t"  , the  color  bag  of  the  control  place  p becomes  < (c",l)  > 
rs 

which  leaves  all  the  transitions  of  ECP^,  and  the  start  transitions 
corresponding  tc  ECI‘„  disabled.  The  firing  of  t"  also  triggers 
off  a firing  sequence  6"  in  ECP^„,  which  does  not  affect  the  color 
marking  of  ECP^, , We  can  conclude  that  each  firing  sequence  y of 
£’(7Pj,  is  of  the  form  Y = <S'<5"  where  <S'  is  a firing  sequence  of 
and  6"  is  a firing  sequence  of  ECP^^,.  if  UM" , then 

UM'/P"  = UM*^"  and  UM'VP'  = UM'/P'.  Thus,  A(£'CP  ) = f[{ECP  ) MECPy„)  . 

If  the  final  color  markings  UM  and  UM  of  and  re- 

spectively, are  also  given,  then  UM^  is  defined  by 

f f f f" 

UM  (p^)  = < (c",l)  > and  UM  /P'  U P"  = UM  V UM  . A firing  se- 
quence Y = 6' 6"  of  ECP  is  a terminal  firing  sequence,  i.e. 

C ^ ft 

UM°[y>  UM  , if  and  only  if  UM‘^[6’>  UM'I<5">  UM"  where  UM'/P'  = UM  , 
f " 

UM''/P"  = UM  , i.e.  6'  and  6"  are  terminal  firing  sequences  of  ECP^, 

and  ECP^,,,  respectively.  Therefore, 

A (.ECP^,  UM^)  = A {ECP  UM^')A  {ECPy„,  LTM^  ). 
of  of  O L 

Figure  3.2.6  demonstrates  the  construct  of  this  proof. 

□ 

Before  showing  the  closure  of  the  language  families  A(EC-CPM)  and 
A (EC-CPM)  under  the  operation  of  intersection,  we  introduce  a lemma. 

O j: 

Let  ECP,~  be  a Labelled  EC-CPM  and  let  UM'^  and  UM  be  its  initial 
L 

and  final  color  marking,  respectively.  Let  us  assume  that  | Z | > 1 
and  suppose  d is  a label  i.i  Z.  Let  ECP^,  denote  the  Labelled  EC-CPM 
obtained  by  removing  from  ECP,^  all  transitions  labelled  d (I  ' = E-{d}). 
Then : 

Lemma  J . 2 . 1 

MECP^,)  <-  A{ECPy)  and  A {ECP^,,  UM*')  ^ A {ECP^,  UM^)  . 

L — L O L — O L 

O ' O 

Proof : Tlie  proof  is  by  induction.  Obviously,  E 1-  • Ac- 

cording to  Definition  2.5.4,  all  enabled  transitions  of  an  EC-CPM 
have  the  same  priority  to  fire.  Consequently,  if  Y F S'CLIM  ) is  a 
firing  sequence  of  length  1,  then  y L S(UM  ).  Let  us  now  assume  that 
if  Y C S'(UM^)  is  a firing  sequence  of  length  k,  k > 1,  then 

Y C S(LTi^).  But  if  UM‘^[y>  UM*",  then  E*  £ E* . By  the  same  argument  as 
1 ' 

aobve,  if  t c E is  selected  to  fire  in  ECP..,,  tlien  t can  be  fired 
r hr 
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in  KiTy,  as  well.  Hence,  all  firing  sequences  of  lengtti  k + 1 from 

S'(UM°)  are  in  S(0M°J.  Ke  can  conclude  that  S'(UM°)  ^ S(UM^)  and, 

in  particular,  l'(UM*^,  I'M^ ) ^ T(1'M^,  UM  ). 

It  is  Interesting  to  mention  the  following  fact.  it  is  un- 

decidable  whether  the  removal  of  a transition  changes  the  language 

generated  by  a Generalized  Petri  N'et  (Theorem  8.4  [HACK-75]).  On 

the  other  hand,  it  should  be  obvious  that  A(CPN)  ^ A(EC-CPH)  and 

A (GPN)  A (EC-CPM) . Hence,  it  is  undecidable  whether  I\.{ECP  ) and 
0-0,  L ^ 

A UM  ) are  in  fact  proper  subsets  of  t\(ECP  ) and  A (ECPy,  IM  ), 

o E 4 o4 

respectively. 

□ 

Let  us  now  consider  the  operation  of  intersection.  If  W and  W" 
are  languages  over  some  finite  alphabet  Z,  then 

W'  n W"  = (w  j w £.  W'  and  w £ W" } 


Figure  3.2.6 

Construct  for  the  ffperatlon  of  Concat enat i on 
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Theorem  3.2,4 

A(EC-CPM)  and  A^(EC-CPM)  are  closed  under  intersection. 

Pruut : Let  us  first  consider  the  language  family  A(EC-CPM). 

Let  ECP^,  and  ECPy^,,  be  two  Labelled  EC-CPM's  and  suppose 

' ^*1^2' "^ra  ^ string  in  /[{ECP^,)  D MECP^„) . Consequently, 

there  exist  the  firing  sequences  y'  = C,' , t,' -r  • • t and 

~ *'kl^k2‘ ' ' '"Iot  S(UM  ) and  S(UM°  ),  respectively,  such  that 

L'(y')  = L"(y")  = w.  Obviously,  | y ' | = | y" | and 

L'(t'  ) = L”(t")  = a.,  for  1 £ j S m. 
kj  kj  j 

Our  construct  is  based  on  the  above  remarks.  We  define  a 
Labelled  EC-CPM  ECP^  such  that  h(.ECP^)  = h(.ECP^,)  H MECP^„) . If 

C = ffc'  c'  c'  c'  } 1 qnd  r"  = fir"  r"  r"  r"l  1 

f,  , 3,  m’  H ' ~ ' ° ^ 1’ ■ ■ ■ ’ p’  m’ 

then  C = (X,  £)  where  X = {c',...,c'}  U {c'',...,c"}  U {c  , c, J 

1 s 1 p m il 

and  the  partial  ordering  £ satisfies  the  conditions  (1)  and  (II) 

given  in  Section  2.5.  U(C)  is  the  color  set  associated  with  ECP^. 

The  Labelled  EC-CPM  A’CT’j-  preserves  the  places  of  both  ECP^, 

and  ECP^^^,  i.e.  p = p'  U P"  (again,  we  assume  that  P'  H P"  = $) . 

In  addition,  we  combine  the  transitions  of  ECP^,  and  ECP^„  in  such 

a way  that  ECP^  is  forced  to  perform  only  firing  sequences  whose 

corresponding  label  sequences  are  common  to  A(ECP^,)  and  A(ECP^„) . 

Let  t|^  and  t'^  be  two  transitions  of  and  ECP^,^^  respectively, 

such  that  L' (t ' ) 
k 


L"(t'^).  We  introduce  for  this  pair  of  transitions 


one  transition,  let  us  denote  it  by  in 


The  transition 


t,  has  the  input  and  output  connections  of  both  t,'  and  t"  as  well 
kr  ' k r 

as  the  same  corresponding  color  tlireshold  and  color  output  functions. 

Moreover,  t,  is  assigned  the  common  label  of  both  t,'  and  t". 

kr  ^ k r 

Figure  3.2.8  exhibits  the  transition  t,  obtained  from  the  sample 
“ kr 

transitions  t'  and  t"  of  Figure  3.2.7.  The  transition  t,  is  enabled 
k r kr 

exactly  when  both  t^  and  t'^  are  enabled  and  its  firing  has  the  com- 
bined effect  of  the  firings  of  t^  and  t^  (or,  the  effect  produced  by 

the  simultaneous  firing  of  t,'  and  t").  This  construct  is  performed  for 

K r 

each  pair  of  identically  labelled  transitions  from  and  ECP^„, 

respectively.  Based  on  Lemma  3.2.1,  transitions  which  carry  labels 
not  in  E'  n E"  are  eliminated  since  they  cannot  possibly  participate 
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in  the  generation  of  label  seqiienceH  in  h(^H'-T„,)  D A(.ECT^,,) . 

Finally,  Lite  initial  color  marking  I'M  of  defined  hy 

liM^  = L'M^ ' V UM*^  . The  complete  construct  is  presented  in  Figure 
1.2.J0  for  the  sample  Labelled  FC-CPM's  of  Figure  3.2.9  and  3.2.1 
We  c.in  see  that  A (fi’lT’j, , ) fl  AiECP^,,)  ^ A{ECP,^)  . We  now  show 
that  it  is  not  a proper  subset.  It  is  easy  to  see  that 
R(1'm“)  c R'(Un“')  V R"(Um“").  Let  e L'(l'M^)  and  let  t^^^  e K*. 

Then,  by  our  construct,  there  exist  the  transitions  tj^  in  ECP^, 
and  t"  in  ECT^„  sucii  that  L(t,  ) = L'(t')  = L"(t"),  t,'  is  enabled 
in  the  color  marking  LTf  /P'  of  , and  t'^  is  enabled  in  the  color 

marking  ITl^/P"  of  (recal  1 that  E(UM°)  ^ RClTl^)  by  Definition 

2.3.12).  Therefore,  the  composite  net  does  not  generate  any  new 
label  sequences.  Hence,  A(,ECF^)  = A(A’CPj.,)  fl  A{ECP^,,)  . 

The  above  construct  applies  to  the  language  family  A (EC-CPM) , 

f ft  f"  o 

as  well.  If  LTl  = I'M  V I’M  then 
A (rrp  um‘)  = A {ECP^,,  I’M*"  ) 11  A (FCPy,,,  I'M*  ). 

I'  L O L O L 


' Po 
/ ■ 


(h].«inh-.gp  Ji 


h,K 


' ;p" 

' m 


(v;,g”) 


Figure  3.2.7 
S.imple  Tr.ansitions 
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Figure  3.2.10 

Construct  for  the  Intersection  Operation 


Let  us  now  proceed  to  investigate  the  closure  of  the  Hmguage 

family  A (EC-CI’M)  under  indefinite  concatenation.  First,  we  pre- 
o 

sent  a tew  introductory  remarks. 

Let  A'T'„  be  a Labelled  KC-CPM  in  some  color  m. irking  . 

X 

Suppose  L is  a transition  of  HCPy  enabled  in  UM  . According  to 
the  definitions  given  in  Section  2.5  (especially  because  of  the  fact 
that  the  relation  I<^,  is  used  in  the  selection  of  enabling  colors), 

if  UM^[t  -•  UM  then  the  color  marking  Um'  is  uniquely  determined  by 

i ^ 

UM  and  t,  . 

^ j 

Suppose  now  that  we  are  given  a fixed  color  m.irking  I'M  and 
suppose  there  exists  a color  marking  l^M^  such  that  n'l^Itj^^  UM’^  . 
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Let  UM^~  denote  the  Intermediate  color  marking  obtained  after  t^^ 
has  removed  its  enabling  tokens  in  UM^  but  before  t^  has  deposited 
its  output  tokens  (see  Definition  2.3.2). 


Lemma  3.2.2 

The  intermediate  color  marking  UM  is  uniquely  determined  by 
UM-^  and  t,  . 

i- 

Proof:  We  give  a procedure  for  obtaining  UM  . Let  p be  a 

i-  i ^ 

place  of  If  *^r  ° r"  assume  that 

0(tj^,  p^)  = m,  m > 0.  Consequently,  there  are  m output  arcs, 

a^  .....a™  , from  t,  to  p . Obviously,  we  must  have 
kr  ’ kr  k ‘^r 


«“p-  "J) 


n > m 


u^  e 

If  m = n,  then  U^  = <t>.  Let  us  then  suppose  that  n > m,  i.e. 

^ 6.  We  consider  the  following  possible  cases: 
r 

1.  H(af  ) = (c  ; z ] for  all  s,  1 S s S m,  where  z e Z . 

kr  s s = 

Consequent ly , 

U"^  = U^  U<(c,z)|l^s£m> 
r r s . s 

Thus,  the  color  bag  is  obtained  by  removing  the  output  tokens  of 

t,  f rom  : 

1-  i I 

U =U'^-<(c,z)  lSs£m> 
r r s s 

2.  H(a^  ) = [c  ; g.i-.b.  + m ] for  all  s,  1 S s S m,  where 

kr  s s 

m -c  Z^.  Then 

uJ  = U^"  U < (c  ,g.8..b.(^  ^u^~))  + m ) I 1 £ s £ m > 
r r s ® r s 

Since  m 2 0,  for  1 £ s £ m,  we  have 

g.2,.b.  ^(U^~))  = g.S>..b.  ((/)  ^(Up)  ” K' 


Hence , 


U^~  = - < (c  , K'  + ra  ) 1 1 s s m > 

r r s s 

3.  H(a®  ) = [c  ; «..u.b.  + m ] for  all  s,  1 £ s £ m,  where 
kr  s s 

m C Z°.  Then: 

L'i  - U^"  U < (c  , ?..u.b.(^  ^(U^"))  + m ) i 1 £ s £ m .> 
r r s r s 

Let  K"  max{ni  I I ^ s i m}.  Since  ra  ^ 0,  we  must  have: 
s ® 


7f> 


«..u.b.  (L'|))  = K"’  = H.u.b.  ))  + K" 

Hciici.' , 

l.u.b.  ('/'  = K'”  - K"  = M 

and  L’'“  = iH  - ■ (c  , M + ni  ) I L ■ s ■ m > 
r r s s 

4.  Tlie  color  output  functions  , 1 • s • m,  are  a combina- 

tion of  the  three  cases  exmuined  above.  Note  that  the  colors  of  the 
output  tokens  in  the  case  1 above  do  not  depend  on  the  color  bag  . 
Thus,  these  tokens  can  immediately  be  identified  in  the  color  bag 
U"^.  Let  denote  the  color  bag  obtained  by  removing  from 

the  colors  of  all  tokens  corresponding  to  arcs  of  type  1.  The  colors 

of  the  output  tokens  corresponding  to  arcs  of  type  2 are  determined 

J * j 

as  shown  above  using  U Instead  of  U , i.e.  taking 
j ■ ? t ,,  r 

K'  = g.  . b . (fy'“  (11“^  )).  Let  U'^  denote  the  color  bag  obtained  by 
, r r 

removing  from  the  colors  of  all  tokens  corresponding  to  arcs  of 

type  2.  Then,  the  colors  of  the  tokens  corresponding  to  arcs  of 

type  3 are  determined  as  shown  above  using  U'^  instead  of  U‘\  i.e. 

✓ 9 i * * ^ ^ 

taking  M = S,.  u.  b.  ))  - K" , A little  consideration  will  show 

i” 

that  the  color  bag  obtained  by  removing  from  U;^  the  colors  of  all 
tokens  corresponding  to  arcs  of  type  3 is  U^. 

□ 

We  note  that  given  an  arbitrary  color  marking  UM'^  and  a tran- 
sition t of  there  mav  not  exist  any  intermediate  color  marking 

. _ k I . ■ 

which  generates  I'M"^  after  t^^  has  deposited  its  output  tokens. 

Not  only  must  the  procedure  of  Lemma  3.2.2  be  applicable  to  tlie 
transition  t and  the  color  marking  , but  the  following  two 

^ i — 

Conditions  must  be  satisfied  bv  the  resulting  color  hag  U and 

,,t  r 

the  intermediate  color  bags  and  , for  all  places  p^  C P : 

1.  H.u.b.  ( ''/^(L']."))  - K"  > g.?,.b.  )). 

2.  g.i.b.f  V ^(U^~))  = g.Ji.b.  ))  and 

J..u.b.  ( = f..u.b.(f/“  ))  - K". 

Note  also  that  even  tliougli  UM^  is  unique,  there  may  exist  none  or 
one  or  more  than  one  color  markings  I'M  which  generate  the  same  inter- 
mediate color  marking  l^M^”  after  t has  removed  its  enabling  tokens. 


/ 
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If  one  or  more  such  color  markings  UM^  exist,  one  possible  coloj 

marking  UM^  can  be  constructed  from  UM^  using  the  following 

method.  Let  p be  a place  of  ECF.-.  If  1 (p  , t ) = 0,  then 

X 1-  ^ r k 

. Suppose  now  that  = m,  m > 0,  and  that 

H(a^  ) = [c  ; z ] , z e Z^,  for  1 5 s S v,  H(a^,  ) = [c  ; g.Jl.b.  + m J , 

rk  s s s rk  s s 

m e Z°,  for  v+i  £s:5v‘  + w and  H(a^,  ) = [c  ; Z.u.b.  - m j , 
s rk  s s 

m eZ  , forv+w+lSsSm.  Let: 

® i ? j _ 

U =U  U<(c,z)|l£s5v> 

^ s’  s,  ' 

and  let  Lo  = g.  K-.b.  )), 

Hi  = Jl.u.b.  (^^(U^')) 

Let  us  also  introduce  the  notations 

K'  = max{m  I v+lSs£v+w} 
s 

and  K"  = max{m  I v+w+l5s£m} 
s ' 

Then,  if: 


1.  K'  S Hi  ~ Lo  and  K"  £ Hi  - Lo,  then 

T'^  = U^U<(c,Lo  + m)  jv+l£s£v  + w> 
r r s s' 

U < (c  , Hi-  m)  I v+w+l£s£ra> 
s s ' 

ii.  K"  £ Hi  --  Lo  but  K'  > Hi  - Lo,  then 
i i ' 

U =U  U<(c,  Lo  + m)  I v+l£s£v  + w> 
r r s s' 

U - (c,Lo  + K'-m)  |v  + w+  l£8£m> 

s R 

iii.  K*  £ Hi  - Lo  but  K"  > Hi  - Lo.  Note  that  if  K"  2 Hi,  then 

there  does  not  exist  any  color  marking  UM^  which  produces  the  given 

intermediate  color  marking  after  t^^  has  removed  its  enabling 

tokens.  If  Hi  - Lo  < K"  < Hi, 
i i ' 

U U<(c,Hi-K"+m)  |v+l£s£v+w> 
r s s' 

U<(c,}li-m)  I v + w+  l£s£m> 
s s 


U 


iv.  K'  ^ Hi  - Lo  and  K" 


Hi 


Lo.  If  K'  2 K",  then 


U<(c^,  Lo+m^)jv+l£s  £ v+w> 

U<(c,Lo  + K'-m)  |v  + w+  l£s£m> 
s s 

If  K"  ' K'  and  K"  2 Hi  then  again  there  does  not  exist  any  color 
marking  UM^  which  generates  the  given  Intermediate  color  marking  UM^ 
after  t has  removed  its  enabling  tokens.  If  Hi  > K"  > K',  then 

i ^ i ' I 

U - U U < (c  , HI  - K"  + m ) V + 1 £ 8 £ v + w > 
r 8 s 

U<  (c  ,Hi-m)  1 v + w+1  £s£m> 

8 s 
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i 


) 


This  contruct  is  applied  to  all  places  p^  of  The  method 

can  certainly  be  particularized  for  the  case  wiien  one  or  two  of  the 

categories  of  color  threshold  functions  considered  above  is  missing. 

It  sliould  be  clear  that  t^^  is  enabled  in  UM^  and  that  the  given 

intermediate  color  marking  ITI^  is  obtained  from  ITi^  after  t re- 

i * ^ 

moves  its  enabling  tokens.  Hence,  UM^[tj^  • ITl^  . 

We  conclude  this  discussion  with  the  remark  that  even  if  a 

color  marking  L'M^  can  be  formed  using  the  above  methods  that  does 

not  mean  tliat  UM^  is  a reachable  color  marking  of  ECP,^. 

The  results  presented  above  are  important  in  the  following 

perspective.  Suppose  we  are  given  a fixed  color  marking  of  ECP^, 

f ^ 

say  the  final  color  marking  UM  . Let  tj^  be  a transition  of  P^P^  for 
which  we  have  determined  that  there  exists  at  least  one  color  marking 
I'M^  such  that  UM^[tj^  and,  hence,  there  exists  an  intermediate 

color  marking  which  augmented  with  the  output  tokens  of  t, 

t 

produces  the  given  color  marking  LI>1  . Thus,  tj^  is  one  of  the  transi- 
tions wliich  may  fire  last  in  a terminal  firing  sequence  of  ECP^. 

Suppose  now  that  we  want  to  construct  a Labelled  EC-CPM  ECP',  whose 

f ' , f ’ 

final  color  marking  is  UM  where  for  each  place  p of  ffCT'  ,UM  (p  )=()), 

*•  f * ^ 

and  whicli  generates  the  same  language  in  A (EC-CPM)  as  E('P^  (I'M 

o L 

will  also  be  referred  to  as  the  "zero  marking").  This  can  be  ac- 
iomplished  by  means  of  the  following  construct. 


Eirst,  we  introduce  a new  color,  c,  and  a new  place  p on  wiiich 

c 

all  transitions  of  ECP^  self-loop.  Eor  each  transition  t , let 

11^  ^ 

H(a  ) » H(a  ) = [c;l].  The  introduction  of  the  control  place  p 
cq  qc  c 

does  not  modify  the  A -langu.ige  of  ECPy. 

O it 

Next,  wc  add  to  ECPy  a copy  of  t , where  t is  a possible  "last" 

Ct  K K 

transition,  denoted  by  t,  . Tlte  transition  t,  will  have 

■'  kstop  kstop 

the  same  label,  tiie  same  input  connections  and  the  same  corresponding 


color  threshold  functions  as  t,  . On  tlie  other  liand,  for  each  place  p 

k r 

of  ECP..,  including  the  control  place  p , 0(t  , p ) = 0.  In  addition 

c K r 

we  connect  as  input  places  to  places  p^  of  for 

whicli  UM*^  (p  )/  Ip.  The  input  incidence  function  of  EC/'y  and  the 
corresponding  color  tliresliold  functions  are  detlned  sucii  that 
removes  from  each  such  place  p^  the  ,olor  bag  upon  I 'ring.  Tims, 
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if  (c,  q)  is  a color  in  U then  there  exists  an  input  arc 

s s 

a , such  that  H(a  , ) = [c;  q] . 

I kstop  r ksto^' 

In  any  color  marking  UM  In -vhich  t 


kstop 


is  enabled  the  bag  of 


enabling  colors  of  from  the  input  place  p^  is 

0^  , = 0^,,  U 

r kstop  rk  r 

where  0^,  is  the  bag  of  enabling  colors  of  t,  from  th.  input  place 
rk  i i 

p . Hence,  t,  is  enabled  in  UM  only  if  t,  is  enabled  in  UM  . 

r .kstop  fi  1^  f 

Moreover,  UM^[t,  ^ if  and  only  if  UM  [t.  > UM  . 

kstop  K 

Suppose  now  that  this  construct  is  performed  for  all  transitions 

t,  of  which  can  lead  to  the  final  color  marking  UM  • Let  ECP' 

k ^ f ’ 

be  the  resulting  Labelled  EC-CPM.  Then,  A (ECPy,  UM  ) = A (ECP',  UM  ). 

o L o L 

Note  that  in  the  color  marking  UM  , all  transitions,  including  the 

stop  transitions,  are  disabled.  Moreover,  only  the  firing  of  a stop 

f ' 

transition  can  lead  to  the  color  marking  UM  since  only  stop  transi- 
tions remove  but  do  not  restore  the  token  in  the  control  place  p^. 

The  type  of  stop  transitions  described  here  is  employed  in  the 
construct  to  be  presented  next  in  connection  with  the  operation  of 
indefinite  concatenation  (+) . 

Let  W be  a language  over  some  finite  alphabet  L.  The  Indefinite 
concatenation  of  W is  defined  to  be  the  set; 


-O  w‘ 


where 


= {w,w  ...w.  (w.  cW,  ISjSi} 

12  1 ' ) 


Theorem  3.2.5 

The  language  family  A^(EC-CPM)  is  closed  under  Indefinite  con- 
catenat ion . 

Proof:  Let  ECI’^.  » {ECP,  L,  L)  be  a Labelled  EC-CPM,  where 
ECP  - (CN,  Um‘^),  CN  = (N,  U(C),  H)  and  N =■  (T,  P,  1,  0).  Let  UM^  be 
the  final  color  nuirking  of 

' (L(y^)L(Y2)  • • •h(Yj)  I Yj  c T(Um“,  UM^)  , 1 < j S i} 

= L(T(UM^,  UM^)S 


Hence,  ^^{F-CP^,  UmS"^  - L(T(UM*^,  UM^'^) 
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Our  I'onb  t.  rue  t implements  this  definition.  Let  us  first  pre- 
sent u few  language  preserving  transformations  on  Suppose 

we  add  to  a copy  of  eacii  place  p^  C f , denoted  by  Pj  j • 

shall  refer  to  p..  as  to  the  "counter  place  corresponding  to  p.." 

JJ  r s Cj 

Let  P'  denote  the  set  of  all  such  counter  places;  obviously, 

= P ' ! . Next,  let  us  introduce  in  the  color  set  C three  new 

colors,  denoted  by  c,  c'  and  c",  respectively . The  initial  color 

o ' 

m.irking  I'M  ol  the  resulting  net  is  defined  by: 
rM‘’’/P  = y 

IM'  (p..)  ^ ' t>  , 1 ) , (c" , 2)^*  a for  all  places  p..  C P'. 

J 1 11 

For  each  transition  t,  and  all  places  p , . e P ' , we  set: 

k 11 

np...  i.)  ^ KPj,  t^) 

Hla.,",;  ^ i'";2)  for  all  s,  1 L s < Up,,.  t ) 

1 I K J J 

U(t^,  P^,)  - 0(tj^.  Pj) 

Hta,  ^ > = [c";2l  for  all  s,  1 i;  s ^ Pn^ 

K.  J J ^ J J 


Ttie  counter  place  p..  is  meant  to  keep  a count  of  the  number  of 
11 

tokens  present  in  the  corresponding  original  place  p,.  Tiie  input 

and  output  connections  of  each  transition  t^^  to  the  places  in  P'  are 

del  in,  d such  that  the  effect  of  the  firing  of  t^^  on  the  color  marking 

of  eacli  counter  place  p..  reflects  the  marking  change  produced  by  the 

tiring  ol  t on  the  corresponding  place  p.  E P. 
k J 

Suppose  t i>  a transition  enabled  in  the  initial  color  marking 
k , ♦ 

and  UM^  It,  L'M  . Then,  for  all  places  p..  £ P*, 

. k n JJ 

L'M^  ° (‘.D,  (c",2)  ■ where 

• n"'(pJ  - f(Pj.  t-j^)  + <Ht|^,  p.)  = M^’(p.) 


Suppose  now  that  for  each  firing  sequence  Y of  length  m,  m > 1 


where  L’M*^  [Y-^  I'M 

.1’ 


i ’ 


PM^  (p..)  • '■  (c , 1 ) , (c" , 2)  ^ > for  all  places  p £ I’’. 

J 1 .i'll 

Let  t be  a transition  enabled  in  tlie  color  marking  UM  and  suppose 


i ' i+1  ' 

IIM  [tj^-  UK  . Tiien,  by  the  same  argument  as  above, 
^ (c,l),(c",2>^  ' > f 


for  all  places  p^.  c P' 
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We  can  conclude  that  if  UM  is  a reachable  color  marking  of  the 
modified  net,  then 

UM*"  Cp . ) = *!  (c,  1) , (c" , 2)^  > for  all  places  p..  e P'. 

J j IJ 

r * r ^ 

Obviously,  UM  (p..)  = < (c,l)  ^ if  and  only  if  UM  (p.)  = (}). 

J J J 

Let  now  t^^  be  a transition  of  the  original  Labelled  EC-CPM 

ECP^,  enabled  in  the  initial  color  marking  UM*^.  Then,  for  each 

place  p . J E P' 

//((c",2).  Up  - m“(p.)  > I(p.,  t^^)  = i(p..,  t^) 

Since  UM°  /P  = UM°  and  since  the  transitions  of  the  modified  net 

are  connected  to  the  places  in  P exactly  the  same  way  as  the  tran- 

o ’ 

sitions  of  the  original  net,  t is  also  enabled  in  UM  . Moreover, 

1 ^ 1 ^ 

if  UM*^[t,  > UM  in  ECP^  and  UM°  [t  > UM  in  the  modified  net,  then 
. I k . L k 

IfM^  /P  = UM^. 


Suppose  now  that  for  each  firing  sequence  y length  m,  m > 1, 
if  y can  be  executed  in  ECF^,  then  y can  also  be  executed  in  the 
modified  net.  Suppose  also  that  if  UM°[y>  UM^  in  ECPy,  then  in  the 
modified  net  UM°  [y>  UM^  , where  UM^  /P  = UM  . Let  t^^  be  a transi- 
tion of  enabled  in  the  color  marking  UM^ . According  to  our 

previous  result*  for  all  places  p..  E P' 

JJ 

#((c",2),  U'!)  = M^'(p  ) = M^(p  ) 2 l(p  , t ) = Up  , t ) 

JJ  J J J^  JJ^ 

i' 

By  the  same  argument  as  above,  t,  is  enabled  in  UM  and  if 

i i+1  i'  ^ i+l' 

UM  [t,>  UM  in  ECPy  and  UM  UM  in  the  modified  net,  then 

UMi+l' /p  = UM^  . 


We  can  conclude  that  if  y is  a firing  sequence  of  ECP^,  then  y 
can  be  executed  in  the  modified  net  as  well.  Moreover,  if 
UM°(y>  UM^  in  ECPy  and  UM°  [y>  UM  in  the  modified  net,  then 

r 1 ^ 

UM-*  /P  « UM-'  . 

Using  a similar  induction  argument,  one  can  show  that  if  y is  a 

o'  j ' 

firing  sequence  executed  by  the  modified  net  and  UM  [y2  UM  , then 
y (an  be  performed  by  the  original  net  ECPy  as  well  and 

11  ^ j ' 

UM“ly>  UM-^  where  UM-^  is  the  restriction  of  the  color  marking  UM  to  P. 

f ' 

Let  us  define  the  final  color  marking  UM  of  the  modified  net 


by: 
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f ' t 

I'M  /P  = I’M 


and  lor  all  places  p..  £.  P',  (p..)  = < (c , 1)  , (c"  ,2)'"^  j ^ >. 

-1-1  J J y ^ 

From  the  above  discussion,  we  conclude  that  UH  [>>  UM  in  ECP^  if 

o ' f ' ^ 

and  only  if  UM  [y>  LM  in  the  modified  net. 

Suppo.se  now  that  t is  a transition  of  the  modified  net  for 
k. 

which  there  exists  a color  marking  UM  such  that  UM 

(note  that  t^^  is  a "last"  transition  of  the  modified  net  if  and  only 


if  is  a "last"  transition  of  the  original  Labelled  EC-CPM  £'CPj.)  . 

For  each  such  transition  t,  , we  add  to  the  modified  net  a distinct 

k 

stop  transition  t,  of  the  tvpe  discussed  in  connection  with 

kstop 

Lemma  3.2.2.  For  the  purpose  of  this  proof,  we  alter,  however,  the 
as  follows.  Each  stop  transition  removes  from 


transitions  t, 

kstop 

the  places  in  P'  only  the  tokens  of  color  (c",2)  but  not  the  (single) 

f" 

token  of  color  (c,l).  Let  then  LM  be  the  color  marking  defined  by: 
f " 

IM  ~ ^ Pj  £ P 

f" 

LM  (p..)  = < (c,l)  > for  all  places  p..  £ P'. 

J 1 J -J  o * f 

Consequently,  it  5t,^  is  a firing  sequence  such  tliat  UM  [<5t,  > I’M 

• I k 

If,  liowever,  LM  is  some  color  marking 

i ' r ' r ' f 

such  that  IM'^  [fi,^  ^ 

, k ^stop 

also  fire  in  LM'^  , then  the  firing  of  t,  in  LM"^ ' does  not  lead 

j-,.  kstop 

to  the  color  marking  LM  . in  particular,  tliere  exists  a place 
p..  c P'  which  will  contain  tokens  of  color  (c",2)  after  the  lirin.; 

1.1  f" 

of  t . Thus,  the  color  marking  UM  can  be  obt.ained  onl'  it 

kstop 

t,  tires  in  a "proper"  pre-final  color  marking, 

kstop 

Let  us  now  Introduce  a new  place  p^  on  which  all  t r m-  • 
including  the  stop  transitions,  self-loop.  For  tnv  ii  • 
let: 


fH 

then  l'M°  (6t  > UM 

kstop 


H(a‘  ) = 

[c';l] 

cq 

1 ' 

r [c’;i] 

if  t is 

11  (a  ) 

t 

k 

qc 

lie:!) 

i : t 1 

a 

Initially,  p contains  a slngli-  t 
IIM  be  the  eolc*r  raarkin^*  ti  ’ j. 
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ft"  ji. 

UM  /P  U P'  = UM 

(Pj.)  ' < (c*l)  > 

f". 

Note  that  the  color  marking  UM  can  be  reached  only  after  the 

fill 

firing  of  a stop  transition.  Moreover,  in  UM  all  transitions, 
including  the  stop  transitions,  are  disabled  (due  to  the  color  bag 
of  the  control  place). 

Let  us  now  consider  the  set  of  transitions  of  the  original 

Labelled  EC-CPM  enabled  in  the  Initial  color  marking  UM°,  l.e. 

the  set  E°.  For  each  transition  t t E°,  we  add  to  the  modified  net 

r 

a distinct  start  transition  t . which  carries  the  same  label  as 

rstart’ 

t . We  set : 


^start^ 


for  all  places  p.  e P 
J 


I(Pjj»  ‘^rstart^  " ^ places  p^^  e P'  and 

'rst.rt>  ■ ‘ ‘ ''-‘I 

The  control  place  p^  is  used  to  ensure  that  the  firing  of  a 

stop  transition  can  be  followed  only  by  the  firing  of  a start 

transition.  Note  also  that  any  start  transition  is  enabled,  and, 

therefore,  flrable,  if  and  only  if  the  current  color  marking  of 

f" 

the  modified  net  is  UM  . Thus,  t can  fire  if  and  only  if 

rstart 

the  stop  transition  preceding  it  has  fired  in  a "proper"  pre-final 
color  marking;  otherwise,  there  exist  places  p^^  e P'  which  contain 
tokens  of  color  (c",2)  in  which  case  all  start  transitions  are 
disabled. 

Let  us  now  define  the  output  connections  and  the  corresponding 

output  color  functions  of  the  start  transitions.  If  UM°[t^>  UM^  in 

£’67’ j,,  then  the  color  marking  UM^  is  uniquely  determined  by  UM°  and 

t^.  Consequently,  the  output  connections  of  the  corresponding  start 

transition  t are  defined  such  tliat  t deposits  upon 

rstart  rstart 

firing  in  the  places  of  the  modified  net  the  color  marking  UM  , where 


UM^  /P  - UM^ 

UM  (c  f 1)  I (c" , 2)^  > for  all  places  p^j  e P'. 


8A 


) = < (cM)  > 
c 

Thus,  the  firing  of  triggers  off  a (terminal)  firing 

sequence  of  the  modified  net.  A similar  construct  is  performed  for 
each  start  transition. 

Note  that  due  to  the  color  bag  of  the  control  place  p^,  all 
start  transitions  are  disabled  after  the  firing  of  either  one  of  them. 

We  can  now  explain  how  the  modified  net  generates  the  language 
UM^)^.  Let  us  denote  by  the  Labelled  EC-CPM  obtained 

as  the  result  of  applying  the  modifications  presented  above  to  the 
original  Labelled  EC-CPM  EC^^.  Let  UM°°  be  the  Initial  color  marking 
of  ECPy  , where: 


UM°°/P  U P’  = UM° 


UM  (p^)  = < (cM)  > 

(note  that  the  start  transitions  are  disabled  in  the  color  marking 

. The  final  color  marking  UM^^  of  ECPy  is  defined  by: 

f f f ' ^ 

UM  /P  U P'  = ITM 

UM^^(p^)  = < (c',1)  > 

/ Um”*^  since  UM*^  ^ UM^,  by  definition. 

Let  us  first  assume  that  there  are  no  terminal  firing  sequences 
of  tiie  original  Labelled  EC-CPM  ECP^  of  length  1,  i.e.  there  does  not 
exist  any  transition  t e E°  such  that  UM° [ t > UM^ . Let  y he  a 

j i_  t j. 

firing  sequence  of  ECPy.  According  to  our  induction  argument, 

LrM"(Y^  UM  in  E!CP.,  if  and  only  if  UM*^^[Y>  UM  in  ECP'^  (note  that 
the  presence  of  the  control  place  p^  does  not  affect  the  respective 
argument).  Consider  now  a composite  firing  sequence  Y T(UM°,  UM^)^: 


Y 


t,6,t,...t  ,6  ,t  t 6t  ,m>l 

rl  1 kl  rm-1  m-1  km-1  rm  m km 


v/here  I'M^ft  .6  t,  > UM^  for  all  1,  1 S i 2 m. 
t.)  \ kj  J • J 

According  to  our  previous  discussion,  there  exists  the  firing  sequence 
Y'  of  ECP^: 

y'  - t ,6.t,  , ^ ...t  . ^6  ,t,  . t , ^<5  t, 

rl  1 klstop  rm-lstart  m-1  km-lstop  rmstart  m km 

and  UM'^^[y'^  UM^^.  Hence,  I.(y)  L A {ECPl,  UM^^). 

' o 2, 


t 
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We  note  that  any  terminal  firing  sequence  of  ECP^  cannot 
start  with  the  firing  of  a start  transition  or  of  a stop  transi- 
tion. Moreover,  the  firing  of  a start  transition  or  of  a stop 

f f 

transition  cannot  lead  to  the  final  color  marking  UM  . Consequently, 
any  terminal  firing  sequence  of  which  contains  start  and  stop 

transitions  must  be  of  the  form: 

^ ^rl^l^klstop*’r2start*^2^k2stop " " " ^rm-lstart*^m-l 

*'km-lstop^rmstart*^m^km 

where  the  start  and  stop  transitions  appear  explicitly.  Since  it  is 
assumed  that  UM°°[6'>  UM^^,  we  must  have: 


(t  . . ,6.t,  , . > Um‘ 

rjstart  j kjstop 

fill  ff 

UM  [t  ^ <5  t|  > UM 

rmstart  m km 


for  all  j , 1 < j < n 


Consequently,  there  exist  the  terminal  firing  sequences  of  ECPy 

f + ^ 

i k*5.t,  .,  1 < j £ m.  Therefore,  L'(6')  e A {ECP^,  UM  ) • 
rj  j kj’  ' o Z 

We  can  conclude  that  A {ECP^,  UM^)'*'  - A (ECP'  UM^^). 

O O L 

Suppose  now  that  there  exists  a transition  t^  of  the  original 

Labelled  EC-CPM  £’C7P_  such  that  UM°[t  > UM^.  This  case  can  easily  be 
Z r 

taken  care  of  in  our  construct,  as  follows.  The  Labelled  EC-CPM 
ECP^  already  contains  a start  transition  ^ stop 

transition  t corresponding  to  t . We  add  to  ECPl  yet  another 

start  transition  corresponding  to  t^,  denoted  by  The  transition 

t is  assigned  the  same  label  as  t . We  set: 


KPj.  = o(t^^,  Pj) 


for  all  places  Pj  e P 


*^rs^  " °^*^rs’  ^ places  p^^  e P' 

and  H(a,,^  ) » [c;  £.u.b.J,  H(a  " [c;lj 

jj  rs  rs  JJ 

I(P,.  t„)  - 0<t„.  - 1 

and  H(a  ^ ) ■ H(a  ^ ■ Ic;lJ 

c rs  rs  c 

f 

Clearly,  t is  enabled  only  in  the  color  marking  UM 
’ rs 


Ih 


■Ji 
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f" 

Moreover,  UM  ^ construct  is  performed  for  all 

transitions  such  as  t . As  an  examp ie  of  the  use  of  the  transition 

r ^ 

t^^,  consider  the  following  firing  sequences  in  T(UM  , UM  ) : 


t t 6 t . 


t 6t,  t t 


t t 6 t, 

, r,  I rm  m km  | 


...t  6t,  t t ...t  t 

I rm  m km  t,  r /(  r > ^ r r , 

...  t .6  t,  . t ...  t t 6t,  t . 6 , t,  . ... 

(above,  the  individual  firing  sequences  in  T(UM°,  UM  ) are 
These  firing  sequences  are  simulated  in  our  construct  by: 


bracketed) . 


t t , <5,  t,  , ... 

I rstop, , rlstart  1 klstopj 

t6t,  t t ...t  t 6t, 

t r .kstop  ,,_rs_n  rs  i i rsi|rmstart  m kmstopi 

...t  6t,  t t ...t  t 

I rmstart  m kmstopn  rs[irsi  t rst  i rstart i 

. . t , ^ . t,  ^ t . . . t t 6t,  t . <5  t,  . 

t rj st art  ] kjstopi  i rsi  , rs , , rstart  kstop, , restart  j kistop. 


□ 


Note  that  if  in  the  construct  of  Theorem  3.2.5  we  set 
UM°"  = UM^^  = UM*-'",  then  clearly  A (.ECP^.,  UM^  ) = A (A’CP_,  UM^)* 

O ^ O 2.1 

(*  denotes  the  Kleene  Star).  Note,  however,  that  the  empty  firing 
sequence  is  now  a terminal  firing  sequence  of  the  Labelled  EC-CPM 
ECP'^  which  is  not  permitted  by  the  strict  definition  of  the 
language  family  A^(EC-CPM). 


Section  3.3  CLOSURE  PROPERTIES  OF  A^ (EC-CPM)  UNDER  MAi’PINGS 

in  this  section  we  investigate  the  closure  properties  of  the 
family  of  terminal  computation  sequence  sets  of  the  EC-CPM  under 
various  substitution  and  transducer  mappings.  Let  us  first  prove 
the  following  result  we  shall  make  use  of  later  in  this  section: 

Theorem  3.3.1 

Any  A-free  context-free  language  is  in  A^(EC-CPM). 
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Proof ; Let  W be  a A-free  context-free  language,  l.e.  A ^ W. 

By  Theorem  4.6  of  [HOPC-69],  there  exists  a context-free  grammar 
G “ (Vj^,  V^,  P,  S)  in  Grelbach  normal  form  which  generates  W. 

Here,  denotes  the  set  of  variables,  V_.  denotes  the  set  of  terminal 
symbols,  P denotes  the  set  of  productions  and  S denotes  the  start 
symbol  of  the  grammar  G.  Even  though  we  use  the  same  notation,  P, 
for  the  set  of  productions  of  a grammar  and  for  the  set  of  places  of 
a GPN,  the  distinction  will  be  clear  from  the  context.  Since  G is 

in  Grelbach  normal  form,  each  production  in  P is  of  the  form  A -►  aa 

* 

where  A e V.,,  a e V and  a e V„  . We  construct  a Labelled  EC-CPM 
N i N , 

(ECP,  E,  L)  and  a final  color  marking  UM  of  ECPj.  such  that 
h^(ECP^,  UM^)  - W.  Let  ECP  » (CN,  UM°)  where  CN  - (N,  U(C) , H) 
and  N •=  (T,  P,  I,  0). 


Let  us  first  form  the  set  of  colors  C “ (X,  5).  Suppose 

“ {a,,..., A }.  For  each  distinct  variable  A,  we  introduce  in  X 
win  j 

a distinct  color  c^ , 1 S j S n.  Thus, 

C ■ ({c,,...,c  , c , c,,},  S)  where  the  partial  ordering  S satisfies 
1 n ID  n 

the  conditions  (I)  and  (II)  given  in  Section  2.5.  The  extension  U(C) 
is  the  color  set  associated  with  ECP^^. 

Next,  let  us  construct  the  GPN  N and  the  mapping  H.  N will  have 
only  one  place,  let  us  denote  it  by  p^.  For  each  production 

A -*  act  of  G,  we  introduce  a distinct  transition  t,  in  T.  For 

J J 1 ^ 

each  such  transition  t,  , I(p  , t,  ) = 1 and  H(a  ,)  = [c,;K..u.b.] 

k s k sk  J 

(Cj  is  the  color  Introduced  for  the  variable  A^).  If  “ A,  then 

0(t|^,  p^)  ■ 0,  otherwise,  P^)  ” assume  that 

A,,...A^^,  r > 0.  Consequently,  there  are  r output  arcs  from 
i 


'J 


'jl---“Jr* 


t.  to  p and  H(a,  ) » [c^ , ; Jl.  u. b.  + q]  where  c,.  denotes  the  color 
ks  ks  ji  ’ ji 

Introduced  for  the  variable  1 ^ i S r,  and  q • r - i + 1. 

We  set  I “ V.J,  and  define  the  labelling  function  L by  L(tj^)  - a 

where  a is  the  terminal  symbol  appearing  in  the  production  A^  -►  actj 

for  which  the  transition  t,  has  been  created. 

k 

The  initial  color  marking  UM°  is  defined  by  UM*^(p  ) • < (c  ,1)  > 

s o 

where  c is  the  color  introduced  for  the  variable  S.  The  final  color 
“ f 

marking  is  given  by  UM  (p  ) “ <J>. 
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This  construct  is  examplified  in  Figure  3.3.1  for  the  context- 
free  language  {ww^  | w £ 

A straightforward  induction  argument  will  sJiow  that 

Y £ UM^)  if  and  only  if  there  exists  a leftmost  derivation 

of  1.(y)  in  G.  Consequently,  A (fcX’P_,  UM^)  = W. 

o g 

Let  us  assume  that  the  context-free  grammar  G above  does  not 
contain  variables  from  which  no  terminal  string  can  be  derived. 
According  to  Theorem  4.2  of  [HOPC-69]  this  can  always  be  arranged 
for  a context-free  grammar  (without  affecting  the  requirement  that 
G be  in  Greibach  normal  form).  Note  also  that  the  Labelled  EC-CPM 
A’CPj,  produced  by  the  construct  of  Theorem  3.3.1  actually  simulates 
leftmost  derivations  in  G.  Each  terminal  firing  sequence  of  ECP^ 
leaves  the  place  p^  empty  so  that  the  respective  firing  sequence 
cannot  be  continued.  Some  thought  will  show  tliat 

A(PCP_)  = PREF(W)  = {w'  I w'  c V and  there  exists  w"  e V * 

L T T 

such  that  w'w"  c W} 

Let<^J^  denote  the  family  of  context-free  languages  and 

pri:f  = {PREF(W)  I W £ 

In  connection  with  Theorem  3.3.1,  we  obtain: 

Corollary  1: 

PREFC^i^)  i A(EC-CPM). 

Let  A and  Z be  finite  alphabets.  A substitution  s is  a mapping 
★ 

from  A onto  subsets  of  t . Thus,  the  mapping  s associates  with  each 
symbol  of  A a language  over  the  alphabet  Z.  We  proceed  now  to  in- 
vestigate the  closure  of  the  language  family  A^(EC-CPM)  under  various 
types  of  substitution  mappings. 

Theorem  3.3.2 

A (EC-CPM)  is  closed  under  substitution, 
o 

Proof : Let  W be  an  arbitrary  language  in  A^(EC-CPM)  over  some 

alphabet  A.  Let  s be  a substitution  mapping  such  that  for  each 
.symbol  a e A,  a(a)  £ A^(EC-CPM).  We  show  that  o(W)  £ A^(EC-CPM). 


I 


Let  ^ Labelled  EC-CPM  and  let  IIM^  be  the  final  color 

marking  of  ^ such  that  A^it^CP^,  = W.  For  simplicity, 

suppose  that  s(b)  = {b}  for  all  b c A,  except  for  a distinguished 
symbol  a c A for  which  a(a)  is  an  arbitrary  language  in  (EC-CPM) , 
not  necessarily  a singleton  set.  Suppose  also  that  contains 

only  one  transition,  let  us  oenote  it  by  t , which  has  the  label  a. 

At  the  end  of  this  proof  we  remove  these  constraints  and  extend  our 
construct  for  the  general  case. 

Let  now  ECPy  be  a Labelled  EC-CPM  and  let  LTi^  be  the  final  color 

^ f 

marking  of  PCP^^’  Let  a (a)  = A^{ECP^,  LIM  ). 

Suppose  we  perform  on  PCP^^  ihe  construct  of  Theorem  3.2.5.  Let 

ECPy  denote  the  resulting  Labelled  EC-CPM.  If  we  define  the  initial 

^ o f ^ 

color  marking  UM  and  the  final  color  marking  UM  of  PPP'^  by 

Um““  = UM^^  = LTi^  , then  A (£’6'P',  UM^^)  = A (ECPy,  UM*^)*.  Here, 

^11  I O Z-  O i. 

UM  has  the  same  meaning  as  in  the  proof  of  Theorem  3.2.5  (in  the 

remainder  of  this  proof  the  notational  conventions  regarding  the 

places,  transitions  and  color  markings  of  A’C’Pj,  and  ECP^  ate  those 

employed  in  the  proof  of  Theorem  3.2.5). 

Let  us  now  compose  the  Labelled  EC-CPM' s A’CP^  and  A’CP^  in  order 

to  obtain  a Labelled  EC-CPM  which  generates  s(W)  as  an  A -language. 

First,  we  eliminate  the  transition  t from  ECP ..  Next,  we  let  all 

d A 

remaining  transitions  of  A’CP^  self-loop  on  the  control  place  p 

of  ECPl.  For  each  such  transition  t we  set: 

I q 

H(aJ  ) = Il(a^  ) = [c;l] 
cq  qc 

Let  us  denote  by  P"  the  set  of  places  of  A’CP^,  by  P the  set  of 
places  of  the  original  Labelled  EC-CPM  PCPj-  and  by  P'  the  set  of 
counter  places  Introduced  in  PPPj^  • We  connect  each  start  transition 
of  ECPy  to  the  places  in  P"  the  same  way  as  t was  connected. 
Consequently,  a start  transition  of  PCP^  is  enabled  if  and  only  if 
the  places  in  P"  contain  a color  marking  in  which  t^  would  have  been 
enabled  and  the  places  in  P U P'  U {p  } contain  the  color  marking 

rill  C 

UM^  . Also,  the  firing  of  a start  transition  has  the  same  effect 
with  respect  to  the  places  In  P"  as  a firing  of  t . 

cL 
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Let  ECP^^  be  the  Labelled  EC-CPM  obtained  by  interconnecting 
and  as  shown  above.  The  initial  color  marking 

of  ECP is  defined  by: 

“ UM^  initial  color  marking  of  ECP ^ 

UM°  /P  U P'  U {p  } = UM^  . 

The  final  color  marking  of  is  given  by: 

UM*„/P"  - UM^ 

at  a 

UMf_/P  U P'  U {p  } = UM^  ' . 

AL  c 

Note  that  UM?^  ^ Uwf-  since  UM°  ^ Unf,  by  definition. 

at  at 

Since  ^ (c,l)  > the  transitions  enabled  in  the  initial 

color  marking  UM^j'  can  be  transitions  of  ECP^  and/or  start  transitions 

of  ECP'y^-  The  firing  of  any  transition  corresponding  to  preserves 

this  color  bag  of  the  control  place  p^ . Only  the  firing  of  a start 

transition  of  ECP^  can  change  the  color  bag  of  p^  to  < (c',1)  > 

in  which  case  all  transitions  corresponding  to  ECP^  and  the  start 

transitions  of  ECP^  are  disabled.  At  the  same  time  the  firing  of  the 

respective  start  transition  triggers  off  a firing  sequence  in  ^CP^. 

Thus,  a substitution  firing  sequence  cannot  be  interrupted  by  firings 

of  transitions  from  ^CP Only  the  firing  of  a stop  transition  of 

ECPl-  will  restore  the  token  of  color  (c,l)  in  the  control  place  p 
t c 

and  thus  eventually  reenable  the  transitions  of  IT  the  stop 

transition  fires  in  a "proper"  pre-final  color  marking,  then  the 

restriction  of  the  color  marking  obtained  upon  its  firing  to 
f" ' 

P U P'  U {p  } is  UM  . In  this  case,  the  Labelled  EC-CPM  ECP'  can 

C u 

be  reused  to  generate  subsequent  substitution  firing  sequences. 

Otherwise,  the  start  transitions  of  ECP^  cannot  become  enabled  again  i 

and  therefore,  cannot  be  restarted  along  the  respective  firing 

sequence  of  ECP.y.  Moreover,  tliat  firing  sequence  cannot  lead  to 

tiie  final  color  narl^ing  ^ since  UM  /P  U P'  U “ UM 

Suppose  now  t.iut  tne  Labelled  LC-Cl’M  ^ contains  m transitions, 

t t , which  carry  the  same  label  a.  In  this  case  we  have  to 

al  am 

provide  the  substitution  L.ibe’.Ud  t'C-CVU  with  a separate  set  of 

P 
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.start  transitions  correspond  i nr  to  eacii  such  transition  t .. 

aj  ' 

1 ::  .1  m.  hach  set  of  start  transitions  is  connected  to  the  places 

in  I’  J I’’  U as  sliown  in  the  proof  of  Theorem  3.2.5.  In 

addition,  tlie  start  transitions  corresponding'  to  t 1 £ j £ m, 

are  connected  to  the  places  in  P"  the  same  way  as  t . . 

aj 

The  construct  ucscribed  above  is  applied  for  each  symbol  in 

□ 

substitution  mapping  S on  A i.s  called  a substitution  witii  i-free 
c^n^U'-xt- ihc^e  if  for  all  symbols  at/',  tj(a)  is  a A- free  con- 

text-free language.  Similarly,  the  substitution  mapping  S i.s  called 
.1  .substitution  with  ).-free  regular  languages  if  s(a)  is  a A-free 
regular  language  for  all  a e A.  Obviously,  substitution  vitJi  A-free 
reg.ular  iant.uages  is  a particular  case  of  substitution  witii  A-free 
context-free  languages. 

A substitution  mapping  s is  called  a non-erasing  homomorphism  if 
for  all  a c s(a)  is  a singleton  set  containing  a nonempty,  finite- 
length  string.  Clearly,  a non-erasing  homomorphism  is  a special  case 
of  substitution  witii  A-fret  regular  languages. 

Prom  Theorems  3.3.1  and  3.3.2  we  immediately  have: 

Corollary  1 

A (EC-CPM)  is  closed  under  substitution  with  A-free  context-free 
o 

languages,  A-free  regular  languages  and  non-erasing  homomorphism. 

In  Section  3.4  we  sliall  sliow  tliat  tiie  language  family  A(EC-CPM) 
is  not  closed  under  any  of  these  well  knoun  substitution  types. 

The  guasi-real time  languages  are  tiie  languages  accepted  by  non- 
detenninistic  multitape  Turing  inacliines  in  real  time.  Following  cliar- 
.icterizatiun  was  given  in  [Lo()N-7dbJ  : 

I very  quasi-realtime  lang’,uage  can  be  expressed  as  tlie  length 
preserving  liomomorpiil c image  of  tne  intersection  of  thrt:t  context-free 
i.inguages . 

iron  Theorems  3.3.1,  3.2.4  anu  Corollary  1 above  we  have: 
Corollary  2 

Every  X-free  quasl-real time  language  Is  In  A^(EC-CPM). 
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Let  us  now  investigate  the  closure  of  the  language  family 
A^(EC-CPM)  under  transducer  ma,)i)ings.  We  start  with  pushdown 
transducer  mappings. 

^ pust  t!own  transducer  (D)T)  can  be  viewed  as  a pushdown  auto- 
maton witn  an  output,  on  each  move,  tne  PDT  generates  a finfte- 

lengtn  output  string.  In  what  follows  we  briefly  define  the  PDT,  For 

a more  detailed  discussion  on  this  subject  the  reader  is  referred  to 
[AiiU-72];  our  notations  are  compatible  with  the  notations  employed 
tliere . 

A 1 1)T  is  a system  P = (Q,  L,  1,  A,  6,  where  Q is  a 

finite  set  of  states,  is  a finite  input  alptiabet,  is  a finite 

pushdown  store  alphabet  and  A ia  a finite  output  alphabet.  Tlie 

initial  state  of  P is  q^^eQ  and  the  Initial  pushdown  store  symbol  is 

Z e.r.  The  mapping  6 is  defined  from  Q ^ (li  U {A})  x F into  finite 
^ * + 

subsets  of  Q X r x A . Even  though  we  use  the  same  symbol  P to 
denote  both  a PDT  and  the  set  of  places  of  a GPN,  the  distinction 
will  be  clear  from  tne  context. 

A configuration  of  the  PUT  P is  a 4-tuple  (q,  w,  a,  y)  where  q£Q, 

weZ  denotes  tiie  input  string  remaining  to  be  read,  cieF  the  current 

* 

content  of  the  pushdown  store  and  and  y e A denotes  the  output  string 
emitted  so  far.  If  (r,  a,  z)e  6(q,a,Z)  then  we  write 

A ^ 

(q,  aw,  Zy,  y)  |-  (r,  w,  aY,  yz)  for  all  w e E , y e T and  y e A . 

The  translation  ueiineu  by  P by  empty  pushdown  store  is: 

T (P)  = {(w,  y)  I (q  , w,  Z , A)  |-  (q.  A,  A,  y)  for  some  q e Q} 
Given  a language  V ^ Z , the  image  of  W under  the  translation  defined 
by  P is: 

y„(W)  = {y  I (w,  y)  e T (P)  for  some  w e W} 
r e 

\.e  note  tliat  in  the  above  definition,  the  PDT  P generates  a 
nonempty  output  string  on  each  move.  Suen  a PDT  is  called  a A-output 
free  IDT.  In  our  study,  we  conrie'er  only  A-output  free  pushdown 

transducers. 

Theorem  3.3.3 

A (EC-CPM)  is  closed  under  A-output  free  PDT  mappings. 

° f 

Proof : Let  he  an  arbitrary  Labelled  EC-CPM  and  let  UM  be 
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the  final  color  marking  of  E(TP^.  Let  P = (Q,  2^) 

be  an  arbitrary  PDT.  We  want  to  constrict  a Labelled  EC-CPM  FCP ^ 


of  ECP . such  that 
A 


f f 

and  a final  color  marking  L>1 

IJM^^  = Mp(A^(r7CPj-,  I'M*)). 

First  we  construct  a Labelled  FX-CPM  ECP'y  which  simulates  the 
PDT  P.  The  construct  is  similar  to  that  of  Theorem  3.3.1.  For 
simplicity,  let  us  first  assume  that  the  PDT  P venerates  only  one- 
symbol  output  strings  on  each  move;  at  the  end  of  this  proof  we  shall 
discuss  the  general  case. 

The  states  of  P and  the  symbols  in  the  pushdown  store  alphabet  F 
.ire  encoded  in  terms  of  colors  from  the  finite  color  set  C of  ECPl. 

L 

Suppose  Q = {q,,...,q  } and  F = (Z,,...Z  }.  For  each  state  q.  we 
1 r I n j 

introduce  a distinct  color  c.,  1 5 i £ r,  and  for  each  svmbol  Z. 

.1  ' 1 
we  introduce  .a  distinct  color  c.,r+lSi£r  + n.  Thus, 

1 

C = ({c,,...,c  j ,c  ,t\J,  £)  where  the  partial  ordering 
i r+n  m .M 


the  conditions  (1)  and  (II)  given  in  Section  2.5. 
is  tlie  color  set  associated  with  ECP'^. 


sat isf ies 
The  extension  U(C) 


Next,  let  us  construct  the  underlying  GPN  N of  ^CP^.  N will  have 

Suppose  now  that 

We  introduce  in  N a transition,  let  us 

We  set : 


two  places,  denoted  by  p and  p , respectively 


(q^,  Y^,  a)  e <5(9^,  b,  Z^ ) 

denote  it  by  t , which  simulates  this  move  of  P 

q 

I(p^,  t^)  = 0(t^,  p,^)  = 1 

and  H(a*^)  = [c^;l],  i;(.ij^^)  = [c^;.] 

where  c and  c.  are  the  colors  Introduced  for  the  states  q and  q., 
si  ^s  1 

respectively.  In  addition,  we  set: 

I(p  , t ) = 1 and  lU.iq  ) = [c.:^..u.b.] 

j q . q J 

where  c,  is  the  color  introduced  for  the  pushdown  store  symbol  Z.. 

J i 

Y = A then  0(t  , p„)  = 0.  Suppose  now  that  Y = Z ...Z  , t • 0, 

r q S r r 1 rt 

Then  p^)  = | Yj.  I + m)  where  m = t 


If 


s 5 t . 


Here,  c 


rs 


s + 1 

denotes  the  color  Introduced  for  the  pushdown 


t.  The  transition  t is  assigned  the  label 

q 


.and  1 

symbol  1 

b c (E  U {A}).  This  consturct  is  performed  for  each  3-tuple 

(q  , b,  Z.)  e Q X (E  U {A})  x p for  which  the  mapping  6 is  defined  and 
s J 

for  all  3-tuples  (q^^j  Y^>  a)  E 0 ' 
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In  our  construct  wo  use-  tlic  color  markiiij’  of  the  place  to 
encode  the  current  state  of  the  PDT  while  the  color  marking  of  the 
place  Pg  Is  used  to  encode  the  current  content  of  the  pushdown  store. 
The  color  bags  of  these  places  In  the  initial  and  final  color  markings 
will  be  defined  accordingly. 


I,et  us  now  cor.eiuor  tue  probieta  of  providing  tlie  PDT  P witli  an 

input,  r.ecall  taat  tue  translation  T^(P)  is  to  be  applied  to  the 

Ao-ianguage  generated  hy  tl'.c  Lal>elled  EC-CPM  ECPj,  Thus,  tlie  label 

sequences  corresponding  to  all  terminal  firing  sequences  of  ECP^  are 

tlie  input  strings  of  P.  On  tue  other  hand,  if  t is  a transition  of 

9 

tie  LC-CPM  ECP'  and  t has  been  introduced  for  some  3-tuple 

L q 

((] . , Y , a)  e L ft,  > b,  Z.)  then  t carries  the  label  b,  i.e.  the  input 
1 r £ j q 

corre..,  t r.d  icg  to  tlie  move  of  tne  PDT  1 simulated  by  t^^.  Consequently, 
ior  each  svTiboI  b c Z,  we  combine  tne  transitions  of  carrying  the 

label  b with  tiie  transitions  of  fdirying  the  label  b the  same  way 

an  in  tne  construct  for  the  intersection  operation.  Note,  however, 
that  for  the  transition  t above  the  label  b may  be  A.  In  the  case 

q 

oi  a A-input  move,  the  respective  move  depends  only  on  the  state  of 
tlie  PDT  P ano  on  ttie  syii.tiol  in  tue  top  position  of  tiie  pushdown  store. 
Consequentiy , in  cur  construct  the  transitions  which  simulate  A-input 
roves  of  P are  carried  over  directly  to  the  composite  net,  without 
being  coii.oined  with  any  transitions  of  ECF The  enabled  status  of  a 
transition  in  tnis  category  depends  only  on  Che  color  niarkings  of  the 
places  p^  and  p^. 


Alter  tue  composite  LC-CPM  has  been  formed,  all  transitions  are 
relabelitc  according  to  the  one-symbol  output  strings  generated  by  the 
corresponding,  moves  of  the  PDT  P,  Thus,  the  transitions  obtained  by 
eventually  combining  tiie  transition  t^  above  with  transitions  of  the 
i.abeileu  LC-CPI.  are  assigned  the  label  a.  Since  we  have  assumed 

1'  to  DC  A-output  free,  after  relabelling,  all  transitions  must  have  a 
iauel  ot.ier  taan  A.  ..oreover,  tue  label  sequences  generated  by  tue 
coi.'iposite  Label  leu  LC-CI'M  are  in  a"*". 

The  iuitiai  color  laarkiug  of  Che  composite  net  is: 

UM^^'/P  = UM'' 

= < (c^.i)  > 


3C 
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w“°(Ps)  » < > 

where  P denotes  the  set  of  places  of  the  Labelled  EC-CPM  KCP^,  I'M*^ 

denotes  the  initial  color  marking  of  EOF-  and  c,  and  c , denote  the 

Z 1 r-tl 

colors  introduced  for  the  initial  state  of  P and  the  initial  push- 
down store  symbol  Z , respectively. 

^ f f 

Let  us  now  consider  the  final  color  marking  UM  of  the  composite 

net.  For  the  places  of  tlie  original  Labelled  EC-CPM  ECPy  we  set 
I'M  /P  = . Since  we  are  simulating  a PDT  translation  by  empty 

store,  irM*’^(Pg)  = <p.  Note,  however,  that  at  the  end  of  a successful 
computation,  the  PDT  P may  be  in  any  state  G Q.  In  order  to  en- 
sure a unique  final  color  marking  of  the  place  p^,  we  Introduce  a set 
of  stop  transitions.  Consider  the  transition  t^  of  ECP^  corresp jnding 

to  the  3-tuple  (q.,  y , a)  C 6(q  , b,  Z.).  The  transition  t car 
1 r s ] f] 

leave  upon  firing  the  place  p^  empty  only  if  Yj.  = » i.e.  only  if 

0(t^,  p^)  = 0.  Consequently,  only  tliis  type  of  transitions  is  likely 
to  fire  "last."  Therefore,  in  the  composite  net,  for  each  transition 
which  does  not  have  Pg  as  an  output  place,  we  add  a copy  of  it  with 
the  same  label,  the  same  input  and  output  connections  and  the  same 
corresponding  color  threshold  and  color  output  functions,  except  for 
the  place  p^^ . These  copies,  which  are  the  stop  transitions  of  the 
composite  net,  remove  but  do  not  restore  upon  firing  the  token  in  p^, 
thus  leaving  all  transitions  of  the  composite  net  disabled.  Then, 


Each  stop  transition  can  fire  exactly  when  the  transition  it 
"parallels"  can  fire  and  with  the  same  effect  (with  the  exception  of 
p^^) . Nevertheless,  if  a stop  transition  fires  prematurely,  for 
example  the  place  Pg  does  not  become  empty  upon  its  firing,  then  the 
respective  firing  sequence  cannot  be  continued  and,  therefore,  cannot 
lead  to  the  final  color  marking  UM^*^. 

This  completes  the  construction  of  the  Labelled  EC-CPM 
At  the  beginning  of  this  proof  we  have  assumed  that  P emits  only 
one-symbol  output  strings  on  any  move.  Let  now 

P * (Q,  r.  A,  6,  q|,  Zj)  be  a A-output  free  PDT  which  can  emit  out- 
put strings  containing  more  than  one  symbol.  Let 


r 


97 


P'  = (Q,  E,  r,  A',  6'^  q^,  Z^)  be  a PDT  obtained  by  modifying  P such 
that  each  move  of  P'  generates  a distinct  one-symbol  output  string. 
Clearly,  for  each  language  W ^ E : 

yp(W)  = h(Up,(W)) 

where  h is  a non-erasing  homomorphism.  Since  A^(EC-CPM)  is  closed 
undai  non-erasing  homomorphism,  Theorem  3.3.3  follows. 

□ 


Let  us  now  consider  another  class  of  transducer  mappings,  namely 
the  finite  state  transducer  (FST)  mappings.  An  FST  is  a finite  state 
automaton  with  an  output  (a  detailed  definition  of  the  FST  can  be 
found  in  [AHO-72]).  On  each  move,  the  FST  emits  a finite-length  out- 
put string.  The  construct  of  Theorem  3.3.3  can  easily  be  particu- 
larized for  this  type  of  transducers.  Since  an  FST  does  not  incorpo- 
rate a pushdown  store,  the  place  p^  is  not  required  any  more.  Conse- 
quently, the  transitions  of  the  Labelled  EC-CPM  merely  self-loop 

on  the  place  p^,  each  simulating  a state  transition  of  the  FST.  In 
order  to  ensure  a unique  final  color  marking  for  the  place  p^  the  re- 
spective FST  can  be  modified  such  that  it  has  a unique  final  state 
rather  than  a set  of  final  states.  Alternatively,  we  can  introduce 
stop  transitions  corresponding  to  the  state  transitions  of  the  FST  in  a 
final  state.  The  stop  transitions  remove  upon  firing  the  token  from 
the  place  p^  and  thus  leave  the  entire  composite  net  disabled.  Thus: 
Corollary  1 

A^(EC-CPM)  Is  closed  under  X-output  free  FST  mappings. 


In  Section  3.4  we  show  that  the  language  family  A(EC-CPM)  is  not 
closed  under  PDT  or  FST  mappings. 

Large  systems  are  in  general  constructed  from  the  composition  of 
several  smaller  subsystems.  If  we  imagine  these  component  subsystems 
as  being  represented  each  by  individual  EC-CPM's,  it  is  useful  to  know 
what  interconnections  are  possible  among  EC-CPM's  and  how  do  they  affect 
the  language  generated  by  the  resulting  net.  This  point  of  view  is 
especially  lelevant  when  one  is  interested  in  a top-down  hierarchical 
modelling  of  concurrent  systems.  Comparing  the  results  presented  in 
Sections  3.2  and  3.3  with  the  results  presented  in  [HACK-75]  and 
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lPKTK-73]  relative  to  the  CPN's,  we  see  that  the  EC-CPM's  preserve  the 
closure  properties  of  the  GPN's  under  the  usual  composition  operations 
of  union,  intersection,  concatenation,  etc.,  and  for  certain  operations 
extend  these  closure  properties.  For  ex.imple,  the  lanf<uage  family  A 
generated  by  the  GPN's  is  not  closed  under  indefinite  concatenation 
and  substitution  ([HACK-75]).  From  the  results  of  [IlACK-75]  it  also 
follows  that  this  language  family  is  not  closed  under  PDT  mappings 
either. 

Section  3.4  THE  EXTENTS  OF  THE  LANGUAGE  FAMILIES  A(EC-GPM)  and 

A (EC-CPM). 
o 

A question  which  can  naturally  be  asked  is  how  do  the  language 
families  A(EC-CPM)  and  A^(EC-CPM)  relate  to  the  family  of  regular 
languages  the  family  of  context-free  languages  and  the 

family  of  context-sensitive  languages  • A partial  answer  to 

this  question  was  given  by  Theoren  3.3.1.  In  this  section,  among 
other  things,  we  further  pursue  this  topic. 

Theorem  3.4.1 

A (EC-CPM)  n # 0 but  <}_  A (EC-CPM) 

A (EC-CPM)  n i ^ hxit  i A (EC-CPM) 

A (EC-CPM)  n i 4)  but  / A(EC-CPM) . 

Proof : Consider  the  regular  language  a c + X.  Using  an  argument 

similar  to  that  of  Corollary  1 of  Theorem  3.2.1,  we  show  that  this 

language  is  not  in  A(EC-CPM). 

Suppose  there  exists  a Labelled  EC-CPM  ECP-  such  that 
* ^ 

A(A'CT'j.)  = a c + X.  Let  m be  a positive  integer.  Obviously,  the  string 

a^c  must  be  in  A(ECP^)  . Consequently,  there  exists  a firing  sequenc_t? 

Y=  t,  , . . . t,  t.  in  S(1'm”)  such  that  L(>)  = L(t  )...L(t  )L(t.)  = a"'c . 

kl  km  j kl  km 

But,  the  prefix  firing  sequence  y'  = *'kl‘'‘^km  ^ S(UM  ) as 

well,  lienee,  the  string  L(y')  = a"”  is  in  A(ECPy)  . Since  any  non-empty 

string  in  the  language  a c + X must  end  with  the  symbol  c,  it  follows 

* 

that  h(ECPj)  # a c + X,  which  contradicts  our  assumption. 

We  note  that,  In  particular,  all  regular  languages  of  the  form 
{wl,  where  w is  a finite-length  string  and  |w(  > 1,  are  4101  In 
A (EC-CPM) . 
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By  the  same  argument,  it  can  be  shown  that  the  context-free 
language  W = {a*^b  | n 2 0}  and  the  context-sensitive  language 

W = {a'^b'^c'^  I n 2 0}  are  not  in  A(EC-CPM)  either. 

On  the  other  hand,  it  is  trivial  to  construct  a Labelled  EC-CPM 
ECP^  such  that  MECP^)  = a*.  Thus,  A(EC-CPM)  t‘  <)>.  Also,  by 

Corollary  1 of  Theorem  3.3.1,  the  language  PREF(W)  »=  {a*'b™  | 0 S m S n} 

is  in  A(EC-CPM) . Since  PREF(W)  is  strictly  a context-free  language, 
i.e.  PREF(W)  is  context-free  but  not  regular,  it  follows  that 
A (EC-CPM)  n ^ ()).  Finally,  consider  the  Labelled  EC-CPM 

ECP^  of  Figure  3.4.1.  It  can  be  seen  that  A^(ECP^,  UM^  ) = W - {A} 

while  A(ECP^)  = {a^b^c^  | 0 £ q S m i n}.  A{ECP^)  is  strictly  a con- 
text-sensitive language  and,  therefore,  A(EC-CPM)  H ^ 4). 

□ 

Consider  the  regular  language  W = {a}.  By  Theorem  3.3.1 
W e A^ (EC-CPM)  and  by  Corollary  1 of  Theorem  3.3.1  the  language 
W = PREF(W)  = {A, a}  is  in  A(EC-CPM).  Let  W"  be  an  arbitrary  language 
and  let  8 be  the  substitution  mapping  defined  by  s(a)  = W".  Hence, 
s'W')  = W"  U {A}.  From  Theorem  3.4.1,  we  immediately' have : 

Corollary  1 

A(EC-CPM)  is  not  closed  under  substitution  with  (A-free)  context- 
free  languages,  (A-free)  regular  languages  and  non-erasing  homomorphism. 

Note,  however,  that  A(EC-CPM)  is  closed  under  A-free  renaming. 

it 

Consider  now  the  regular  language  W = a . We  have  already  men- 
tioned that  W c A(EC-CPM).  It  can  be  shown  that  for  any  context-free 
language  W’  there  exists  a PDT  P such  that  Up(W)  • W'  (A-output  free 
if  A t W').  A piooi  is  omitted  since  it  would  basically  parallel  the 
proof  of  Theorem  3.3.1.  Similarly,  it  can  be  shown  that  for  any  regular 

language  W",  there  exists  an  PST  F such  that  P_vW)  » W"  (A-output  free 

r 

if  A ^ W") . Hence,  we  obtain: 

Corollary  2 

A(EC-CPM)  is  not  closed  under  (A-output  free)  PDT  mappings  and 
(A-output  free)  FST  mappings. 


T 
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denotes  the  set  of  transitions  of  ECP^.  Consequently,  the  languages 
MECPy)  and  A (ECP-,  UM^)  are  recursive  sets.  We  have,  however, 

b O M 

proved  the  following  stronger  statement; 

Theorem  3.4,2 

A(EC-CPM)  <- 
A (EC-CPM) 

O ” 

where  ^^^^^5^denotes  the  family  of  deterministic  context-sensitive 
languages . 

Proof : See  Appendix  B. 

□ 

Let  us  define 

TIME(f)  = {W(TM)  I TM  is  a non-determlnlstic  multi-tape  Turing 
acceptor  which  operates  within  time  bound  f} 

Corollary  1 

A (EC-CPM)  £ TIME(x^) 

A (EC-CPM)  c TIME(x^). 
o — 

Proof : See  Appendix  B. 


Let  A and  E be  finite  alphabets.  We  shall  call  a homomorphism 

* ★ 

h from  A into  E a renaming  if  for  each  symbol  a G A either  h(a)  ■ b, 
for  some  b e E,  or  h(a)  = X.  Obviously,  a X-free  renaming  (as  defined 
in  Section  3,1)  is  a non-erasing  renaming. 

For  any  family  of  languages  tS-p/,  the  image  of  under  renaming 
is  the  set: 

• {h(A)  I A Z and  h is  a renaming  on  A}. 

Let  denote  the  family  of  recursively  enumerable  languages. 

Theorem  3.4.3 

H, (A  (EC-CPM)) 

A o 

Proof ; By  Theorem  1.1.1  of  [SALO-73]  each  recursively  enumerable 
language  W can  be  expressed  in  the  form: 

w - h(Wj^  n W2) 

where  h Is  a homomorphism  and  W^^  and  W2  are  context-free  languages. 

In  fact,  from  the  proof  of  that  theorem  appears  that  h is  a renaming 

/ 


■i 
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and  Wj  and  are  A-free  context-free  languages.  But,  for  any  two 

A-free  context-free  languages  and  by  Theorems  3.3.1  and  3.2.4, 

W,  ' W„  is  a language  In  A (EC-CPM)  . Hence,  H.  (A  (F.C-CPM)). 

On  the  other  hand,  by  Theorem  3.4.2  any  language  W e A (EC-CPM) 

o 

is  deterministic  context-sensitive  and,  therefore,  a recursively 

enumerable  language.  Moreover,  the  family  ,^JtS  is  closed  under 

arbitrary  liomomorphism  (Corollary  9.1  of  [HOPC-69]).  Hence, 

H,(A  (EC-CPM))  <- 
A o — 

□ 


Corollary  1 

A^(EC-CPM)  is  not  closed  under  arbitrary  homomorphism. 


Let  be  an  arbitrary  Labelled  EC-CPM  generating  some  language 

W over  the  alphabet  H.  Let  h be  a renaming  on  W.  Applying  the  re- 
naming h to  W amounts  to  relabelling  the  transitions  of  according 

to  the  definition  of  h.  If  h is  not  a A-free  renaming  then  some 
transitions  of  will  receive  the  label  A in  the  process  of  re- 

l.ibelling.  We  shall  call  such  transitions  A-transit ions . in  the 
string  generated  by  a firing  sequence  of  an  EC-CPM  with  A-transitions , 
only  the  occurrence  of  transitions  whose  label  is  different  from  A 
is  recorded.  Note  that  a string  generated  by  an  EC-CPM  with  A- 
transitions  can  in  fact  correspond  to  an  arbitrarily  long  firing  se- 
quence, the  number  of  A-transltlons  fired  between  the  consecutive 
firing  of  two  transitions  whose  label  is  not  A being  transparent. 

Note  also  that  a Labelled  EC-CPM  with  A-transitions  is  not  a 
Labelled  EC-CPM  in  the  strict  sense  of  Definition  3.1.1  since  the 
labelling  function  is  required  to  be  a total  mapping  from  T into  Z. 
Nevertheless,  the  labelling  function  can  be  extended  into  E U {A}. 


CHAPTER  IV 


THE  REPRESENTATION  CAPABILITIES  OF  THE 
C- COLORED  PETRI  MODEL 


Sec t ion  4.1  INTRODUCTION 

In  this  chapter  we  shall  Investigate  the  extents  of  the  language 
families  A (C-CPM)  and  A^(C-CPM).  In  our  study  we  shall  compare  the 
C-CPM  to  several  other  formal  models  of  asynchronous  concurrent  sys- 
tems. In  this  introductory  section  we  shall  define  two  of  these 
models,  namely  the  Priority  Petri  Model  ([HACK-75])  and  the  Extended 
Petri  Model  ([AGAR-75]).  The  forms  of  these  definitions  are  our  own. 

Definition  4.1.1 

A Priority  Petri  Net  (PPN)  is  a system  PN  = (N,  Pr,  Y)  where: 

1.  N =*  (T,  P,  I,  0)  is  a Generalized  Petri  Net. 

2.  Pr  = (Q,  a)  is  a finite  partially  ordered  set. 

3.  Y:  T Q is  a total,  single-valued  mapping.  For  any  transi- 
tion tj^  e T,  Y(tj^)  is  called  the  priority  of  t^^. 

As  with  any  GPN,  a marking  of  a Priority  Petri  Net  is  defined  as 
a total,  single-valued  mapping  from  the  set  of  places  P into  Z°,  the 
set  of  nonnegative  integers.  Then: 

Definition  4.1.2 

A Priority  Petri  Model  (PPM)  is  a system  PW  = (PN,  M°)  where: 

1.  PN  = (N,  Pr,  Y)  is  a Priority  Petri  Net. 

2.  M°  is  the  initial  marking  of  PN. 

Definition  4.1.3 

A Labelled  Priority  Petri  Model  is  a system  PWj.  “ (PN,  L)  where: 

PN  - (PN,  M°)  is  a PPM. 

E is  a finite  label  alphabet. 

L:  T I is  a A-free  renaming  called  the  labelling  function  of 

PN  - (N,  Pr,  Y)  be  a PPN  in  some  marking  M^. 


1. 

2. 

3. 


PN, 


Let 
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I)c  f Ini  t i on  4jJ^.  4 

A transition  l e T is  said  to  be  enabled  in  tlie  marking  if 
and  only  If  M (p  ) J I(p..  t ) for  each  place  pt  ). 

) J K J k 

A transition  t^^,  enabled  in  some  marking  , may  be  selected  to 

fire. 

Denjiition  4.1.5 

If  an  enabled  transition  tj^  fires  in  the  marking  and 
^ then  for  each  p.  t P : 

^'■^^(p,)  = M^p  ) - I(p  t ) + 0(t  , p.). 

Let  denote  the  set  of  transitions  enabled  in  the  marking  M^. 

i.et  us  also  define  for  each  t,  e T the  set: 

k 

T , = It  It  c T and  Y(t,  ) a Y(t  ) } 
k s ' s k s 

(Note  that  for  anv  tj^  C T and  t^  e T,  means  that 

Y(t.  ) I Y(t  ) and  Y(t.  ) ^ Y(t  )). 
k s k s 

Definition  ^ .1  ._6 

A transition  t^^  can  be  selected  to  fire  in  the  marking  (i.e., 
t|^  is  firablj;  in  M^)  if  and  only  if  the  following  conditions  hold: 

1 . t,  C E^ 

1 

2.  T,  n E = 4-. 

k 

Otherwise  stated,  a transition  t|^  is  firable  in  the  marking  if 

and  only  if  no  transition  t , whose  priority  Y(t  ) is  strictly  higher 

Si  s 

than  Y(t|^),  is  also  enabled  in  M . 

We  shall  proceed  now  to  define  the  Extended  Petri  Model. 

]^e  f i n i t ion_  4 . 1 ._7 

An  Extended^  (EPN)  is  a modified  Generalized  Petri  Net 

EN  = (T,  P,  1,0)  such  that: 

1.  T is  a finite  set  of  transitions;  T = (t, , ...,  t } 

i n 

2.  P is  a finite  set  of  places,  P = {p  . , , ...,  P , } where 

^ n+1  n+m 

n = |t1  , m - |p|  and  T :i  P = 

3.  1:  P ■><  T -*•  Z°  U {cl  is  a total,  slngle-valvied  mapping  called 
the  input  Incidence  function.  C Is  a special  symbol,  ^ i Z*-’ . 

4.  0:  T P *■  Z"  is  the  output  incidence  function. 
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Let  (p.,  t ) c P X T.  If  I(p  , t ) = s,  where  s c Z , then  p is 

J ^ J ^ 1 J 

called  a normal  Input  place  of  tj^  and  s directed  arcs  ajj^,  ...  , 

connect  p.  to  t . If  I(p  , t ) = ^ then  p is  called  an  inhibitor 

J X J K J 

input  place  of  t^^.  In  this  case  p^  is  connected  to  tj^  by  a unique  arc 

of  a special  type,  called  an  inhibitor  arc  or  a zero  testing  arc. 

Graphically,  an  inhibitor  arc  is  represented  as  a directed  arc  with  a 

slash  across  it  (Figure  4,1.1).  Since  the  mapping  I is  single-valued 

we  notice  that  a place  p^  cannot  be  both  a normal  and  an  Inhibitor 

input  place  for  some  transition  t,  . Nevertheless,  p may  be  a normal 

J 

input  place  for  some  transition  tj^  and  an  inhibitor  input  place  for 

some  other  transition  t , 

s 

A marking  of  an  EPN  is  defined  as  usual,  namely  as  a total,  single- 
valued mapping  from  the  set  of  places  into  Z°.  Thus: 


Definition  4.1.8 

An  Extended  Petri  Model  (EPM)  is  a system  EW  = (EN,  M°)  where: 

1.  EN  = (T,  P,  I,  0)  is  an  EPN. 

2.  is  the  initial  marking  of  EN. 


Definition  4.1.9 

A Labelled  Extended  Petri  Model  is  a system  E^^.  = (EM,  Z,  L) 
where : 

1.  EM  = (EN,  m”)  is  an  EPM, 

2.  Z is  a finite  label  alphabet. 

3.  L:  T -*■  Z is  a total,  single-valued  mapping  called  the  labelling 
function  of  EM^. 

Let  EN  = (T,  P,  I,  0)  be  an  EPN  in  some  marking  and  let  t^^  be 
an  arbitrary  transition  of  EN.  We  shall  denote  by  pj^  the  set  of  normal 
input  places  of  tj^  and  by  Pj^  the  set  of  inhibitor  input  places  of  t^^. 
Obviously,  ^k  ^ ^k  ~ 

Definition  4.1.10 

A transition  t.  t T is  enabled  in  the  marking  if  and  only  if 

1 ^ n 1 z 

M (p  ) > I(p,,  t ) for  each  p e P and  M (p  ) “ 0 for  each  p e P,  . 

J-jk  jk  r rk 

Any  transition  t^^,  enabled  in  the  marking  M , may  be  selected  to 
fire.  Thus,  in  the  case  of  the  EPM,  the  notions  of  flrable  transition 
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and  enabled  transition  coincide, 
p e f i n it  1 oii_  4 . ^ JL 

If  a transition  t,  , enabled  in  the  marking  m'  fires  in  and 

i * 1 ^ 

M > M then  for  each  C P: 

^ Lm^(p.)  + 0(t  , p.)  = 0(t  , p ) if  p.  e 

,1  J j .1 

We  can  see  now  that  the  inhibitor  arcs  are  indeed  a special  kind 
of  arcs  since  they  do  not  carry  tokens  during  the  process  of  firing  of 
a transition.  The  function  of  an  inhibitor  arc  is  only  to  "sense" 
whether  in  the  current  marking  a certain  input  place  of  the  corres- 
ponding transition  is  empty. 

Figure  4.1.1  exhibits  a sample  EPN.  In  the  given  marking  transi- 
tion is  enabled  while  t^  is  disabled. 


Figure  4.1.1 

Sample  F.xtended  Petri  Net 

The  families  of  languages  A (PPM),  ^(PPM)  , A (EPM)  and  A^(F,PM)  are 
defined  completely  analogous  to  A (C-CPM)  and  A (C-CPM) . 

The  PPM  was  Introduced  in  (HACK-75J  and  the  EJ’M  was  first  defined 
in  [AGAR-75).  Following  result  which  relates  tlie  PPM  to  the  EPM  was 
reported  in  [HACK-75]: 

Theorem  4.1.1 

a.  A(EPM)  » A (PPM)  and  A (EPM)  » A (PPM). 

o o 
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b.  H^(A^(EPM))  where  denotes  the  set  of  recursively 

enumerable  languages.  H^(A(EPM))  = PREF 

We  have  mentioned  this  result  here  because  we  shall  refer  to  it 

during  our  study  of  the  language  families  A(C-CPM)  and  A (C-CPM) . 

o 

Before  we  proceed  to  investigate  the  latter  language  families  we  shall 
first  Introduce  in  the  following  sections  a few  modifications  to  the 
EPM  and  to  the  PPM.  The  resulting  models  will  facilitate  our  study  of 
the  relationship  among  the  C-CPM,  the  EPM  and  the  PPM. 


Section  4.2  CLOSURE  UNDER  k-LIMITED  ERASING  OF  A (EPM)  and  A^(EPM) 


The  distinguishing  feature  of  the  EPN  is  the  fact  that  given  some 
arbitrary  transition  t,  and  an  inhibitor  input  place  p.  e P^^  *-1, 

K ^ ^ J K ’ K 

enabled  in  some  marking  M only  if  M (Pj)  ~ O'*  other  hand,  if 

p e pj^,  then  t is  enabled  in  M^  only  if  M^(p  ) > l(p  , t ).  The 
rk.  ic  ^ 

two  separate  conditions  M (p^)  = I(P^>  atid  M (p^.)  > ICp^.,  tj^) 

cannot  be  distinguished  by  t^^.  It  is  however  useful  in  certain  con- 
structs to  be  able  to  model  the  following  modified  firing  rule: 


Let  t|^  be  an  arbitrary  transition  and  let  p^  we  want  tj^ 

to  be  enabled  in  some  marking  M^  only  if  M^(p^)  = m,  for  some  given, 

fixed  positive  Integer  m.  In  particular,  we  want  t,  to  be  disabled  if 

i ^ 

M (Pj.)  “ m',  for  any  m'  • m. 

These  concepts  are  formally  expressed  below,  in  the  definition  of 
a modified  EPM  which  we  shall  call  EPM(I). 


Definition  4 .2.1 

An  ^x_^enjJe_d  Pej rl_ J^et  _(_Q  (EPN(I))  is  a modified  EPN 
EN  “ (T,  P,  I,  0)  such  that: 

1.  T is  a finite  set  of  transitions. 

2.  P is  a finite  set  of  places. 

3.  I:  P X T * Z°  U (ci  U ({d}  Z^)  Is  a total,  single-valued 

mapping  called  the  input  incidence  function.  C and  0 are  special 
symbols;  ^ i tP  and  0 / Z® . 

4.  0:  T X p ♦ is  the  output  incidence  function. 

Let  (p^,  t ) e P X T.  If  I(o  ,t  ) =■  s.  where  s e z'*’,  then  p is  a 
J k J J 


1 OH 


normaJ  input  ptaco  uf  t . If  J (p . , t ) = ^ then  p ia  an  inhibitor 

h .1  J ^ 

input  place  of  t^^.  Finally,  if  I(p^,  t^^)  = ((J,  m)  for  some  m £,  Z , 

then  p,  is  connected  to  t,  by  a special  kind  of  arc,  called  a 
.1  k • 

positive  testing  arc.  Graphically,  a positive  testing  arc  is  repre- 
sented as  a directed  dotted  arc.  The  integi r m is  marked  adjacent  to 
tiie  corresponding  positive  testing  arc  (Figure  4.2.1).  Let  tj^  be  an 
arbitrary  transition  of  some  EPN(I)  and  let  Pj^  be  the  set: 


~ I P-  ^ 1’  I (p  • ) t^.)  " (o,  m)  for  some  m C z"*”} 

J j 1 H 

Since  I is  .1  s ingle- val ued  mapping  we  shall  have  for  each  tj^  e T, 

1 ) = p”  i!  1’^  U pj^  where  p|\  P^  and  p['  are  pairwise  disjoint. 

Here,  P^^  and  P^  have  tlie  same  meaning  as  in  the  case  of  the  EPM. 

A marking  of  an  EPN(I)  is  defined  as  a total,  single-valued 

o 

nvipping  from  the  set  of  places  P into  Z . 


De  f 1 n i t ion  4 . 2 .2 

A transition  t^^  t T is  enabled  in  the  marking  if  and  only  if: 

1.  m'^Ip.)  ' l(p.,  l|^)  lor  eacli  place  p,  C p|^ . 

2.  M*(p.)  =0  for  each  place  p C I’f. 

i ' in 

3.  M (p  ) = m for  each  place  p.  t I't  , wliere  I(p.,  t,  ) = (o,  m)  . 

1 1 ^ .1  k 

As  in  the  case  of  the  EPN,  any  enabled  transition  of  an  EPN(11  may 
be  selected  to  fire. 


Dt^f  i n ■■  t itj_n_4 . 2_^3 

If  a transition  t.  , enabled  in  the  marking  M^,  fires  in  and 
. 1 k 

M^t,  > M tlien  for  any  p C P 

K , • . .1 

- Kpp  t|^)  + 0(t|^,  p.)  if  p.  £ P - (P^  U P^) 


M^'^Vp.)  =’ 


,0(tk,  P.) 


if E u I'l;) 


We  notice  tliat  tliere  exists  a difference  between  xero  testing  arcs 
and  positive  testing  arcs.  Thus,  a zero  testing  arc  merely  checks 
whether  the  respective  input  place  is  empty  in  the  current  marking.  On 
tile  other  tiand,  a positive  testing  arc  "senses"  whetiier  the  input  place 
to  wtiicli  It  Is  connected  contains  in  tlie  current  marking  exactly  m 
tokens,  wliere  m is  a predefined  positive  Integer  associated  with  the 
arc  and  also  removes  those  m tokens  in  case  the  transition  fires. 
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Figure  4.2.1  exhibits  a sample  EPN(I).  In  the  specified  marking 
transition  is  enabled  while  is  disabled. 


Sample  EPN(l) 

Definition  4.2.4 

An  Extended  Petri  Model  (I)  (EPM(I))  is  a system  EW  •=  (EN,  1^) 
where : 

1.  EN  = (T,  P,  I,  0)  is  an  EPN(I). 

2.  M°  is  the  initial  marking  >-f  EN. 

^ Labelled  EPM(I)  is  defined  completely  analogous  to  a Labelled 
EPM.  Similarly,  we  can  define  the  families  of  languages  A(EPM(I))  and 
A^(EPM(I))  the  same  way  we  did  in  the  case  of  the  EPM. 

As  will  be  seen  later  on,  the  introduction  of  the  positive  testing 
arcs  facilitates  certain  proofs.  Nevertheless  this  feature  does  not 
bring  any  additional  power,  as  far  as  the  representation  capabilities 
of  the  EPM(I)  are  concerned,  over  the  EPM  or,  equivalently,  the  PPM: 

Theorem  4.2.1 

A(EPM)  = A(EPM(D)  and  A (EPM)  - A (EPM(I)). 

o o 

Proof : Obviously,  any  EPM  is  an  EPM(l)  as  well.  Consequent Iv , 

A(EPM)  ^ A(EPM(I))  and  A (EPM)  c A (EPM(I)).  Therefore,  we  have  to 

0-0 

show  only  that  these  inclusions  are  also  true  in  opposite  direction. 

For  this  purpose  it  is  advantageous  to  Introduce  the  concept  of  a 
closed  subnet.  Thus,  given  a GPN  N * (T,  P,  I,  0)  a closed  subnet  of 


no 


N is  a GPN  N'  = (T’ , 1”,  I',  O')  such  that: 


1.  P'  ^ P. 

2.  T'  = i L T and  there  exists  a place  p.  e P'  such  that 

P,  E <fi\)  U ''/(0|_)}.  ■’ 

3.  l'  is  the  restriction  of  I to  P'  T' . 

4.  O'  is  the  restriction  of  0 to  T'  ^ P'. 


The  definition  of  a closed  subnet  of  a GPN  can  immediately  be 
extended  to  the  case  of  an  EPN ( 1 ) . In  what  follows  we  shall  describe 
the  conversion  of  one-place  (jP'l  = 1)  closed  subnets  of  an  arbitrary 
KPN(I)  to  A-transition  free,  lanRuage  equivalent  EPM's.  Next,  the  con- 
structs will  be  generalized  to  suit  entire  EPN(I)'s. 

Consider  a one-place  closed  subnet  EN'  of  an  arbitrary  EPN ( 1 ) EN, 
i.e.  EN"  = (T' , ip. I,  1' , O').  Let 

I tj^  C T'  and  l'(Pj,  t^^)  = s,  s c Z°} 

t"''  = (tj^  j C T'  and  I'  (p.  , t|^)  = C) 

= (t  It  C T'  and  I'  (p  , t,  ) = (O,  m)  , m e z"*"} 

k k j k 

Since  the  subnet  contains  only  one  place,  we  have  T'  = l"  U T^'  U 

and  , T^,  are  pairwise  disjoint.  Let  then: 

n,  = max{s  | s = I ' (p . , t,  ) } , n„  = max{m  ! (o,  m)  = I ' (p . , t,  ) } 

1 Ik  2 1 k 

k k 

and  K = maxMij,  n,, ). 


We  shall  replace  p.  by  three  places:  P j ^ » P^2  ^j3" 

struct  will  implement  the  following  encoding  of  any  reachable  marking 
M(p.)  in  ternts  of  the  markings  M(p^^)  and  M(pj^): 

M(pj)  = M(Pjj)  + K • ^(Pp) 

where  0 •_  ' k and  M(p.j)  = 0 if  and  only  if  M(p^)  = 0.  Also, 

Mip.^)  = K - M(p.^). 

For  example,  if  the  initial  nutrklng  M‘’(p.)  = 0 then 
M'  ip^j)  = M"(pj^)  = 0 and  M^’(Pj2)  “ k.  Otlierwlse,  we  rewrite 
M^f^Pj)  = k^  + k2  • K where  0 ■r  k^^  • K and  k2  is  the  largest  nonnegative 
integer  which  satisfies  this  equation.  We  emphasize  that  if  pf^(pj)  is 


a multiple  of  K,  i.e.  M"(p  ) 


K for  some  integer  r > 1,  then 


1 


K and  k. 


1.  Then,  we  set  M'’(p^j)  = k^  , = K - k^ 


■H'  ^m/r- 


'*yy  ■'2- 

Let  us  now  modify  the  transitions  of  T'  in  order  to  Implement  the 
encoding  rule  discussed  above.  We  have  to  consider  following  three 
cases : 

A.  L T^.  In  this  case  there  are  three  possible  interconnec- 

tions between  t and  p : 
s J 

Al.  I'(p.,  t ) > 0 and  0'(t  , p.)  0 (t  self-loops  on  p ). 

— - — s s — ^ J s ] 


We  shall  replace  t by  K transitions  t 

s s J. 


\sK- 


The  input  con- 


figuration of  these  transitions  is  defined  as  follows: 

Up, 

I (P, 


1 < i < K 


'J2*  *^si^  K ' i 


Sl^  = 


1 

.0 


if  1 < 1 < 1’(P,.  tg) 
J ^ 

if  I'  (Pj,  tg)  1 1 1 K 


In  order  to  determine  the  output  configurations  of  these  K 
transitions  we  shall  first  write  the  following  K relations,  for 
1 < i < K; 


i + k 


1 


where 


^ =■ 


K-  IUp..  t^)-^0-(t^.  pj)  + 

if  1 < 1 < I'(p.,  t ) 

J s 


K 


if  I'(P.,  t^)  1 


K, 


0 < k^^  < K and  V.2^  is  the  largest  nonnegative  Integer  which  satisfies 
the  1-th  equation. 

Then : 


1 < i < K 


“ ^l 

Pj2> 

= K - 

“<‘sC 

= ^1 

11 


It  can  easily  be  verified  that  if  ^(Pj)  ” ® 

(M(pjj^)  = M(Pj3)  “ 0.  ^^Pj2^  ' M(pj)  < I'(Pj.  t^) 

(M(pjj^)  » M(pj),  M(Pj2^  = K - M(Pj),  M(pj^)  = 0)  then  none  of  the  K 
transitions  is  enabled.  If  ^(Pj)  ^ I'(Pj.  t^)  then  we  can  rewrite 


M(Pj) 


ki  + k^ 


K where  0 kj^  < K and  k^  ^ 0.  in  this  case 


M(pjj)  » k^ , MCpj^)  * K - kj^,  ^(Pjj)  ” 1^2  consequently  exactly  one 
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tr.msition  t Is  eiKib  UhI  , namuly  tlu*  one  for  wliicli  I (p  ,,  t .)  = k, 
SI  SI  1 


and  f'P|2’  ~ ~ ^"1 


Tlic  output  configurations  of  the  transitions 
K,  has  been  designed  such  that  the  firing  of  any  t 


SI 


hr  ‘ - ‘ 

r»-d  1 s I r Unit  es  the  tokens  of  p..,  p „ and  p according  to  the  encoding 

1 ^ J ^ 1 ^ 

rule  discussed  earlier.  In  particular,  we  notice  that  for  any  i, 

1 • i ■ K,  we  must  have 


i + k, 


K - I’(p. 


1 


t ) + 0’ (t  , 
s s 


P.)  > 0 


and  therefore  the  firing  of  t^^  will  never  leave  empty.  (Remember, 
we  do  not  want  = 0 and  M(p.^)  > 0 simultaneously.) 


Consequently,  the  transitions  t 


si’ 


t simulate  the  firing 

SK, 


of  the  original  transition  while  preserving  the  desired  encoding  of 
the  marking  of  p.  in  terms  of  the  markings  of  Pj^’  Pj2  ^J3’ 


A2 . 1' (p.  , t^)  >0  but  0’ (t^,  p J = 0 

Let  r 


t ions  t , , . 

s i 

sider  the  K 
set  : 


I ’ (P.  . tg)  . r 

. , t , , t'  , 

sr-1  sr’ 


K.  We  shall  replace  t^  by  K + 1 transi- 


'sr’  sr+i ’ 


'sK  ■ 


Let  us  first  con- 


1 transitions  t .,  for  1 < i *'  K and  1 I'(p.,  t ).  We 

St  - - j s 


KPjj. 

I(Pj2’ 

'si^ 

KPp. 

‘si> 

if  1 ^ I • 1'  (p j , tg) 

if  1 ' (P.  > is^  ^ ^ 


in  order  to  determine  the  output  configurations  of  these  transitions 
we  shall  form  following  K - 1 relations  (1  ^ i < K but  1 ^ 1 ' (p^ , L^)): 


+ k, 


K - I'(P  , Ig)  = kj.  + k^. 


where 


i f 
if 


1 < i < I'(pp  t^) 


I’(Pj,  tg) 


0 


kii  < K and  k^^ 


the  i-th  relation, 
above 


i • K, 

is  the  largest  nonnegative  integer  which  satisfies 
We  notice  that  for  the  K - 1 values  of  1 specified 


0 


1 + k 


K - 1’  (p^.  t^)  < K 


and  therefore  0 < k 


li 


K and  k 


21 


Then 
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1 < i < K 
i I'(Pj,  t^) 


Pjl^  = ^1 

0(t^i,  Pj2>  = K - 

Pj3^  " ° 


The  case  where  i = r = I'(p  , t ) requires  special  treatment.  We 

J ® 

have  Introduced  the  two  transitions  t'  and  t"  , where: 


^^Pjr  'sr^  = ^<Pjl’  'sr^  ° ^ = ^'^Pj 


sr 


^^Pj2’  *^sr^ 


I(Pj2,  t'M  = K - r 


^^Pj3’  ‘^sr^  ^^Pj3’  *^sr^  “ ^ 

Regarding  the  output  configurations,  let: 

K 


Pjl> 

0(t'  . 
sr 


0(t’  , 
sr 


Pj2> 


Pj3> 


0;  0(t^^.  p.^) 

K;  0(t^^,  Pj2>  = 0 

0(t;'r,  Pj3>  = 0 


We  notice  that  the  transitions  t 


si’ 


^sr-1’  *'sr+l’ 


'sK 


are  defined  and  operate  analogous  to  the  transitions  introduced  in  the 

case  Al.  On  the  other  hand,  it  is  easy  to  see  that  t'  and  t"  cannot 

sr  sr 

be  simultaneously  enabled.  Thus,  t'  is  enabled  if  and  only  if  the 

sr  ^ 

marking  M(p  ) = r = I'(p  , t ) or,  equivalently,  M(p  ) = r, 
j j ® J 

M(p  ) = K - r and  M(p  _)  =0.  If  t fires  in  M and  M [t  > M'  then 
J ^ J ^ s 

M'(pj)  = 0.  This  fact  was  taken  into  consideration  in  the  definition 

Transition  t"  is  enabled  if  and 
sr 


of  the  output  configuration  of 


only  if  M(p.j^)  = r,  M(pj2)  = K - r and  MCp^^)  > 1 or,  equivalently. 


K for  some  n > 1. 


If  t fires  in  M and  M 
s 


tg  > M'  then 


M(p . ) = r + n 
J 

M'(p^)  * n ■ K.  In  our  encoding  we  must  then  have  ~ 

M' (p  _)  = 0 and  M'(p,_)  = n - 1.  Again,  this  redistribution  of  tokens 
J ^ 1 

has  been  considered  in  the  definition  of  the  output  configuration  of 

t"  . 
sr 

A3.  I'(p.,  t ) = 0 but  0'(t_,  p.)  -•  0.  In  this  case  the 

® i“~ — 

firing  of  t does  not  depend  on  the  miirklng  of  p . Nevertheless,  if  t 
s j ® 

fires,  tokens  will  be  added  to  the  marking  of  p which  requires  a 


redistribution  of  the  tokens  in  Pj^*  Pj2  Pj3‘ 


Consider  following 


K + 1 relations,  for  0 


i + 0’(tg,  Pj) 


11 


1 < K 
+ k 


2i 


when’  0 ■ ‘ K .iiid  k^j^  is  the  largest  nonnegative  integer  which 

satisfies  the  i-th  equation.  We  note  that  for  any  value  of  i, 

O'  1 ^ k,  i + 0'(t^,  p^)  > 0 and  thus  k^^  > 0.  Consequently,  we  shall 
replace  t^  by  K + 1 transitions  whose  only  function  is  to  redistribute 


tokens  among  p,. 


i < K 


p^2  ^nd  P.3. 


We  shall  have: 


.U’ 

; o(t  ., 
’ si’ 

= '^li 

j2’ 

^i>  = ''  - 

Pj2> 

= K - kf. 

)3’ 

^sf)  - 0 

Pj3> 

= k^. 

B.  JLX  ’ p.  is  an  inhibitor  input  place  of  t^.  Conse- 

quently t can  fire  in  some  marking  M,  If  and  only  if  M(p.)  = 0 or, 

® j 

equivalently,  M(p  . ) = 0,  M(p  „)  = K and  M(p  ) =0.  If  M [t  M' 

.1 1 j -1  ® 

then  M'(pj)  = 0'(t  , p.).  In  case  0'(t^,  p.)  = 0 then  M'(Pj)  = 0 and 
We  shall  replace  t^  by  a single  transition  t^  where: 


= ; ; 

o(t;,  P.3)  = 0 

l(Pj2. 

= K ; 

o(t;,  P.2)  = K 

= C ; 

o(t;,  P.3)  = 0 

Obviously, 

t ' can 
s 

fire  if  and  only  if  M(p^3)  = 0,  ^(Pj2^  ~ 

M(p..,)  = 0.  In  fact.  If  M(p,_)  = K we  must  have  M(p.,)  = M(p.„)  = 0 and 
thus  it  is  not  really  necessary  to  connect  p^j^  and  p.^  to  t^  by  r.ero 
testing  arcs. 

On  the  other  hand,  if  O' (t  , p.)  >0  then  we  can  rewrite  0'(t_,  p.) 

^ .1  ^ J 

as  0'(t  , p.)  = k + k • K where  0 < k •_  K and  k„  is  the  largest 
s j i z 1 z 

nonnegative  integer  which  satisfies  this  relation.  In  this  case,  we 
shall  replace  t^  by  a single  transition  t'^  which  has  the  same  inpvit 
configuration  as  t^  but  where: 

o(t;;,  P.3)  = kj 

0(t''  p ) = K - k 

o(t‘;;,  Pj3)  = k^ 

C.  t C T^,  l.e.  I'(p.,  t ) = (o,  m)  for  some  m C Z . In  this 
-s—  j s 

case  t can  fire  in  some  marking  M if  and  only  if  M(p  ) = m or,  equiva- 
lently,  Mfp.^)  * m,  •=  K - m and  “ 0 (remember,  m K).  If 

t fires  in  M and  M [t  > M'  then  M'(p.)  = 0'(t  , p ),  In  case 

P.)  “ ^ then  M’ (p  ) = 0 or,  equivalently,  M’ (p  ) = 0,  M'(p  „)=  K, 


1 1 ■) 


M'  (P.  ,)  = 0. 
t ' who  ro : 


Coiiso<|iioiit  1 y , wo  shall  roplaco  by  a sln^'le  transition 


Kp . , , t ' ) “ m ; 0(t'  , p ) = 0 

1 1 s s ,1 1 

l(p.„,  t')  = K - m ; 0(t',  p.„)  = K 

1-:  s s ' j2 

Kp.  t’)  = r ; 0(t^,  p.^)  = 0 

Orliorwiso,  it  0'(t^,  p.)  -■  0 then  we  can  rewrite  as  in  the  prev- 
ious case  0'(t^,  p.)  = where  0 < k^  • K and  k^  ^ 0.  Then, 

w»'  shall  replace  by  a single  transition  t'^  having  the  same  input 
coni i gu rat  ion  as  t^  and: 

(xr.  p.^)  - kj 

o(t;-.  p,^)  = K - k^ 

p.^)  = k2 

it  is  obvious  that  any  arbitrary  one-place  closed  subnet  of  an 
EPM(I)  can  be  converted  into  an  EPM  with  three  places  and  no 
A- 1 ransi  t ions  . Figure  A. 2. 2 exhibits  a sample  F.PM(l)  wiiile  Figure 
4.2.3  displays  the  two  one-place  closed  subnets  (and  the  corresponding 
initial  markings)  which  can  be  formed  from  tlie  given  EPM(I).  Applying 
tile  transformation  procedure  to  these  two  closed  subnets  we  obtain  the 
EPM's  displayed  in  Figure  4.2.4  a)  and  b)  , res[)ec 1 1 ve  1 y . 

The  conversion  procedure  discussed  above  can  easily  be  extended 
to  transform  KPN(l)'s  with  more  than  one  place.  Thus,  given  some 
.arbitrary  EPM(l),  the  conversion  procedure  is  separately  applied  to  all 
one-place  closed  subnets  which  can  be  formed,  or  at  least  to  all  such 
subnets  which  contain  positive  testing  arcs.  Given  initial  and/or 
final  markings  are  also  redistributed  according  to  the  encoding  rule 
specified  earlier.  Next,  the  resulting  EPM's  are  recombined  into  a 
composite  EPM  by  a procedure  which  can  be  regarded  as  the  "Inverse"  of 
the  procedure  by  means  of  which  the  original  EPM(l)  was  divided  into 
one-place  closed  subnets.  Thus,  distinct  copies  Introduced  for  the 
same  transition  of  the  original  net  (relative  to  distinct  closed  sub- 
nets) are  replaced  by  a unique  transition  having  the  same  input  and 
output  connections  as  the  eliminated  transitions.  If  a transition  t^ 
is  contained  in  m one-place  closed  subnets  of  the  original  EPM(l)  then 
we  sh.all  form  all  possible  distinct  combinations  of  m replacement 
transitions  of  t^,  each  combination  containing  exactly  one  transition 


1 Hi 

t rom  each  of  the  m distinct  KPM's  obtained  from  the  transformation  of 
tile  subnets  In  wliicb  participates.  For  example,  in  Figure  4.2.4  we 
would  have  to  combine  each  of  the  transitions  t^2\'  ^22  *"22 

the  transition  t . The  pair  t22>  ^2  replaced  by  a single 

transition,  let  us  denote  it  by  t!',  where  I(p,,,  t")  = 2,  I(p,„,  t")  = 0, 
I(p^^,  t’^)  = 1,  Ul>2p  tp  = 2,  I(p22»  f'2)  = 0,  l(t>23.  t'p  = ? and 
0(t'^,  p^^)  = 2,  0(t^,  p^2>  = P63)  = 0’  Pyp  = 

0(t!^,  Py2^  ” pairs  t2j^,  t^  and  1^2’  *'2  replaced  in  a simi- 

lar nuinner.  The  complete  construct  is  given  in  Figure  4.2.5. 

Finally,  each  transition  introduced  as  a replacement  transition 
for  some  transition  of  the  original  EPM(l)  is  assigned  the  same  label 
as  tlie  respective  original  transition.  The  tlieorem  follows  immediately. 

We  shall  proceed  now  to  prove  the  main  result  of  this  section, 
namely  the  closure  under  k-llmlted  erasing  of  the  language  families 
A(KPM)  and  A^(EPM).  Let  L be  a nonempty,  finite  alphabet  and  suppose 
c i y..  Given  a language  W < (J^(J  (cl)*  and  a homomorphism  h defined 

on  (Z  J fc})*,  h is  said  to  be  a k-limlted  erasing  on  W if  following 
conditions  are  satisfied: 

1.  h(c)  = A and  li(a)  = a for  all  a £,  Z. 

2.  Tliere  exists  a nonnegative  integer  k sucli  that  for  all  strings 
w W,  h does  not  erase  more  tlian  k consecutive  symbols  of  w. 

Tliere  is  no  Joss  in  generality  in  this  definition.  Thus,  consider 
* ★ * 
a language  W Z and  let  h be  a homonkjrphism  from  Z into  Z^^  , where 

. j , which  either  erases  or  maps  into  itself  each  symbol  of  Z but 

does  not  erase  more  than  k consecutive  symbols  from  any  string  in  W, 

for  some  nonnegative  integer  k.  Let  c be  a new  symbol,  c Z,  and  let 

A 

h be  a homomorphism  on  Z such  that  h (a)  = c if  h(a)  = A and 

^ V r 1 * 

hj^(a)  = h(a)  otherwise.  Next,  let  li2  be  the  homomorphism  on  (Z^^  U Ic;) 
defined  by  112(c)  * A and  h2(a)  = a for  all  a c Z^.  Clearly,  I12  is  a 
k-limited  erasing  on  h^fW)  in  the  sense  of  the  previous  definition  and 
h2(hj(W))  - h(W). 

Let  us  consider  an  arbitrary  language  W in  A(EPM)  or  A (EPM) . We 

k * ^ 

shall  assume  that  W ' (j;{  A,  c,  ...  , c })  where  Z is  a nonempty 
finite  alphabet,  c / Z and  k Is  a nonnegative  Integer.  Let  h be  a 
homomorphism  on  (Z  U ic})*  defined  by  li(c)  = A and  h(a)  = a for  all 
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a i:  L.  Otherwise  stated,  we  assume  that  there  are  no  strings  in  W 
wliich  contain  more  than  k consecutive  symbols  c;  such  strings  would  not 
he  in  the  doimain  of  the  k-limited  erasing  h.  Let  us  define  the  finite 
set  W = ic^HC*  i a C Z and  0 i,  j ■ k'.  A string  of  W may  be 
generated  by  several  distinct  firing  sequences  of  the  Labelled  EPM 
that  generates  W.  Since  for  any  Labelled  EPM,  the  labelling  function 
L is  a A-free  renaming,  if  > is  a firing  sequence  such  that  L(y)  C W 
then  |y|  = |L(y)j  and  therefore  for  each  such  firing  sequence  y. 

0 < |y|  < 2 ■ k + 1.  Thus,  there  arc  only  a finite  number  of  firing 
sequences  which  can  produce  label  sequences  in  W. 


Theorem  A. 2. 2 

The  language  families  A(EPM)  and  A^(EPM)  are  closed  under 
k-limited  erasing. 

Prpof:  The  general  idea  behind  the  construct  which  we  shall 

employ  is  to  modify  the  given  EPM  such  that  during  the  execution  of 
the  resulting  Labelled  EPM(I),  each  possible  firing  sequence  y of  the 
original  net  for  which  L(y)  e W'  is  substituted  by  the  firing  of  a 
single  transition  T,  where: 

1.  i is  enabled  in  some  marking  M^  if  and  only  if  the  entire 
firing  sequence  y could  have  been  fired  from  M^. 

2.  M^  [ : > M^^^  if  and  only  if  M^[y  > . 

i.  L(t)  = h(L(<))  (We  note  tliat  for  all  strings  w £ W' , 
h (w)  £ L) . 

Since  the  set  W'  contains  all  the  strings  of  the  form  c^ac'^  , 

O'  i,  j ■ k,  the  construct  applies  to  both  language  families  A (EPM) 

and  A (EPM) . 
o 

We  shall  first  investigate  the  conditions  on  the  marking  and  the 
structure  of  a net  under  which  a finite-length  firing  sequence  t is 
f 1 rable. 


Let  £V.  , = (IN,  ).',  L)  be  the  Labelled  EPM  which  generates  the 
language  W,  where  = i.  Ij{c},  EN  = (EN,  M°)  and  EN  = (T,  P,  1,  0). 

Suppose  Y.  = t.,.,.t,  is  a finite  length  firing  sequence  in 
Let  us  assume  that  p^  is  some  place  of  the  net  which  is  not  an  inhibi- 
tor input  place  for  any  transition  in  y..  We  shall  denote  by 
Min(p^,  fj)  the  minimum  marking  required  in  p^  in  order  to  fire  the 


j 


fnriri-  firing  sccjuonci-  i . . Min(p^,  y.)  can  be  deCerminet)  by  the 
tol lowing  St rai^ht forward  algor itlim  which  simply  simulates  the  effect 
of  the  tiring  sequence  i.  on  tlie  nuirking  of  p^: 

initial  Min(p^.,  yJ,  M(Pj.)  = Up^,  t.^ 
while  1 k ■ m do 
if  I ( p , t ) =0 

then  M(p^)  = M(Pj.)  *' 

il  M(p^)  j 1 (p^,  t 

Uien  M(p^)  = M(p^J  - !(P|.,  t^i^)  + 0(t.^^,  p^) 

else  Min(p  , ( .)  = Min(p  , y ) + 1 (p  , t ) - M(p  ) 
r j 1 J ‘ » 

M(p  ) = >’(t  , i>  ) 

r jk  r 

end 


M(p^)  denotes  the  "current"  marking  of  p^  along  the  firing 
sequence  y..  We  shall  define  Min(p^,  A)  = 0. 

Thus,  y.  can  be  fired  from  some  marking  M only  if 
M(p^)  > Min(p^,  I.). 


I.et  us  now  suppose  that  >.  = t 


J " "ji---\jk-i\ik''jk+r- 


t t.  L.  and  let  us  c'note  61  = t,,. 

js-1  i«  Is+1  ]m  ) ]1 


-jk-1’ 


. t . 


Also,  let  us  now  assume  that  p is  an 

r 


i Vik+1 

inhibitor  input  place  of  t but  p^  is  not  an  inhibitor  input  place  for 

any  transition  in  6',.  Then,  tj  is  a valid  firing  sequence  of  EN 

(i.e.,  I can  be  fired  from  some  marking  M)  only  if: 

' k - 1 


Min(p^,  1)  = I IKp^,  t ) - 0(t  p^)] 

n = 1 

If  the  above  condition  is  satisfied  then  y.  can  only  be  fired  from 

those  markings  M for  which  M(p^)  = Min(p^,  i*”*  particular,  if 

' = • or  if  Min (p  , 6')  =0  then  y.  can  only  be  fired  from  those 
i j 

markings  M tor  which  M(p^)  = 0. 


I f 


k - 1 


M(p  ) = Min(p  61)  = I (l(p  , t ) - 0(t  , p )1 

* ^ n * 1 * ■ 


then  the  nuirking  M"(p^)  obtained  at  the  end  of  the  firing  sequence 


\22 


M"(Pr>  = p^) 


a - 1 

I 


Pr>' 


Wo  can  soo  that  Llu>  firability  of  tho  transition  t.  from  the  point  of 

,l« 

view  of  tlio  input  place  p^  depends  only  on  the  particular  connections 
to  p of  tlie  transitions  in  tiie  subsequence  and  not  on  the 

marking  M from  wiiicli  y , is  fired. 

Witii  the  above  preparation  we  are  now  ready  to  modify  the  original 
I, abet  led  EPM.  First,  we  eliminate  all  transitions  labelled  c and  the 
corresponding  input  and/or  output  arcs.  Further,  for  every  valid 
firing  sequence  Yj  of  FN  such  tliat  L(y.)  t W'  we  introduce  a transi- 
tion I..  The  input  and  the  output  connections  of  tlie  new  transition 

T.  to  an  arbitrarv  place  p are  determined  as  follows.  We  first  con- 
1 r 

sider  the  input  arcs.  There  are  two  cases  to  be  considered: 


1 . 


is  not  an  inhibitor  input  place  for  any  transition  in 


in  this  case  I'(p^,  T^)  = Min(p^,  y\.)  wliere  I'  denotes  the  input  inci- 
dence function  of  the  modified  net. 

2.  is  an  iniiibltor  input  place  for  at  least  one  transition  in 

Y..  Suppose  t is  the  first  transition  in  tiie  sequence  Y.  such  that 
p^  t-  i.e.  p^  is  not  an  inhibitor  input  place  for  any  transition 


in  the  prefix  firing  sequence  6^  = t.j^--.t.|^  . 


Then 


1'(P 


o = 
1 


(0,  m) 


if  Min(p^,  5j)  = 0 
(zero  testing  arc) 


i t Min  (Pj.,  = m > 0 

(positive  testing  arc) 


Let  us  now  consider  the  output  arcs  of  tlie  transition  T.: 


0'(! 


where 


p^)  = m - 


t C Y 


‘jk* 


0(t  ppi 


Min(p^, 

if 

.)  > 0 

,I  - 

0 

if 

T . ) = r 

r 

J 

m* 

if 

I'  (p^, 

1 j ) = (o . 

m’) 

for 

some 

integer  m' 

■■  0 

For  the  purpose  of  this  sumnvition  l(p  , t.,  ) 

r j K 


^ has  been  replaced  by  0. 


IJ  3 


Our  consLrucL  preserves  the  places  of  the  original  Labelled  KPM 
as  well  as  the  transitions  whose  label  is  different  from  the  erased 
symbol  c. 

Let  U.S  now  show  that  the  resulting  Labelled  Kl’M(I)  generates 
exactly  the  language  h(W).  From  the  above  discussion  it  should  be 
clear  that  for  anv  two  markings  M and  M',  M[ t , ■ M'  in  the  original 

net  if  and  only  if  M[',  ’ M'  in  the  modified  net.  Let  T'  denote  the 

sot  of  transitions  of  the  original  Labelled  EPM  whose  label  is  differ- 
ent from  c;  T'  contains  the  transitions  common  to  the  original  net  and 
to  the  Ki’M(I)  resulting  from  our  construct. 

Consider  an  arbitrary  firing  sequence  of  the  original  EPM: 


Y = 6,y,6_.  . 7,  6,  , , . . .6  Y 6^, 

] 1 2 k k k+1  m m nri-1 

•k 

where  6,  C T'  , for  1 ■ i ^ nrt-1  , and  Y^  is  a firing  sequence  such  that 
L(Y^)  C W , for  1 i • m.  Let  us  suppose  that: 

m‘"(6  > M^y  > M^'[6  ...  > •m'^Iy.  > ^ 

L L 2 ifk  kf  k ' 1 , > 

...  [6  > m"[y  > m"  > M ^ 

^ mm  itH-1 

Since  C i'  , for  1 < i ‘ irH-1,  if  M['V  ^ M'  in  the  original  net 

then  ^ M'  in  the  modified  net  as  well.  Consequently,  there 

exists  the  firing  sequence  in  the  modified  net: 


Y'  = <5, 


T <5  . . -i,  T 6 . . .6  T 5 

12  k k k+1  m m m+1 


such  that 


> M^[T,  > ^ ...  [6,^,  ^ M 

1 1 2 . , k k , k+I 


. . . M 


m-r 


[6  > m"'[t  ' M™  [6 


nt+1 


> M 


L+1 

uri-l 


fhe  firing  sequence  y'  generates  the  string: 


L(<5j)h(L(Y  j))L(c^) . . '.(6|^)h(L(Y^))L(5j,^^)  ... 

...  L(6  )h(L(Y  ))L(6 

m m rr+ 1 

i.e.  h(L(y)). 

For  the  s.ike  of  clarity  we  emphasize  that  given  sucli  a firing 

sequi'Dce  ( there  may  exist  more-  than  one  distinct  firing  sequence; 

which  generate  the  same  string  h(l-(y)).  For  example,  consider  the 

following  subsequence  of  Y and  the  cor  re.spond  i ng  label  string: 

...  t L , L ,,L  ,,t,  . . . 

a cl  c2  cJ  b 

. . . a c c c b ... 
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Obviously,  if  t L -L  _t,  is  ;i  valid  firing  cequunct*  of  the  original 
a cl  c2  c3  b 

net  Ltien  so  are  the  firing  sequences  given  in  the  leftmost  column  of 
tiie  following  table: 


a cl 

t t , L - 
a cl  c 2 

t t , t -t  . 
a cl  c 2 cl 

t ,t  .,t  t 
cl  c2  c3  b 

’^c2‘^c3''b 

^3^ 


1 


1., 


a 

a 

a 

b 

b 

b 


All  these  firing  sequences  generate  a string  in  W’ . The  middle  column 
of  the  table  indicates  the  corresponding  replacement  transitions 
while  the  rightmost  column  indicates  the  label  of  each  of  these  replace- 
ment transitions.  Then,  the  following  firing  sequences  of  the  modi- 
fied net  simulate  the  given  firing  sequence  ...  t t ,t  „t  _t,  ...  : 

^ a cl  c2  c3  b 

. . . . . . 

...  ... 

. . . T jtj^  . . . 

• • • Va  • • ■ 

Each  of  these  firing  sequences  generates  the  label  sequence  ...  ab  ...  . 
Note  that  the  firing  sequence  ...  •••  example,  can  be  execu- 
ted in  the  modified  net  only  if  the  firing  sequence  ...  t t ,t  ,,t,  ... 

^ r.  1 a cl  c3  b 

can  be  executed  in  the  original  net. 

Conversely,  let  > ' be  some  arbitrary  firing  sequt  ice  of  the 
modified  net: 

7*  = (5,t  6 . . .6  1 6 . . .6  T 6 

112  kkk+1  rnmn^-l 

* 

where  6.  C T'  , for  1 < i < nH-1  , and  i^,  for  1 < i < m,  denotes  the 
occurrence  of  a replacement  transition  introduced  by  our  construct. 

Tlien,  there  exists  the  firing  sequence  of  tne  original  Labelled 

EPM: 

7 = ' •'^k''k'^k+r  ■ ■'^m^m'^nri-1 

such  that  [7  > if  ^ and  h(L(7))  is  the  string  gener- 

ated by  7', 

Thus,  the  Labelled  EPM(I)  resulting  from  our  construct  can  gener- 


•i 


aio  all  the  label  sequences  in  h(W)  ami  no  otlu^r  label  sequences.  By 
virtue  of  Thecirem  4.2.1  the  theorem  follows. 

n 

Section  4.3  TOK  PRIORI ’H'  PETRI  MOUDL  (I) 

In  Section  4.1  we  have  defined  the  Priority  Petri  Model.  We  have 
seen  that  given  some  Priority  Petri  Net  I’N  = (N,  Pr,  Y)  and  a marking 
of  PN,  a transition  t,  of  N is  firable  in  if  and  only  if  t,  is 
enabled  in  M and  no  transition  with  higher  priority  than  t^^  is  also 
'■nabled  in  M . In  the  present  section  we  shall  modify  this  rule  for 
the  selection  of  a transition  to  be  fired.  The  resulting  model,  which 
we  shall  call  Priority  Petri  Model  (1),  will  be  useful  in  our  study  of 
the  relationship  between  the  PPM  and  the  C-CPM. 

Let  PN  = (N,  Pr,  Y)  be  a PPN  in  some  marking  M^ , where 
N = (T,  P,  1,  0)  is  a GPN,  Pr  = (Q,  u)  is  a finite  partially  ordered 
set  itnd  Y is  a total,  single-valued  mapping  from  T into  Q.  Let  us 
define  for  each  place  p^  L P the  set: 

T(p.)  = I t^  I tj^  ‘ T and  l(p^,  tj^)  >0  1 

De  f i in  t i on  4.3.1 

There  exists  a conflict  at  the  place  p.  in  the  marking  M'*'  If  and 
only  if 

) 1 (p  . , t ) ■ M^(p . ) 

i J k ' 

t,  (•  K il  1 (n  . ' 

^ ■ ) 

Thus,  two  transitions  t,  £ T and  t G T are  said  to  conflict 

k . s 

(denoted  by  t^^  ° t^)  in  the  marking  M if: 

1 . t,  G E^  and  t G E^ . 
k s 

2.  There  exists  at  least  one  place  p G 1,  D I such  that  there 
^ 1 k s 

is  a conflict  at  p,  in  M . 

We  can  extend  the  conflict  relation  in  the  case  of  the  PPN  the 

same  way  we  did  in  Section  2.3.  Thus,  let  CONE  be  the  relation  on  E^ 

such  tiiat  for  any  t,  G E^  and  t G E^,  (t,  , t ) C CONE  if  there  exists 
^ k s k s 

a sequence  of  transitions  t,  * t ,,...,  t = t such  that  t . ° t 

* k rl  rn  s i]  rj+l 

for  each  j , 1 j ‘ n.  By  convention  we  assume  tliat  t CONK  t,  for  all 

i ” ^ 

t E . Using  the  same  argiunent  as  given  in  I.erama  2.3.1  one  c.tn 

^ i 

easily  show  (proof  omitted)  that  (’.ONE  is  an  equivalence  relation  on  E 
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in  the  case  of  the  PPN  as  well.  We  siiall  continue  to  call  an  equiva- 
lence class  of  CONF  a conflict  cluster.  The  set  of  all  conflict 
clusters  in  some  marking  will  be  denoted  by  CF* . tibvlously,  CF^ 
is  a par t i t ion  of  . 

l.et  us  suppose  that  there  are  m conflict  clusters  in  the  marking 

M , i.e.  CF^  = t , ...  , CT^  f . For  each  conflict  cluster  CT^ , a 

^ i i 1 " 

conflict  subcluster  oi  CT  is  a maximal  subset  SCT  , of  CT  such  that 

ft  rk  ^ r 

all  transitions  in  SCT  are  pairwise  in  conflict  in  M . 


De f in i t ion  4 .3.2 

A transition  t,  e T is  said  to  cover  another  transition  t e T in 
k s 

the  marking  M (denoted  by  t /t  ) if: 

K S 


1 . 


t,  C and  t t E^. 
k s 


2.  Y(t  ) tx  Y(t.  ). 
s k 


maifSCT^  }. 
rk 


Tlie  set  of  nvijorants  of  a conflict  subcluster  SCT  , is  defined  in 

rk 

the  case  of  the  PPN  analogous  to  Definition  2.3.6  and  is  denoted  by 

Each  transition  of  maj^SCT^  } is  called  a majorant  of 
1 

the  conflict  subcluster  SCT  , . Due  to  the  fact  that  the  priorities  of 

rk 

the  transitions  contained  in  a conflict  subcluster  form  a nonempty 

subset  of  the  set  Q (where  Pr  = (Q,  u) ) there  may  exist  more  than  one 

mai Grants  of  a conflict  subcluster. 

We  notice  that  the  set  SCf|^  of  all  conflict  subclusters  of  some 

conflict  cluster  CT^  is  not  necessarily  a partition  of  Ct|^.  Also,  two 

transitions  t,  and  t may  belong  to  CT^  and  still  have  1,  H I = <!). 

k s r k s 

On  the  other  Itand,  if  t,  and  t are  in  the  same  conflict  subcluster  of 
1 k s 

CT  tlien  1 I ^ since  t,  ° t ..  Given  some  marking  , let  us 
r k K.  s 

(iefine  for  each  transition  t £ T the  set: 

s 


(sct\ 


1 t L SCT  , 
s rk 


s rk 

According  to  the  previous  remarks,  we  must  have  for  any  transitions 


t t T and  t i T; 
m s 


t c 
m 


u 


SCT 


sct\  C y^ 

rk  s 


rk 


on  1 y i f 1 II  ^ 
m s 


Consequently,  in  any  marking  M , a transition  t^  can  participate  in  at 

most  m distinct  conflict  subclusters,  where  m = Ky'(I  )l  .a  finite 
3 s ' s ' 


12/ 


by  the  strurtiire  of  the  respective  GPN. 

n [ T(p.)] 

Pi  r ) 

.1  ^ 

UsiiiK  tlie  concepts  of  conflict  cluster,  conflict  subcluster  and 
majorant  of  a conflict  subcluster  one  can  immediately  translate  the 
execution  rule  given  for  the  CPM  in  Section  2.3  for  the  case  of  the 
I’PN . Accordingly,  tiie  new  definition  of  a finable  transition  is: 

De  l i n ij.J^oji  4 .J1 

A transition  t is  finable  in  some  marking  if  and  only  if  t, 

K K 

is  a majorant  of  all  tlie  conflict  subclusters  in  which  it  participates 
in  M'*' . 

With  these  introductory  definitions  we  can  now  define  a Priority 
Petri  Net  (1)  (PPN(l))  as  a PPN  PN  = (N,  Pr,  Y)  such  that  in  each 
reachable  marking  of  PN  the  transition  to  be  fired  is  selected  accord- 
ing to  Definition  4.3.3.  The  effect  produced  by  the  firing  of  a tran- 
sition of  a PPN(I)  is  as  described  in  Definition  4.1.5. 

Definition  4.3.4 

A Priority  Petri  Model  (1)  (PPM(I))  is  a system  fV  = (PN,  M”) 
where: 

1 . PN  = (N,  Pr,  Y)  is  a PPN(l) . 
o 

2.  M is  the  initial  marking  of  PN. 

A Labelled  PPM(1^  is  defined  analogous  to  Definition  4.1.3. 
binilarly,  the  language  families  A(PPM(I))  and  A^(PPM(1))  are  defined 
completely  analogous  to  A (PPM)  <and  A^(PPM). 

In  the  rem.‘inder  of  this  section  wo  shall  show  that  these  nxjdi- 
fied  execution  rules  do  not  alter  the  representation  capabilities  of 
the  Priority  Petri  Model. 

Lemma  4.J.1 

■ (PPM(D)  c A(KPM(I))  and 

A (PPM(D)  c a (EPM(D). 
o - o 

I’roof:  We  begin  by  introducing  a few  notations.  Let  PN  = (N,  Pt , Y) 


nonnegative  integer,  fixed 
Therefore  we  must  have: 
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be  a PPN(I)  where  N = (T,  P,  1,0)  is  the  underlying  GPN.  Suppose 

PN  is  in  some  marking  m' . Rephrasing  Definition  4.3.3,  a transition 

t e T is  firable  in  the  marking  if  and  only  if  Y(t  ) is  a maximal 
s ^ s 

element  of  the  set: 


■Y(t  ) I t £ SCT^,  , for  some  conflict  subcluster  SCT^,  £ Y^ } 
ra  m rk  rk  s 


Let  us  define  for  each  transition  t £ T the  sets: 

U 

Pj  £ </<!,) 


T(Pj) 


H(t  ,)  = f t 


m 


t £ T(t  ) and  Y(t  ) a Y(t  ) } 
ms  s m 


i 


Then,  t^  can  be  selected  to  fire  in  the  marking  M if  and  only  if 

t ^ and 
s 


H(t  ) n It 


t in  M } = 


(*) 


Obviously,  if  H(t  ) = <J>  the  relation  above  is  satisfied  and  t can 

® 1 i ® 

be  selected  to  fire  in  the  marking  M if  it  is  enabled  in  M , regard- 
less of  the  transitions  with  which  it  may  conflict  in  M^. 

Let  us  now  assume  that  H(t  ) ^ 0 and  suppose  M*(p.)  < M.  for  some 

^ 3 J 

p.  £ ).  where 

1 s 


M.  = 
1 


> 


t ^ T(p,) 


l(p..  t ) 


In  this  case  there  may  exist  a conflict  at  p . in  the  marking  M , 

depending  on  the  status  of  the  transitions  in  T(Pj).  Consequently,  the 

firabillty  of  t^  may  depend  on  the  priorities  of  the  transitions  with 

which  it  conflicts.  1ft  o t in  and  p.  is  a place  in  1 I such 

s m ^ ] s m 

that  there  is  a conliict  at  p^  in  M , then  we  shall  say  that  t^  and  t^ 

"conflict  at  p.".  We  si  all  also  say  that  t , and  for  that  matter  t , 

J s m 

"participates  in  a conflict  at  p.".  Let  us  denote  for  each  t £ T: 

J ^ 


•n'(t^) 


U 


[Va^)  - ^/(i  )i 
t c T(t  ) ^ 

m s 


T>(t  ) 'Wi  ) u Ti'd  ). 
s s s 

In  order  to  simplify  notations  let  us  suppose  that 


Tf(t  ) 


’P 


jl’  •• 


’’jq*  ■ 


p } such  that  p.,  G fy^l  ) for 
jn  Jk  s 


1 k < q and  p , £ Ti'(t  ) for  q + 1 ■ k ■ n.  Let  us  also  define  for 
- - jk  s - - 
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each  t > T amt  all  p , C iT'(t  ): 
s ' )k  s 

= max{l(p  t ) | t r T(t  ) H T(p  ) ) 

Ik  j k m m s j k 

At  this  point  it  is  advantageous  to  view  the  ranges  of  the  mark- 
ings of  a PPN(I)  as  vectors  of  nonnegative  integers.  Thus,  the  range 
of  the  restriction  of  any  marking  of  PN  to  ^’(t^)  can  be  represented 
as  a vector  with  n coordinates,  where  the  k-th  coordinate  equals 

M^(p  , 1 ■ k • n. 

,lk  - - 

In  this  spirit  let  us  form  the  finite  set  of  vectors: 


M(t^)  = {(B^, 


• ’ ^q’  ^q+1’ 


’ ^n^  I ^^Pjk’  's>  1 \ 1 'V 


for  1 < k ‘ q and  O'  6,  • m‘  for 


k - jk 


q+1  < k ' nj  - 


- '’jq’  Vl’  I ° \ 1 "’jk 

q+1  •'  k • n; 


From  the  analysis  of  the  vectors  in  the  set  ^Ut^)  we  shall  deter- 
mine the  set  of  markings  of  PN  in  which  the  transition  t^  is  firable. 
First,  we  explain  the  particular  selection  of  the  vectors  in  M(t^). 

We  notice  that  for  any  transition  t^  C T,  the  set  H(t^)  is  fixed 
by  the  definition  of  the  respective  PPN(I).  On  the  other  hand,  in  any 
marking  m’ 

‘t  I t o t in  n T(t  ) 

m s m - s 

and  moreover,  t^  can  participate  at  the  most  in  conflicts  at  places 
P,  I^).  Therefore,  in  order  to  determine  whether  t^  may  be  selec- 

ted to  fire  in  the  marking  , it  is  sufficient  to  examine  the  restric- 
tion of  to  TT(t  ) . 

s 

Consider  a transition  t eT(t),  t t , and  let 

m sms 

p C 7T'(t,)nty^I  ),  i.e.  p.,  cCAl  ) blit  P.K  Obviously,  t 

jk  s ni  Jk  tn  jk.  ^ 

and  t cannot  conflict  at  p.,  but  t » t in  some  marking  M only  if 
^ m i^jk  s m^ 

.M  (p.,  ) ■ I(p,,  , t ).  Suppose  now  that  M is  a marking  of  PN  such  that 

jlt-jkm^  1 s 

the  restriction  of  M to  ^(t^,)  is  a vector  in  M(t^)  and  M (Pj|^)  = 

Let  ,M'  be  another  marking  of  PN  such  that  for  any  Pj^  f 7r(t^),  r k, 

M'  (pj^)  = M^Pjr^  ""jk  - '^m^ 

all  t • T(p  , ) T(t  ),  t o t in  M'  if  and  only  if  t ® t in  M^. 
m ' jk  s ’ s m ^ s m 


Otherwise  vleweJ,  is  firable  in  any  such  marking  M'  if  and  only  if 

is  firable  in  . Therefore,  it  is  sufficient  to  consider  only 

vectors  p for  which  O'  ^ • 

Suppose  now  that  p.,  c)^l  ).  Then,  t <>  t in  some  marking  , 
j k s j s m o I 

where  t e T(p.,  ),  t t , only  if  M (p.,  ) < M,,  . Suppose  on  the 
m jk.m  s ^ )k  jk 

other  hand  that  M is  a marking  of  PN  whose  restriction  to  ^(tg)  is  a 

vector  in  M(t  ) and  M^(p  . ) = M.,  . Let  M'  be  another  marking  of  PN 
® 1 ■ ^ ^ 

such  that  M'(p.  ) = M (p.  ) for  all  p.  £.  fi  ( t ),  r ^ k,  and 

J r ,J  r J r s ^ 

M'(p.,  ) > Then  there  Is  no  conflict  at  p.,  either  In  M or  In  m' 

1 J j It 

and  t is  firable  in  any  such  marking  M if  and  only  if  t is  firable 
s s 

in  M . 

In  particular,  if  in  some  marking  , M^(p.,  ) > M.,  for  all 

J ^ J ^ 

places  Pjj^  then  t^  is  firable  in  M independent  of  the  status  of 

any  other  transition  of  the  net.  Since  we  are  Interested  at  this 

point  in  markings  such  that  for  at  least  one  place  p.,  ). 

j .1  s 

M (p.,)  ■ M,,  , we  have  excluded  from  M(t  ) the  vectors  (3,,  ...  , 6 , 

jk  jk  s 1 ’ q’ 


R ) for  which  B,  = M , for  each  k,  1 ' k < q . 
q+i  n k jk  - - 

Let  ^Ht^)  denote  the  subset  of  such  that  if  B e then 

for  any  marking  of  PN  whose  restriction  to  iT(t  ) is  B,  t is  firable 
i - s s 

in  M is  determined  by  eliminating  from  M(t^)  the  vectors  which 

do  not  satisfy  the  condition  (*)  given  at  the  beginning  of  this  proof). 


Suppose  P = (Bj, 
vector  R'  = (Rj , 
it  for  each  k,  1 


, B ) is  a vector  in  ^(t  ).  A 
n s 


RM  is  called  an  extension  of  B 


, B , R , , . 

q q-fl 

, B',  B’  . 

<1  q+1 

L q , eltlier  or  B^^  > if  Bj^  = and 

for  each  k,  qH  < k • n,  either  B,'  = B,  or  B'  > m^  if  B,  = m*!  . 

- - k k k jk  k jk 

According  to  the  previous  discussion,  t is  firable  in  some  mark- 

1 i ^ 

Ing  M if  and  only  if  tlie  restriction  of  M to  Tr(t^)  is  a vector  in 

,M(t  ) or  an  extension  of  a vector  in  M(t  ) or  if  Mt(p  ) ' M.,  for  all 

s s “ jk 

places  p.j^  * 

With  these  remarks  we  can  now  present  a conversion  procedure  by 
means  of  which  a given  Labelled  PPM(I)  can  bo  converted  into  a 
A-transition  free,  language  equivalent  Labelled  EPM(I).  The  essential 
factor  in  our  procedure  is  the  fact  that  the  set  W(t^)  is  finite  for 
each  transition  t^  of  the  original  PPN { I ) . Our  construct  will  preserve 
the  places  of  the  original  net.  If  t^  is  a transition  such  that 
ll(tg)  = 'll  then  we  shall  Introduce  in  the  EPN(I)  EN  = (T' , P,  I',  O')  a 


ni 


transition  wliicli  is  the  exact  copy  of  the  original  transition  t^, 

i.e.  t^  has  ttie  same  input  anti  output  connections  as  t^. 

het  now  t be  a transition  such  that  H(t  ) ?*  ({).  For  each  vector 

= (Byj.  •••  . 3^)  in  M(t^)  we  shall  introduce  a 

transition  t'  in  T'  such  that: 
sv 


j 

r'- 

^k 

= 0 
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^Pjk’ 
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sv 

(o, 
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^k> 

if  0 • 
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^k 
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= 0 

I' 

t’  ) 
sv 
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if  0 < 
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vk 
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"ik 
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k ' n 

^^vk 

^k 
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'•■ik  ‘ 
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I’ 

(Pj, 

^;v^  = 

= 0 

for 

any  p^ 

e P - 

Tt(ts). 

0’ 

1 

> 

CQ. 

II 

‘'pik' 

^s> 

0(tg,  I 

,.k>  for 

all  p 

jk  " "^'s 

O' 

p.)  = 

= 0 

>.)  for 
J 

any  p . 
J 

c P - 

TT(t  ) . 
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Finally,  we  shall  Introduce  for  t^  one  more  replacement  transi- 
tion, let  it  be  t^,  such  that: 


{ 


M. 

1 

0 


Pj)  . 


"j  - '<”j- 

-0(t^,  Pj) 


if  Pj 

if  Pj  e P -CAig) 

t^)  + 0(t^,  p.) 


if  Pj 
if  Pj  E P 


Our  construct  preserves  the  places  and  the  set  of  reachable  mark- 
ings of  the  original  PPN(I).  In  any  marking  at  most  one  replacement 
transition  introduced  for  a transition  of  the  original  net  can  be 
enabled  (and  consequently  flrable).  The  input  connections  of  each 
replacement  transition  were  determined  such  that  the  transition  can  be 
enabled  only  in  a marking  in  which  the  corresponding  transition  of  the 
original  net  is  also  firable.  The  output  connections  of  each  replace- 
ment transition  ensure  that  the  firing  of  that  transition  in  some  mark- 
ing produces  the  same  effect  on  as  the  corresponding  original 
transition.  It  can  be  verified  that  the  resulting  EPM(I)  generate.s  the 
same  language  as  the  given  PPM(l)  If  all  replacement  transitions  carry 
the  same  label  as  the  original  transition  to  which  they  correspond. 
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Figure  4.3.1  exhibits  a sample  PPN(l).  The  associated  partial 
ordering  Pr  = (Q,  u)  is  given  in  its  Hasse  diagram  representation.  In 
the  given  marking  M , all  transitions  are  enabled  and  form  a unique 
conflict  cluster  CT^  (marked  in  the  picture  with  solid  line).  CT^  in 
turn  contains  two  conflict  subclusters,  and  (marked  in  the 

picture  with  dotted  line).  It  can  easily  be  seen  that  t and  t are 

1 ^ ^ 
tirable  in  M while  t.,  and  t^  are  not.  Figure  4.3.2  depicts  the  EPN(I) 

obtained  by  applying  the  construct  of  Lemma  4.3.1  to  the  PPN(I)  of 

Figure  4.3.1.  Since  the  output  arcs  of  a transition  are  Irrelevant 

from  the  point  of  view  of  the  firabllity  of  that  transition  in  any 

marking,  we  have  deliberately  omitted  from  Figure  4.3.2  all  output  arcs 

in  order  to  simplify  the  picture.  In  the  given  marking,  t|  and  t^  are 

enabled  and  therefore,  firable.  It  can  be  verified  that  none  of  the 

replacement  transitions  introduced  for  the  transitions  t„  and  t,  of  the 

2 4 

original  PPN(I)  is  enabled. 

Let  us  examine  for  a moment  the  differences  between  the  Priority 
Petri  Model  and  the  Priority  Petri  Model  (I).  Clearly,  there  are  no 
"structural"  differences,  the  only  distinction  consists  in  the  rule 
applied  for  the  selection  of  a transition  to  be  fired.  Figure  4.3.3 
depicts  a Priority  Petri  Net.  According  to  Definition  4.1.6,  in  the 
given  marking,  let  it  be  M^ , only  transition  t2  is  firable.  If  we  con- 
sider the  samt!  net  as  a Priority  Petri  Net  (I)  (Figure  4.3.4)  tlien  it 
can  be  seen  that  in  the  same  marking  M^  the  transitions  of  the  net  are 
partitioned  into  two  conflict  clusters  Ct|  and  CT^,  which  in  turn 
contain  three  conflict  subclusters  SCT^^ , ^nd  SCT^^,  respectively. 

According  to  Definition  4.3.3,  in  the  given  marking,  both  t2  and  t^  are 
firable.  Obviously,  the  same  net  may  generate  distinct  firing  sequences 
(and  for  that  matter  distinct  label  sequences  if,  for  example,  t^  and 
t^  carry  different  labels)  depending  on  which  execution  rule  is  used. 
Nevertlieless , one  can  show  tiiat: 

I^errana  4.3.2 

A (PPM)  ‘ A(PPM(D)  and  A (PPM)  > A (PPM(I)). 

0-0 

Proof.  Let  PW,.  = (P^J,  L)  be  a Labelled  PPM  where  PW  = (PN,  M‘' ) , 

''  i 

PN  “ (N,  Pr,  Y)  and  N = (T,  P,  I , 0) . Suppose  PN  is  in  some  marking  M . 

According  to  Definition  4.1.6,  a transition  t L T is  firable  in  M if 
11 

and  only  if  tj^  C E and  Tj^  0 E = ({i  where 

~ ~ . y ‘ ■ — 


T = {t.  I tcT  and  Y(t  ) a Y(t  )} 

K V*  Sa  K S 

Let  us  form  a Labelled  PPM(l)  PW^  = (PN’ , E,  L)  wheie 

P^'  = (PN',  M°'),  PN'  = (N'.  Pr,  Y)  and  N'  = (T,  P',  1',  O').  We  shall 

have  P'  = P U {p  },  where  p ^ P,  and  for  each  t,  e T; 

o '^o  ’ k 


Pr  = (Q,  a)  : 


ma){SCr|}  “ 


Figure  4.3.5 

PPN(I)  Obtained  from  the  PPN  of  Figure  4.3.3 


1'57 


= 


0’(l_  p,)  = 


c 

{ 


(Pj. 


0(1  , p.) 

k.  1 


il  p 
It  p 
it  p 
if  p 


C V 

= P 
P 


O 


^f’(p  ) for  t'ai'li  p.  r P and  M‘  '(p  ) = 1. 
i 1 « 


In  other 


Moreover,  M"  (p.) 

words,  we  tiave  introduied  in  the  CPN  N of  PN  a eontrol  place  p^  on 

wiiich  all  ir.insilions  of  PN'  self-loop.  Ohvioiislv,  the  control  place 

does  not  alter  the  conditions  under  which  a particular  transition  tj^  e T 

is  enabled  but,  as  we  shall  see,  p drastically  changes  the  structure 

o 

of  the  conflict  clusters  and  subclusters  which  can  be  formed  in  any 
marking  . 

Since  all  transitions  l t.  1!  coni  lict  at  i>  we  shal  1 have  in  any 

it  . U j 

a unique  conflict  cluster,  let  it  be  CT^ , 
From  the  detinition  of  a conflict  subciuster 


mark  in  ft  for  which  ^ 


such  that  CTj  = E^ 

follows  that  we  shall  also  have  only  one  conflict  subcluster,  let  us 
,i  , , i 


denote  it  by  SCTj^,  sui  h tiiat  SC1|| 
Definition  'V.'l.l  becomes; 


= E , 
1 transition  t, 


liurefore,  in  the  case  of  PN', 
T is  tirable  in  if  and 


only  if  t is  a maiorant  of  E*^.  Equivalently,  t £ T is  firahle  in  the 


marking  if  and  only  if 


E^  and  ' E^  = i,  where  has  the 


same  meaning  as  in  the  case  of  the  PPM.  This  i.s,  however,  exai'tly  the 
rule  for  the  selection  o!  a firable  transition  in  the  PPM.  Conse- 
quently the  Labelled  PPM(I)  generates  the  s.ame  firiu".  sequences, 

and  therefore  the  same  label  sequences,  as  the  Labelled  PPM  P'jy. 


□ 


The  PPN(I)  of  Figure  U.'i.b  examplifies  the  constiuct  of  Lemma  4.T.2 

as  applied  to  the  PPN  of  Figure  4.I.J.  We  have  seen  (Lemma  4.3.1)  that 

(PPM(D)  A(EPM(D)  and  A (PPM(l))  t.  A (EPM(l)).  From  this  and 

0-0 

Theorems  4.2.1  and  4.1.1(a)  we  then  have  A(PPM(I))  c A (PPM)  and 

1 (PPM(D)  ' A (PPM).  Lemma  4.3.2  proves  the  containment  in  reverse 
o - o 

direction.  Consequently,  we  can  now  state  the  main  result  of  thi.s  sec- 
tion: 


Theorem  4.3.1 

‘(PPM)  = • (PPM(D)  and  f^^(PPM)  = A^^(PPM(D). 
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Section  4.4  THE  C-COLORED  PETRI  MODEL  (I) 

In  this  section  we  shall  introduce  another  class  of  the  CPM,  closely 
related  to  the  C-CPM,  which  we  shall  call  the  C-Colored  Petri  Model  (1) 
(C-CPM(I)).  The  C-CPM(I)  will  be  used  in  our  study  of  the  relationship 
between  the  C-CPM  and  the  PPM. 


Def inition  4.4.1 

A C-Colored  Petri  Net  (I)  (C-CPN(I))  is  a Colored  Petri  Net 
CN  * (N,  C,  F,  R,  Q)  where: 

1.  N,  C,  F,  Q are  as  in  Definition  2.4.1. 

2.  R = R is  the  identity  relation  on  the  set  X- 

E 

Since  all  models  in  the  C-CPM(l)  class  will  employ  the  relation  R 
tile  selection  of  enabling  colors,  we  shall  omit  it  when  defining  a 
C-CPN(I) . 


for 


Clearly,  the  C-CPN(l)  resembles  closely  the  C-CPN,  the  only  distinc- 
tion consisting  in  the  rule  used  for  the  selection  of  enabling  colors. 
Thus,  let  CN  = (N,  C,  F)  be  a C-CPN(I)  in  some  color  marking  CM^ . 

Let  N = (T,  P,  1,  0)  be  the  underlying  GPN  and  suppose  tj^  £ T,  p^  E P 


and  P^  is  an  input  place  of  t^^ 


j 

Let  us  assume  that  l(p,>  t^)  = m, 

^ r 

for  some  integer  m > 0,  and  consider  an  arbitrary  input  arc  a , 

r 

^ ^ r £ m.  Let  us  denote  by  f the  color  threshold  function 

IT  j 

associated  with  a.,  where  c . , for  some  color 

j.  J J k j R 

c.,  ex.  Definition  2.2.2  becomes: 


Def Inition  4.4.2 


A color  c E J)  is  the  enabling  color  of  transition  t, 

r r 

the  input  arc  a,,  if  and  only  if  c = c,,  . 

jk 

As  we  shall  see,  this  rule  for  the  selection  of  enabling  colors 

We  can  already 
CM*  , there  cannot  exist 


on 


will  influence  the  execution  rules  of  the  C-CPM(l) 
notice  that  Irrespective  of  the  color  marking 


a set  of  distinct,  incomparable  colors  which  are  all  eligible  to  become 
the  enabling  color  of  tj^  on  the  Input  arc  a^j^  . Thus,  In  the  case 
of  the  C-cPN(I),  unlike  the  case  of  the  C-CPN,  there  does  not  exist 
a choice  in  the  selection  of  enabling  colors.  Consequently,  the  bag 


of  enabling  colors  of  t^^  from  the  input  place  Pj  becomes: 
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KP  , L^) 


o! 


jk 


u 


r 

'■jk 


wlu-ro  1*  C X,  for  each  r,  1 < r L-  I (p , , 


)k 


jk  ’ jk 


lUiU'i',  the  h.iK  of  enablitiK  cnlortt  of  is: 


- u 


"i " ^'V 


I(P..  L^) 

U c 


jk 


Wf  notice  tliat  in  the  ease  of  the  C-Cl’N(l),  as  opposed  to  the  C-CPN, 

neither  o!,  (for  each  P:  t V'tl,))  >>or  0,"  depends  on  the  color 
j k J ^ k 

narking  CM^ ; therefore  we  shall  drop  the  superscript  i.  We  can 

now  rewrite  the  condition  for  a transition  t,  C X to  be  enabled  as 

k 

loll ows : 

Def  ini  t ion 

A transition  t,  of  the  C-CPN(I)  CN  is  enabled  in  some  color 
k 

marking  if  and  only  if  for  each  P.  £ 


I (p . , t ) 
1 k 


jk 


U 


let  us  denote  for  each  place  p. 


0(t^,  p ) 


u 


r = 1 


'kj 


(bag  union) 


wliere  f,'^.:  ,y*'X)  ^ e X,  for  e.icli  r,  I ' r ' 0(t  , p.) 

k I k ) kj  k 1 

Li>t  us  also  make  the  convention  that  0 =0  if  p.  i ' , . ) 

I ^ .)  ^ 


■^iCTT 
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a = 0 if  p.  ^ fL/Ko  ) . Then: 
j 

Definition  4.4.4 

If  a transition  t is  enabled  in  the  color  marking  CM^  and 

i i+1  ^ 

CM  f t,  > CM  then  for  each  p C P 
k J 

(pj  = (CM^(p.)  - U \y 


We  notice  that  In  the  case  of  the  C-CPN(I)  the  effect  of  the 

firing  of  a transition  in  any  color  marking  CM^  is  fixed  and  therefore 

if  CM^[t  > CM^  ^ then  the  color  marking  is  uniquely  deter- 

^ 1 

mined  by  CM  and  tj^  . 

Regarding  the  dynamic  behavior  of  a C-CPN(I),  we  notice  that 
the  priority  of  a transition  tj^  is  g.  il  .b(@(0j^))  and  therefore 
fixed  and  independent  of  the  color  marking  of  the  net  (we  remember  that 
in  the  case  of  the  C-CPN  the  priority  of  a transition  depends  on  the 
particular  selection  of  enabling  colors  and  therefore  may  vary  from  one 
color  marking  to  another  and  even  for  the  same  color  marking). 

The  execution  of  a C-CPN(I)  follows  the  execution  rule  given  for 
the  CPM  in  Section  2.3,  hence  an  enabled  transition  is  firable 
in  some  color  marking  CM^  if  and  only  if  it  is  a majorant  of  all  the 
conflict  subclusters  in  which  it  is  contained.  The  definitions  of 
Section  2.3  can  immediately  be  particularized  for  the  case  of  the  C-CPN(I). 
Finally,  a C-CPM(I)  is  defined  analogous  to  Definition  2.4.2. 

Figure  4.4.1  exhibits  a sample  C-CPN(I).  All  transitions,  with  the 

exception  of  t_  , are  enabled  in  the  given  color  marking,  let  us 

^1  i 

denote  it  by  CM  . There  are  two  conflict  clusters  in  CM  , which  we 

have  denoted  by  CT^  and  CT^  , each  of  which  contains  a conflict 

subcluster,  SCTj  j and  ^^^21  ’ easy  to  see  that 

transitions  tj^,  t^  snd  t^  are  firable  while  t^  is  not. 

A Labelled  C-CPM(I)  is  defined  completely  analogous  to  a Labelled 

C-CPM.  Similarly,  the  language  families  A(C-CPM(I))  and  A^(C-CPMd)) 

are  defined  the  same  way  as  A(C-CPM)  and  A (C-CPM)  , respectively. 

o 

dsntnji  4.4.1 

A(C-CPM(D)  C A(PPM(1))  and  A^  (C-CPM(I ) ) C (PPM(  I ) ) . 


g.£.b.(V^(0|^)) 
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‘^2 

J 2 

"3 

1 

V.  conflict  at  the  place  p 

( for  tlie  color  c. 
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Figure 

4.4.1 

.S.nmple 

c-c;i’N(i) 

1A2 


PPM(I)  P.V  ^ = (PW.  E,  L'), 


Proof : Let  = (CP,  E,  L)  be  an  arbitrary  Labelled  C-CPM(I) 

where  CP  = (CN,  Cm")  , CN  = (N,  C,  F)  , N = (T,  P,  I,  0)  is  the  under- 
lying GPN  and  C = (X,S)  is  the  set  of  colors  associated  with  N. 

We  want  to  construct  a language-equivalent,  A-transition  free  Labelled 

Let  PN  * (PN,  M°)  where 
PN  = (N',  Pr,  Y)  and  N'  = (T' , P',  l'.  O'). 

We  shall  first  define  the  structure  of  the  GPN  N'.  Let  |t'|  = |t|, 

i.e.  for  each  transition  t,  e T we  shall  introduce  a transition 

k 

t|^  in  T'  (t|^  will  be  called  "the  transition  of  T'  corresponding 

to  t,  e T").  Next,  for  each  place  p.  e P we  shall  introduce  in  P' 

^ J 


In  order  to  simplify  the  notations 


a set  of  places 
we  shall  make  use  of  the  following  mappings: 

a)^:P  ^ ^(?' ) (^(P'  ) denotes  the  power  set  of  the  set 


} 


P')  such  that  for  each  place  Pj  E P we  have  ^ Pj  |X 

b)  For  each  color  c^  C X let  P P'  be  the  function  defined 

by  = Pjj.  > fo'"  all  Pj  ^ P- 

c)  . T T'  such  that  t|^)  = t|^'  for  each  tj^  e T,  and  t|^ 
is  the  transition  of  T'  corresponding  to  tj^  . 

The  mapping  ^Is  both  one-to-one  and  onto  while  the  mappings 
(for  each  c^  E X)  and  ^ are  only  one-to-one. 

d)  Let  R(CM°)  and  R(M°)  denote  the  set  of  reachable  color 
markings  and  the  set  of  reachable  markings  of  CP  and  PW,  respectively. 
Let  ^ : R(CM°)  -*•  R(M*^)  be  a mapping  such  that  given  some  marking 

e R(M°)  and  some  color  marking  CM^  E RCCM'^)  tlicn  if 

and  only  if  for  each  p,  e P and  any  c EX 

j r 


M^.9^^(Pj))  = #(c^,  Cj) 


We  can  proceed  now  to  define  the  input  and  output  incidence 

functlon.s  of  N'.  Suppose  t,  E T and  let  us  assume  that  p 

^ ^ J ^ 

We  shall  denote  for  each  color  c E X,  //(c  , 0,,  ) = m,,  ; certainly 

r r Jk  jk 

I mji^  • KPj,  tj^).  For  each  c^.  E X,  let: 

C E X 
r 


■jk- 
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This  rule  is  repeated  for  all  p e and  all  transitions  t,  £ T. 

-1  K-  j.  k 

Suppose  now  that  p^  and  let  m = #(c  ,a  )_  jp  P‘i 

^ K V K.y 

we  shall  then  have: 

))  = . for  each  c e X- 

K r ^ Rs  f 

This  rule  is  repeated  for  all  p.  £ (j/KO  ) and  all  t,  £ T.  The  defini- 

S R R 

tion  of  the  GPN  N'  = (T',  P',  1',  O')  is  now  complete.  Let  us  next 
Set  P^  = C and  define  the  priority  function  Y by 

Yd;)  . 


for  each  transition  t,'  E T' . 

k 

Figure  4.4.2  displays  a typical  transition  of  a C-CPN(I)  while 
Figure  4.4. J illustrates  the  result  of  the  construct  given  above, 
as  applied  to  the  transition  of  Figure  4.4.2. 

Suppose  now  that  the  C-CPN(I)  CN  is  in  some  color  marking  CM^ 
and  let  f f-  f ^ transition  enabled  in  CM^.  Hence,  for  each  place 
p,  colors  c^  E X,  we  must  have: 

He.  c!)  > #(c  , 0.,  ) 

r j - r jk 

l et  be  the  marking  of  PN  such  that  = ^(CM^)  . Then,  for 

each  place  p.^  - = ^ (P^),  for  all  p.  E ry<l^),  we  must 

have : 

M^,/'(p  ))  = //(c  , C\)  ■ He  , Q.J  - m^. 

r 1 t J r jk  ik 


Therefore,  fjl^t|^)  Is  enabled  in  the  marking  M*  and  consequently 
the  set  of  transitions  of  PN  enabled  in  M is  ^(E^)  , where 
denotes  the  set  of  transitions  of  CN  enabled  in  CM^  and  the  mapping 
been  naturally  extended  to  a set. 


V = 


} is 

^ >>  = 

kn 


an  arbitrary 

ft. 


“kl 


subset  of  T then 


‘=2’  ^3*  % " g-^-b.(Sko  ))  = c 
Figure  4.4.2 

Topical  Translt-on  of  a C-CPN(I) 


n 1 1 


Figure  4.4.3 

Transition  of  a PPN(I)  Obtained  from  the  Transition  of  Figure  4.4.2 


I. ft  US  now  suppose  that  p . t,  P i s a place  of  CN  such  that  there 

exists  a conflict  at  p.  for  the  color 

.) 

Let  us  define  for  each  p^ e P and  for  all  c^  e X the  sets: 


c in  the  color  markine 
r 


t‘'(pJ  = lt|^  1 t^  G T and  #(c^,  0.^)  > 0} 
Certainly,  t'^CP^)  ^ i'(p.).  Then: 

X;  "'C  "ik'  ■ E ’’ik'  “ '‘V'  ‘•'i> 

t e T(p.)  n k'-  t,  c t’'(p.)  n i:' 

k J k I 


for  each  t, 


and 


'k  s 

conflict  at  the  place 

CM^ 


r i- 

in  T (p.)  n K we  shall  say  that  "t,  and  t 
j k s 

p for  the  color  c in  the  color  marking 
‘,1  r 


Since  is  an  isomorpli  ism  we  must  have: 


n !•")  = n = T(J/'J_(p,))  n 


Hence 


n ,>T(k')  t|^  e T(p.)  n !■:' 

Since  M"'’  = ^(CM  *')  we  must  also  have 


X)  ‘k^  ^ cj)  = M^,/^(p.)) 

tk  e T(,y;(n.))  n ,>T(p/) 

Hence  there  is  a conflict  at  ■ru.  , ) in  the  marking  M . Using  a 
similar  argument  it  can  he  shown  that  t^^  and  t^  conflict  at  p^  for 
the  color  c in  the  color  marking  CM^  if  and  only  if  (tj^)  and 
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J?-(  t^)  conflict  at  K (Pj)  in  the  marking  M . It  is  therefore  easy  to 

see  that  t,  ° t in  CM^  if  and  only  if  ^(t,  ) “ ^(t  ) in  M . 
k m ^ k m 

It  follows  that  SCT  is  a conflict  subcluster  of  CN  in  the  color 

marking  CM  if  and  only  if  f^(SCT  ) is  a conflict  subcluster  of 

s i 

PN  In  the  marking  M . Conversely,  tj^  participates  in  CM  in  a 

conflict  subcluster  SCT^^j  if  and  only  if  t|^)  participates  in  M 

in  the  conflict  subcluster  ^(SCT^  ).  According  to  the  definition  of 

rn 

the  priority  function  Y,  ^(t  ) can  be  a majorant  of  all  conflict 

^ s 

subclusters  in  which  it  particpates  in  M if  and  only  if  t,  is  a 

^ i 

majorant  of  all  conflict  subclusters  in  which  it  participates  in  CM  . 

s 

We  can  conclude  that  tj^)  is  firable  in  M if  and  only  if  t^^  is 

firable  in  CM^  , where  M''’  = ^(CM^). 

From  the  definition  of  the  functions  I'  and  O'  follows  that  if 
CM^(t|^  > CM^'^^  then  ^ (CM^)  (^(  t (CM^'*’^)  . Thus,  if  M°  = V5?(CM°) 
and  L'  >=  each  tj^  e T then  p\l^  generates  the  same 

language  as  CT^  (If  a final  color  marking  CM^  is  given  then,  obviously, 

= <g’(CMS). 

□ 

Note;  The  number  of  places  of  PW  is  considerably  larger  than 
the  number  of  places  of  CP,  i.e.  jp'l  = |X|-|p|.  We  can,  however, 
reduce  the  number  of  places  used  in  our  construct  by  introducing  in  P' 
places  Pj ^ only  for  the  colors  c^  e X which  may  occur  in  p^  (in  any 
reachable  color  marking  ),  for  all  p.  £ P.  Thus,  suppose  Pj  e P and  let 

X,  '{c  l c e X and  (/(c  , C°)  > 0}  U I — J <^a  ) 

L'^k  J 

(remember  that  $ if  Pj  ^ Then,  the  mapping  is 

redefined  as  follows: 


^Pj)  - ^Pjr  I ^r  ^ ^ 

Also,  ,5^(Pj)  is  undefined  if  ^ X^ . 

The  complete  construct  employed  in  I.emma  4.4.1  is  examplified  in 
Figure  4.4.4  as  applied  to  the  sample  C-CPN(I)  of  Figure  4.4.1.  It  is 
easy  to  verify  that  only  transitions  t|  , t^  and  t^  are  firable  in 
the  given  marking. 


J 
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Lemma  4.4.2 


A(EPM)  A(C-CPM)  and  A (EPM)  <-  A (C-CPM) 

* — O o 

Proof : Let  = (EfJ , T , L')  be  an  arbitrary  Labelled 

EPM  where  LM  = (EN,  M°)  and  EN  = (T,  P,  I,  0)  is  the  underlying 

EPN . We  want  to  build  a language-equivalent,  ^-transition  free 

Labelled  C-CPM  CT^  = (CP,  E,  L').  Let  CP  = (CN,  CM*^ ) where 

CN  = (N,  C,  F)  , N = (T' , P' , I' , O')  is  the  underlying  GPN  and 

C = (X,^)  is  the  color  set  associated  with  N. 

We  shall  introduce  for  each  place  p.  e P a distinct  place  p! 

J J 

in  P'.  Moreover,  the  set  of  colors  X will  contain  two  distinguished 
colors  c.  and  c by  means  of  which  any  reachable  marking  M^(p  ) 

^ ® i , J 

will  be  encoded  in  terms  of  the  color  marking  CM  (Pj  ) as  follows: 

i)  if  M^(p.)  = 0 (i.e.  p,  is  "empty")  then  CM  (p.')  = < c >. 

i 

1 i M (P,) 

ii)  if  M (pj)  > 0 (i.e.  p,  is  "full")  then  CM  (p  j 

Our  construct  will  ensure  that  no  tokens  of  other  colors  will  ever 
occur  in  any  such  place  p^  . 

Let  us  now  define  for  each  transition  t,  £ T the  following  sets: 

K 

p;  . S)(0^)  n P” 
p-  - 3 (op  n P^ 


>. 


Certainly,  P,,  H P,  = <^. 

K K. 


Consider  an  arbitrary  transition  t^^  of  EN  and 


let  us  briefly  examine  the  effect  of  the  firing  of  t,  in  some  marking 

i ^ 

M with  respect  to  the  places  to  which  t^^  is  connected: 

a)  Pj  e Pj^  - P^.  Thus,  KPj,  tj^)  > 0 and  P j ) = i.e.  p^ 

is  only  a normal  input  place  of  tj^.  If  M^(p^)  = I(Pj>  then  the 

firing  of  t,  will  change  the  status  of  p.  from  "full"  to  "empty." 

i ^ 

If  M (p  ) > I(p  , t ) then  p will  reiiuiin  "full"  even  after  the  firing 
J J J 

of 

b)  p,  £ P^.  In  this  case  both  1 (p , , t.)  > 0 and  G(t  , p ) > 0, 

J k J K J 


Consequently,  the  firing  of  tj^  maintains  the  "full"  status  of  Pj  • 

c)  pj  £ P^  - P|^.  Thus,  I(Pji  tj^)  = C and  0(t|^,  p^ ) = 0,  i.e.  p^ 

is  only  an  inhibitor  input  place  of  t^.  Therefore,  tj^  can  fire  only 
if  pj  is  "empty"  and  the  firing  of  tj^  will  not  alter  this  status  of  P^ 
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d)  p,  t-  . lu  this  case  t ) = C and  0(t,  , p.)  > Q. 

1 Ik  k 1 


t,  can  fire  only  if 
k 


is  "empty"  but  the  firing  of  t. 


Thus  , 
will  always 


switch  the  status  of  p.  to  "full". 


0(t, 


f)  P.  E ) 

J *' 


K '>  V- 


Therefore,  I (p . , t ) = 0 but 
J k 


1' , ) > 0.  After  the  firing  of  t the  statvis  of  |i . will  always  be 
1 k J 


"full"  but  the  firing  of  t may  cause  a change  in  the  status  of  p , 
i 

depending  on  M (p . ) • 

We  shall  introduce  for  each  transition  t,  £ T a set  of  replacem 

k 

transitions;  each  replacement  transition  will  simulate  the  firing  of 


t|^  with  respect  to  a certain  distinct  category  of  markings  of  EN . 
primary  importance  to  our  construct  will  be  to  properly  detect  the 


Of 


changes  in  status  which  the  firing  of  tj^  may  cause  for  the  places  to 
which  it  is  connected. 

In  order  to  simplify  notations  let  us  suppose  that  p”  - P,  = {p, 


k ‘k  "Mr 

is  enabled  (and  therefore  firable)  in  some 

r,  1 < r < s. 


...,  p.  ;.  Obviously,  t, 
f S , , K 

* 1 i 

marking  M onlv  if  M (p , ) > I (p . ^ , t ) 

' ir—  jr.  k . — 

-J  1 n « 

The  restriction  of  any  such  marking  M to  Pj^  ~ represented  by  an 


for  each 


s-tuple  of  binary  digits  B = (B^ , 


, B ) where ; 
s 


1 if 


0 if 


M (p.  ) 
jr 


M ( p . ) = 1 ( p . , 

It  J r 


1 < r < s 


Let  us  call  B the  "binary  representation  of  the  restriction  of  M to 

Ip  ,,  ...,  p.  }."  We  note  that  if  B = 0 for  some  r,  1 ' r < s,  then 
' ) 1 ‘ js  - - - 

the  firing  of  t 


}."  We  note  that  if  B =0  for  some  r,  1 

r — “ 

in  M will  produce  a change  in  the  status  of  p.^  , 

= 1 then  the 


namely  from  "full"  to  "empty".  On  the  other  hand,  if 
st.itus  of  p,^  will  remain  "full"  after  tlie  firing  of 
binary  representation  of  the  restriction  of  the  color  markings  CM 


A similar 
i 


of 


CN  to  { p p } can  be  defined  (remember  that  we  shall  have 
i ' M * f u ^ 

CM  (p*  ) = *'  Cj-  ^jr)  > for  each  r,  1 5 r S s). 


jr  ^ 

For  each  s-tuple  of  binary  digits  B^  = 

introduce  in  T'  a replacement  transition  t,'  of 

' kv 


B ) we  shall 
vs 

For  each  r. 


1 


r ^ s,  let: 


*.1r  kv  ^ 


1 50 

“"jr- 

if  Pvr 

KPjr-  \1  * 1 

if  B,, 

for  1 < n < I ' (p'  , t ' ) 

‘^jr  kv 


Pjr)  : 1 


'kvV  = 


if  6,,  = 0 


if  B = 1 

vr 


Obviously,  we  have  introduced  2 distinct  replacement  transitions 

g 

We  notice  that  the  2 tuples  6^  can  be  grouped  into  exactly  s + 1 

groups,  all  tuples  in  a group  having  the  same  number  of  digits  1.  If 

6^  belongs  to  group  q,  l£q^s+l,  and  t^^  is  the  replacement 

transition  corresponding  to  B^  then: 

1)  t^^  can  be  enabled  in  a color  marking  for  which  the  binary 

representation  of  its  restriction  to  {p!i  ,...,  p!  } belongs  to  some 

js 

group  r,  r > q. 

ii)  t|^^  cannot  be  enabled  in  any  color  marking  whose  restriction 
to  ^Pji  Pjg  ^ ^ binary  representation  which  is  a tuple  in 

groups  1,  ...,  q but  different  from  6^ • 

Nevertheless,  in  order  to  correctly  implement  the  encoding  rule 
*)  given  at  the  beginning  of  this  proof,  we  want  each  replacement 
transition  t^^  to  be  flrable  only  in  those  color  markings  whose 
restriction  to  fp',  , • • • . P } has  B as  binary  representation  and 

J 1 j s V 

in  no  other  color  markings.  We  shall  achieve  this  by  manipulating  the 

I 

priorities  of  these  replacement  transitions.  Thus,  all  transitions  tj^^ 

corresponding  to  tuples  B^  belonging  to  the  same  group  q,  l_<q<s+l, 

will  have  the  same  priority  to  fire  in  any  color  marking  (in  which  they 

are  enabled)  and  their  priority  will  be  strictly  less  than  the  priority 

of  any  enabled  replacement  transition  corresponding  to  some  tuple  in  the 

group  q + 1.  Let  us  therefore  Introduce  the  colors  '^ks+i 

X and  let  us  (temporarily)  set  Cj^q  < f°^  f 5.  ‘I  < s + 1.  Next, 

we  shall  introduce  a place  p^l^  in  P'  on  which  each  replacement 

transition  t,'  self-loops: 
kv 


* "’^^kv*  p;k>  = ^ 


ok  kv  ’ 


i '■>1 


^kq’  kv  ok’ 
whore  q is  the  group  of  binary  s-tuples  to 
we  sliall  introduce  a new  color  in  X 

1’’,  or  which  all  replacement  transitions  L 


which  6 belongs. 

V 

uul  anotlier  place  p 
sol f- 1 oop : 


kv 


Final  1 y , 


ko 


in 


l,'  ) = o'  it' 

K V kv 

• ''L>  - ' 

] 

1 . , : 
KO  K V 

* C 1 ; 

Av'ko^  >- •y’«)  ’ =1 

tl 

A 

n 

’ ^'ks+l  ^ ~ ^1  ^ then  tiiese 

color  bags  of  p and  p^^^  , respectively  will  be  preserved  unaltered 

in  any  other  reachable  color  marking  of  CN . As  already  mentioned,  the 

sole  purpose  of  the  places  p^^l^  and  p^^^  is  to  enforce  the  priority 

rule  among  the  replacement  transitions  tj^^  discussed  earlier.  In  any 

reachable  color  marking  Pj^'^  creates  a conflict  for  the  (unique)  token 

of  color  Cj  among  all  replacement  transitions  t^^^  enabled  in 

that  color  marking.  Therefore,  in  any  reachable  color  marking  all 

enabled  transitions  t,'  are  in  the  same  conflict  subcluster. 

kv 

This  construct  is  applied  to  all  transitions  t of  EN  for  which 
^ k 

f'*  - P,  4 '(>.  Note,  however,  that  we  want  to  enforce  a priority 

k K 

iiierarchy  only  among  Lite  replacement  transitions  introduced  for  the 
same  transition  tj^  of  the  original  net  but  not  among  replacement 
transitions  introduced  for  different  transitions  of  EN  (remember  that  in 
EN  any  enabled  transition  can  he  selected  to  fire).  Therefore,  we  shall 
Impose  the  following  partial  ordering  among  the  colors  of  the  set  X: 


.1 


1 ‘j  i 


rill'  colors  ;iiul  c.^  wore  i iiLrociucecl  in  order  to  obtain  a lattice, 

as  ri-qiiired  by  the  definition  of  the  C-C!’M.  from  tiie  con.strnct  presented 

so  tar  it  tollows  that  X will  be  a finite  set.  For  each  of  the  replace- 

mi'iit  transitions  particular  structure  of  the  lattice 

= (X,-  ) and  to  the  corresponding  color  threshold  functions, 

g . > . b . (f_/(u^  ))  = g.  JZ..  b . ({c  , , c^. , c,  })  = c in  any  reachable  color 
k-V  ■ It  k<i  kq 

marking  CM‘  in  which  tj^^  is  enabled,  wliere  q is  the  group  of  binary 

s-iuples  to  which  the  tuple  (corresponding  to  belongs. 

In  case  pj^  - I’^  = 4'  fnt  some  transition  tj^  of  KN , we  shall 

introduce  a single  replacement  transition,  say  , in  T'  and  one 

color,  say  c,  ,,  in  X.  The  transition  t,',  will  self-loop  on  the 
kl  kl 


p I a Cl' 


as  described  earlier  but  will  not  have  any  other  input  or 


output  connections.  The  place  pj!^  is  certainly  not  needed  any  more. 

In  what  follows,  we  shall  "refine"  the  replacement  transitions  t|^^ 

introduced  so  tar  in  order  to  simulate  the  firing  of  tj^  with  respect 

to  the  other  categories  of  places  to  which  tj^  is  connected. 

Let  p,  I 1'!  and  suppose  p ! is  the  place  of  CN  introduced  for 
I k ,1 

;>  . For  each  replacement  transition  t,'  introduced  ;it  the  previous 
■ j ‘ kv 

top  el  our  construct  we  shall  in  addition  set: 


‘■kv^  j ’ '"k^  ’ 

= <>(t^,  p.) 

,y»tXl  • C| 

for  1 < n 

b/c 

,y>(X)  - ,y>iX;  > Cj 

for  1 < n 

- P'i> 

Suppose  now 

that  p,  • 1’,^'  - I’,  . 

) k k 

For  each 

replacement 

transition  t,' 
kv 

We  sh.i  II  set  : 


I 

^kv^  * 

= 1 

4 

1 1 kv 

,y>(x) 

1 

‘ c ; 1, 

e kv  ] 

: ,y»(X)  X ,^x)  * c^ 

bet  now  p^ 
havi- : 

' *’k  ■ 

Then,  for 

each  replacement  transition  t^^^  we  shall 

rcp’.i 

1 

^kv'  ' 

* ’ S kv' 

"’(L'  , 

k V 

, p!)  ^ 

•>(t^,  p ) 

^ ■*! 
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‘kv’V  ^ f’?- 

Let  us  now  consider  the  last  category  of  places  connected  to  t,  . Sup- 



pose  first  tliat  tliere  exists  only  one  place  p.  in  U f’j^)  • 

In  order  to  simulate  correctly  the  status  cliange  which  the  firing  of  t, 
may  cause  f >r  p.,  we  shall  replace  each  transition  tj^^  by  two  copies, 
tj^^j  and  t|^y2’  will  have  exactly  the  same  input  and  output  con- 


nections as  t 


kv‘ 


In  addition: 


‘■‘I’i’  ‘k„2>  • ' 

•VkvC  * % 


‘kvrj=  - c^  for  1 < n L-  0'(t^^^,  p^ 

^v2".i=  " ‘^f  ^ - •’  P? 

Obviously,  t,'  , and  t,'  . cannot  be  simultaneously  enabled  in  any 
reachable  color  marking  of  CN.  If  there  are  more  than  one  places  in 
^yyo^)  - (P^  U Pj^)  then  the  resulting  transitions  are  further  refined 
according  to  the  above  construct  for  each  such  place  in  turn. 

We  note  that  the  refinements  which  we  liave  presented  above  cannot 
change  the  priority  of  any  replacement  transition,  in  any  reachable 
color  imirking  of  CN.  If  each  replacement  transition  introduced  for  some 
transition  t^^  of  the  original  EPN  EN  carries  the  same  label  as  t^^  then 
the  resulting  Labelled  C-L'PM  will  generate  the  same  language  as 

□ 


Figure  4.4.5  illustrates  a sample  EPN.  In  the  given  marking  only 
transition  t2  is  enaoled.  Figure  4.4.6  displays  the  C-CPN  obtained 
by  applying  the  construct  of  Lemma  4.4.2  to  the  EPN  of  Figure  4.4.5. 

It  is  easy  to  .see  that  both  replacement  transitions  tj^^  and 
introduced  for  the  transition  tj  of  the  original  EPN  are  disabled.  On 
the  other  hand,  both  replacement  transitions  introduced  for  transition 
t^  ot  the  original  net  are  enabled.  Due  to  the  conflict  at  the  place 
p^y,  only  t^2  firable. 

We  notice  that,  in  general,  if  the  Labelled  C-CPM  CP^  produced  by 
tiie  coristruct  of  Lemma  4.4.2  is  executed  according  to  the  execution 


Figure  4.4.5 
Siimple  EPN 


rules  of  a C-CFM(l)  (i.e.,  we  use  the  relation  R rather  than  R 

K LL 

for  the  selection  of  enabling  colors)  CP^  will  perform  the  same  firing 
sequences,  and  therefore  generate  the  same  label  sequences,  as  before. 

Due  to  the  particular  structure  of  the  color  set  C = (X,)  and  to  the 
w.iy  in  which  the  color  threshold  and  color  output  functions  of  the 
particular  transitions  were  defined,  in  any  reachable  color  marking  of 
V V there  does  not  exist  any  "choice"  in  the  selection  of  enabling 
colors.  Thus,  each  transition  is  forced  to  select  as  enabling  colors 
exactly  the  colors  of  its  own  (constant)  color  threshold  functions  which, 
in  f.act,  is  the  rule  governing  the  selection  of  enabling  colors  in  a 
C-(;i’M(l).  Consequently,  we  can  state: 

A(K1>M)  9 A(C-CPM(I)) 

•ind 

A (EPM)  9 A (C-CPM(l)) 

« o 

Combining  this  result  with  Lemma  4.4.1,  Theorem  4.3.1  and  Theorem 
4.1.1(a)  we  can  conclude: 
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Sec  t ion  A . 5 THE  BETWEEN  JHE  _^£PN  AND  1H1E_  PPM 

Based  on  the  results  presented  in  the  previous  sections  of  this 
cliapter  we  can  finally  proceed  now  to  investiftate  the  relationship 
between  the  C-CPM  and  the  PPM.  First,  let  us  however  introduce  the 
following  comi)osition  operation  on  lattices  we  shall  make  use  of  later 
in  this  section. 

It  is  known  tluit  any  nonvoid,  finite  lattice  C = (X,-_)  has  a 
least  element  (denoted  by  0)  and  a greatest  element  (denoted  by  1) 
([BIRK-671).  Even  though  we  shall  employ  similar  notations  for  the 
least  and  greatest  elements  of  a lattice  and  for  the  output  and  input 
incidence  functions  of  a CPN,  respectively,  the  distinction  will  be 
clear  from  the  context. 

Let  Cj  = ^2  ~ be  two  arbitrary  nonvoid, 

finite  lattices  such  that  fl  .X^  = <J>  (this  condition  can  easily  be 
met  through  a(jpropriate  renaming).  We  shall  define  the  concatenation 
of  and  , denoted  by  ^2  ’ partially  ordered  set 

C = (X,  • ) where ; 

1.  X = Xj  U X^ 

2.  < = • 1 ^ ■ 2 ^ ^^^2’  ‘’l^^ 

The  concatenation  of  two  (finite)  lattices  can  be  schematically  repre- 
sented in  terms  of  their  Masse  diagrams  as  in  Figure  4.5.1. 

It  can  easily  be  verified  that  C = f is  a lattice  itself 

and  that  1 = 1 and  0 = where  denotes  the  greatest  element 

of  the  lattice  and  denotes  the  least  element  of  the  lattice 

C^.  We  notice  that  in  general  Cj  t C2  ^ C2  ^ i.e.  the  concatenat ion 

operation  on  lattices  is  not  commut.ative.  On  the  other  hand,  the 
concatenation  operation  1 can  easily  be  seen  to  be  associative,  i.e. 

(C^  f C2)  1 C.J  = t (C2  1 C,^)  = Cj  102  102  for  any  arbitrary 
finite  lattices  0^.  and  O^- 

l.emitu^  A 1 

A(C-OPM)  c A(0-0PM(D)  and  A (0-CPM)  c A (C-OPM(I)) 

— 0—0 

Proof:  Oonslder  an  arbitrary  Labelled  C-OPM  CP^  ~ {CP,  Z,  L)  where 

7 •=  (ON,  OM"),  on  = (N,  0,  F),  N = (T,  P,  I.  0)  is  tlie  underlying  GPN 
and  C * (X,l)  is  the  set  of  colors  associated  witli  CN.  We  shall  first 


t 
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Figure  4.5.1 

The  Concatenation  of  Two  Finite  Lattices 


construct  a Labelled  C-CPM(I)  CB.\  = (.  L'P',^' ,L' ) which  generates  through 

^ o' 

erasure  the  language  of  CPj-*  Let  CF'  = (CN' , CM  ) where 
CN'  = (N’,  Cj,  F')  and  N'  = (T* , P’.  l',  O'). 

We  shall  first  build  the  set  of  colors  C^  = of  CN'. 

Consider  the  set  of  colors  C - (X,S)  of  CN.  C is  by  definition 
a finite  lattice.  Let  then  C'  = (X',i')  be  a lattice  iso- 
morphic to  C;  hence,  there  exists  an  order  preserving  isomorphism 
h : X -►  X' . Since  C'  is  a finite  lattice,  there  exists  the  dual  of  C' 
let  us  denote  it  by  C"  = (X’ ,-  ) • Obviously,  C"must  be  a lattice  tO' 
((BIRK-67]).  We  note  that  the  bijectlon  h : X -♦  X'  is  a dual  isomorphi 
between  C and  C"  . Thus,  for  each  x e X and  y e X we  shall  have 
X ^ y if  and  only  if  h(x)  £'  h(y)  if  and  only  if  h(y)  £"  h(x). 

Suppose  now  that  A is  the  set  of  directed  arcs  associated  with 
the  GPN  N.  Let  C A be  the  set  of  input  arcs  of  the  G?N  N. 

Let  h'  be  a bijectlon  from  A^  onto  A',  A'O  A^  « (}>,  defined  by 
h*(a^  ) - x^  , x^  e A',  for  each  arc  a^  e A^  and  let  X'" 


be  the  set 


X'"  = A 

' U U"', 

o’",  xi 

We  shall 

define  the  following 

f inite  lattice  C'" 

= (X 

!lf  < * \ . 

» — / • 

] . 

For 

each 

a . , e A and 

)k 

a'l  E Ah 
mn 

xh  i'" 

Jk  - 

x'l 

mn 

Cl 

and  X 

mn 

r 

""jk 

, where  x^, 
ik 

and  = h 

mn 

’(a'>  ). 
mn 

2 ^ 

For 

e.ach 

r i 

arc  a.^  E A 

■ ■'Ik 

X and  X 

L"' 

X*",  , where 
jk’ 

). 

'3. 

I 

.and 

O'"  are  the  greatest 

and  the 

1 east 

elements  i 

respectively. 

Finally,  let 


and 


c'^  = ({c'},  <'^) 


be  two 


lattices,  where  the  partial  ordering  relations  and  are  trivially 

defined  on  the  singleton  sets  {c"^}  and  {c  respectively. 

IV  V 

(Figure  4.5.2  displays  the 


Then,  = C 


f inite  lattice 


+ C t C'"  f C"  t C 
schematically). 
Consider  now  a transition  t, 

K 

r 


1 < r j<  Up  , t ) 

CM  . We  note  that  if 


of  the  original  C-CPM  CN  and  suppose 

f rom  p . , 

1 

Let  us  also  assume  that  CN  is  in  some  color  marking 

is  the  color  threshold  function 


P:  E r/(I  ).  Let  a.,  be  an  arbitrary  input  arc  of  t, 

J k J K K. 


: ^(X) 


)k 


c . , 
Jk 


a^l^  then  the  color  threshold  imposed  by 


associated  with  the  arc 

f*”  for  the  selection  of  the  enabling  color  is  in  fact  independent 
Ik 

of  the  color  bag  C..  Moreover  a color  c e can  be  selected  as 

' r ^ r 

enabling  color  of  t,  on  the  input  arc  a..  only  if  c ^ c..  . Let  then 

K J ^ .]  ^ 


ik 


= {c 


c e X and  c 5 c 


ik'' 


The  set  X 


jk 


contains  all  ttie  nodes  of  tlie  llasse  diagram  of 

r 


C = (X,  •_)  which  1 ie  in  the  paths  between  c 


jk 


and  I.  We  note  that 


the  Lasse  diagram  of  C is  an  acyclic  finite  graph  and  thus  there  are 

I" 

only  a finite  number  of  distinct  paths  between  any  element  c e X and  I. 

r r r r ^ ^ 

Since  ^ must  have  g.S,.b.(X^j^)  = ‘^jk’ 

Let  us  extend  the  bijection  h : X *■  X'  to  a set.  Thus,  if 

Xj  C X then: 


h(Xj) 


fh(c)  1 c E X.} 
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have 

and 

Thus 
P'  . 


+ 


Figure  4.5.2 
Tiie  Set  of  Colors  =• 


Since  h is  the  dual  isomorplilsm  between  C and  C"  we  must 


hCx^k) 


{c*  I c'  C X'  and  c'  5"  h(cy  )} 

jk 


l.u.b. (h(Xjk>) 


(see  Figure  4.5.2). 

Our  construct  will  pieserve  the  places  of  the  original  C-CPN  CN . 
, for  each  p^  e P we  shall  Introduce  a corresponding  place  Pj ' 
Our  construct  will  also  ensure  that  the  restrictions  of  the 


in 





J 


reachable  color  markings  of  ^'y,  to  Llio  set  of  these  places  p!  are 
exactly  the  set  of  reacliable  color  m.arkings  of  tlie  original  net  C/'j;  • 
7'lie  initial  ami  final  color  marking  of  tlic  C-CPMfJ)  CP^,  are  defined 
ac<'ordingly . 

Consider  tlie  input  arc  a^  of  the  transition  t C T.  For  each 

j.  ) k k 

color  c c X.,  We  shall  introduce  in  T ' a distinct  transition  t'  . 

|k  rc 

Fhese  transitions  will  simulate  the  enabling  color  selection  function 


of  the  arc 


Therefore,  we  sliall  set: 


I'hus,  all  transitions  t'  self-loop  on  the  place  p|.  Since  we  are 

rc  i ' ' 

dealing  with  a C-CPM(l),  in  any  color  marking  CM  each  t^  must 

si-iect  as  enabling  color  from  p!  exactly  c,  i.e.  tbe  color  for  which 

t'  has  been  introduced, 
rc 

Next  we  shall  introduce  a place  p^  in  P'  on  which  all  transitions 
t , introduceci  for  all  input  arcs  a^^  of  the  original  net,  self-loop. 
We  shall  set: 

C'rC  ■^‘-’■0  ■ '.-.-'C  ■ V' 


where 


= 1.  The  presence  of  the  colors  x.  and  x 


in  the 


jk  ^ )k'-  ' ‘ ''jk  ■ jk  ‘ 

above  functions  implies  an  ordering  of  the  input  arcs  of  the  original  net 

which  will  be  explained  later  on.  We  note  that  if  p contains  a single 

token  of  color  x*^,  llu-n  at  tbe  most  the  transitions  l'  introduced 
^ jk  rc 

for  the  arc  a,,  can  be  enabled  and  all  such  enabled  transitions  conflict 
jk  £. 

at  p'  for  the  color  ^ . xhe  role  of  the  place  p'  will  also  be 

f ) k e 

further  discussed  later  on. 

In  addition,  we  shall  make  each  transition  t'  introduced  above 

rc 

self-loop  on  a separate  place  of  P',  let  us  denote  it  by  p^ . Let: 

'r‘rc=  >h(c);l^J-^:  ,y>(X  ^ ) x ,y»(.x  ^ h (c  ) . 


In  the  initial  color  marking  the  place  p'  contains  a single  token, 

j* 

of  color  h(c).  It  is  easy  to  see  that  <1^^  = < c,  x^j^,  h(c)  > 
(remember  that  in  a C-CPM(I)  the  bag  of  enabling  colors  of  a transition 
does  not  depend  on  the  current  color  marking  of  tin-  respective  net). 
Ilenci’ , g.  P, . b . ))  = h(c)  and  thus  the  place  p'  deti-rmines  the 
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1 ' 

priority  of  t'^.  Wc  can  see  now  that  in  any  color  marking  CM  , 

at  most  one  transition  t'  introduced  for  some  arc  a^,  can  be  fired 

rc  jk 

(assuming  that  the  place  contains  only  one  token,  of  color 

) namely  the  one  which  corresponds  to  a color  c such  that 

J 1 ' j- 

c t C/^(C  ),  c 2 c.,  in  C and  there  exists  no  other  color 

1 ' ^ r 

c'  C (^iC . ),  c > c'  2 c in  C.  This  is  so  because  if  there  exists 
I .1  ^ * 

such  a color  c'  in  pj  in  the  color  marking  CM  , then 

h(c)  <,  h(c')  <-  h(c^  ) and  correspondingly  the  transition  t'  ,, 

1 ~I  Jk  rc 

introduced  for  c',  is  also  enabled  and  has  higher  priority  than 
Nevertheless,  if  there  exist  the  distinct  colors  c C ) and 

_ - i ' ' J 

c'  e 'j/'(C.  ) such  that  c / c ' and  c'  / c in  C then  by  the  same 
argument  both  transitions  t'  and  t'  , are  enabled  and  have  the  same 


.1' 


rc 


rc 


priority  to  fire  in  CM  . Thus,  the  transitions  t'  truly  simulate 

rc 

the  enabling  color  selection  function  of  the  arc  a., . 

ik 

r 

For  each  input  arc  a^j^  of  the  original  C-CPN  we  shall  introduce 

a distinct  place,  let  us  denote  it  by  ^’j^r’  Whenever  any  of 

the  transitions  t'  introduced  for  aT,  fires  it  will: 
rc  jk 

1.  put  a token  of  the  (selected  enabling)  color  c in  p'  . The 

j k r 

place  thus  "remembers"  the  enabling  color  selected  by  the 

transition  t'  . 

rc 

2.  restore  the  token  of  color  c in  p^ . Consequently,  the  process 

of  selecting  an  enabling  color  for  some  other  input  arc  is  not  Impaired. 

'3.  put  a token  of  color  x . in  the  place  p',  thus  disabling  all 

3 J. 

transitions  t*  Introduced  for  the  arc  a,,  and,  at  the  same  time, 
rc  jk 

enabling  the  transitions  t'.,  introduced  for  some  other  arc  a,,  . 

r+lc  jk 

The  selection  of  the  particular  color  x will  be  discussed  in  more 

Jk 

detail  later  on. 

The  construct  presented  so  far  is  exemplified  in  Figure  4.5.3. 

r 

This  construct  will  be  performed  for  all  input  arcs  a^j^  of  A. 

We  note  that  there  exists  the  possibility  that  in  the  given  color 

marking  CM^  , O X^.  •=  0,  l.e.  no  color  in  S^(C^  ) Is  eligible 

-J  J ^ J 

to  become  the  enabling  color  on  a,,  . In  this  situation  none  of  the 

“ ) k 

transitions  t'  discussed  above  can  be  enabled.  We  shall  Introduce 
rc 

an  additional  transition  t'  in  T'  (called  the  "service  transition" 

a ,).  This  transition  is  connected  as  shown 
J 


corresponding  to  the  arc 
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in  Figure  4.5.3.  Let  contain  in  the  initial  color  marking  of  CN ' 

only  one  token,  of  color  c . Hence,  in  any  reachable  color  marking 

g.i.b.(Jl^(6  ))  = g . 2, . b . ( { x^,  , c })  = c . But  c c,  for  any  color 

r s i K 1 

c C Xj  and  therefore  t^^  has  lower  priority  than  any  enabled  transi- 
tion t'  introduced  for  the  arc  a^,  . Therefore,  t'  can  fire  If  and 
rc  jk  rs 

only  if  all  the  other  transitions  t'  introduced  for  the  arc  a , are 

rc  jk 

disabled.  If  t'  fires  it  will  put  in  p ! , a token  of  color  x (we 
rs  •'jkr 

shall  call  x the  "neutral  color").  Thus  pV  will  "remember"  that 

j kr 

there  exists  no  enabling  color  on  the  arc  a^,  in  the  given  color 

jk 

marking. 

Informally,  we  shall  refer  to  the  transitions  and  and  the 

places  p'  , p'  and  p , which  we  have  introduced  in  order  to  simulate 
c s ikr 

J 

the  enabling  color  selection  function  of  the  input  arc  a , as  to  the 

1 ^ 

J T* 

"enabling  color  selection  subnet"  corresponding  to  the  arc  a.,  . 

i J ^ 

We  have  seen  that  in  any  reachable  color  marking  CM  of  the 

original  C-CPN  CN,  the  enabling  color  of  a transition  tj^  of  CN  on 

some  input  arc  a,,  must  be  selected  from  the  set  X^,  . At  this  point 
jk  jk 

it  is  advantageous  to  represent  the  bag  of  enabling  colors  of  t^^  from 

the  input  place  p.,  i.e.  6^  , as  an  m -tuple  of  colors,  where 

J J j 

m,  = I(p,,  and  the  r-th  coordinate  represents  the  enabling  color 

J J ^ 

selected  by  a . , 1 ^ r l(p,>  • Then,  in  any  reachable  color 

j J 

marking  CM  , we  must  have: 


Up,,  t^) 

X ’‘j'< 


Consequently,  the  bag  of  enabling  colors  of  tj^  can  be  viewed  as  an 

n-niple  of  m. -tuples  of  colors,  where  n = |^(X)|  and  some  total 

J 

ordering  has  been  imposed  on  the  set  of  input  places  of  t,  . Hence,  in 

1 ^ 

any  reachable  colir  marking  CM 


V J ^ 


lf)5 


Lt  t. 


-""r.'k’ 


"j 


/ 


; A 


ik 


Certainly  K is  a finite  number.  In  the  C-CPN(l)  CN ' we  shall 
k 

introduce  in  T'  K replacement  transitions  for  t E T,  which  will 
k .k 

simulate  the  firing  of  tj^  (for  different  bags  of  enabling  colors). 

bet  R = (R  .....  R ) be  one  of  the  K,  combinations  of  colors 
V vl  vn  k 

from  X mentioned  above  and  suppose  R . = (c  c . ),  for  some  j, 

' vj  vjl  v,im 

1 ^ j 5 n,  where  m = I(p.,  . Let  us  denote  by  t^^  the  transition 

introduced  in  T'  for  the  tuple  R^ . We  shall  set  for  each  place  p^  e P' 
corresponding  to  some  place  p.  C P: 

t-^.)  = Kp.,  tj^)  = m;  0'(t;^,  p!)  = 0(t^^,  P.) 


i/,  ■ iV*' X ) >■  c , for  1 r < m 

J kv  1 v]r  - - 


f, 


k,'|^-:P'S)  .#’»,>  "kj 

where,  in  CK, 

^Kj-  ^ ‘^kj’  ‘'kj  ^ 1 kj> 

(,'onseouent  1 V.  0 = R . We  remember  that  we  have  introduced  for  each 

J.  Ikv  vj 

input  arc  a , o;  t^^  a distinct  place  '' ' ' transi- 
tion t,'  will  self- loop  on  each  such  place  p!.  and: 

kv  J Kt 

I 


: y>(X,;  ' c . 

’ ! VJ  r 

kv  Jkr  '5^1  ''I  v)r 


jkr  kv' 
1 


for  1 •'  r < m 


Ihis  part  of  the  construct  is  exhibited  in  Figure  4.5.5  for  the  sample 
C-CPN  nf  Figure  i . 5 . 4 . 

Let  us  denote  by  0,'  the  bag  of  enabling  colors  of  t'  1 rom  all 
kv  kv 

, l.ees  pj  such  that  p!  is  a place  of  P'  corresponding  to  some  place 

C/il.  )■  Also,  let  be  the  bag  of  enabling  colors  of  t|^^  from 

: 1 I,  .'s  p'  introtluced  in  P'  for  the  input  arcs  a^^  of  the 
jkr  IX 

■ ),  transition  tj^.  By  construct,  we  have  = 0^'^  ~ and  the 
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bag  of  enabling  colors  of  t 


kv 


is  6,  = 0,'  U 6"  (bag  union), 

kv  kv  kv 


Since  each  replacement  transition  t,'  has  been  introduced  for 

kv 

a distinct  combination  of  colors  6^  and  since  we  are  dealing  with 

a C-CPM(l),  at  most  one  transition  t^^^  can  be  enabled  in  any  reachable 

color  marking  of  CN ' . Let  CM^  be  a color  marking  of  CN ' and 

let  p.'  be  an  input  place  of  t'  corresponding  to  some  input  place 
j kv  ^ I 

p.  of  the  original  transition  t,  . Then,  t,'  is  enabled  in  CM 
® k kv 

only  if  the  bag  of  colors  deposited  by  the  corresponding  enabling  color 
selection  subnets  in  the  places  corresponding  to  all  input  arcs 


of 


C^'  of 
,1 

to  which 


t,  from  p.  is  S and  6 . is  also  contained  in  the  color  bag 
k J vj  vj 


This  condition  must  be  satisfied  for  all  such  places  p 


j 


is  connected  and  the  corresponding  places  p' 


In 


'kv  ■■ ° ‘ ■^jkr 

particular,  we  notice  that  if  some  enabling  color  selection  subnet 

could  not  select  an  enabling  color,  i.e.  the  corresponding  place 

contains  a token  of  the  neutral  color  x,  then  none  of  the  replacement 


transitions 


'kv 


can  be  enabled. 


Figure  4.5.4 
Sample  C-CPN 
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For  each  t. ' we  shall  have  g.8..b.  = g-s-h.(2)(6'  u 0;;, )) 

kv  kv  Kv  kv 

= g.e.b.(2)(B^)).  By  construction,  the  transition  tj^^  can  conflict 

with  some  other  replacement  transition  t (introduced  for  some 

other  transition  t of  the  original  net)  only  at  some  place  pi  £ P'  such 
s ■] 

that  the  correspo)id  ing  place  p.  of  P is  an  element  of  (/(!/)  nC/)(i  ). 

1 K.  S 

Moreover  the  priority  of  t'  is  the  same  as  the  priority  of  the 

kv 

original  transition  t,  if  t,  would  have  selected  B as  its  bag 

k k V 

of  enabling  colors.  Since  our  construct  imposes  that  the  set  of  reach- 
able color  markings  of  each  place  p!  C F'  is  the  same  as  the  set  of 

reachable  color  markings  of  the  corresponding  place  p.  t p t'  is 

J ’ kv 

firable  if  and  only  if  tj^  with  the  bag  of  enabling  colors  6^  is 

firable.  The  output  connections  and  the  respective  output  color  functions 

of  each  replacement  transition  tj^^  with  respect  to  the  places  pj  E P' 

are  the  same  as  those  of  the  original  transition  t^^  with  respect  to 

the  corresponding  places  p.  E P.  Consequently,  the  firing  of  t' 

j kV 

produces  the  same  effect  as  the  firing  of  t^^  with  6^  as  its  bag  of 
enabling  colors. 

In  the  sequt  1 we  shall  refer  to  the  set  of  replacement  transitions 

t,'  introduced  for  a transition  t,  of  the  original  net  as  to  the 

kv  k 

"firing  subnet"  corresponding  to  the  transition  t^^. 

Let  us  now  put  together  the  constructs  presented  so  far  and  explain 
the  mechanism  for  the  simulation  of  the  execution  of  the  original  C-CPM  . 

The  simulation  of  the  firing  of  a transition  of  is  performed  in 

three  phases. 

P_h£iS£_  I In  this  phase,  an  enabling  color  (if  any)  is  selected 

for  each  input  arc  a^  of  CN . This  operation  is  implemented  by  the 

j r 

enabling  color  selection  subnet  corresponding  to  each  such  arc 

note  that  according  to  the  execution  rules  of  the  CPM  given  in  Chapter 

II,  the  enabling  color  has  to  be  individually  selected  for  each  input  arc 

a*",  of  each  transition  t,  E T,  in  particul.ir.  independent  1 v of  the  other 
jk  k ’ 

input  arcs  of  t,  from  the  same  place  p..  Moreover,  the  selection 
k .1 

procedure  does  not  discriminate  among  tokens  of  the  same  color  present 

in  p in  the  respective  color  marking  CM^.  Consequently,  it  is  pos- 

r s 

slble  for  two  distinct  input  arcs  a,,  and  a,,  , where 

jk  )k 

1 • r,  s • I(p.,t,  ),  to  select  as  enabling  color  from  p.  the  same 

) k . .1 

color  c when  in  fact  /i(c,  C.)  = 1.  Kvidently,  the  order  in  wliich  the 
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part  iciil.ir  input  arcs  select  their  enabling  colors  is  not  important 

(i.e.  does  not  affect  the  particular  selections).  We  can  therefore 

define  a total  ordering  on  the  set  of  arcs  A*  o)  CN,  for  the  purpose 

of  selecting  the  enabling  colors.  If  a*!^,  is  the  first  arc  to  select 

I 

its  enabling  color  according  to  onr  ordering  then  we  sb.all  have 

p'  contain  a single  token  of  color  in  the  initial  color  marking 

o * r r 

CM  , where  x , = h'(a.,  ).  As  we  have  already  exi)lained,  after  its 

J !<■  1 k 


enabling  color  selection  subnet  in  CN 


has  selected  an  enabling 

r + 1 , r+1  , , , r+1 ^ 

X.,  = h (a,,  ) 


X . 


where 


color  it  will  put  in  p a token  of  color  .... 

r+1  ^ r 

.ind  a.,  is  the  arc  following  a.,  in  the  process  iif  selecting  the 
ik  jk 

enabling  colors,  according  to  our  ordering.  The  last  enabling  ct>lur 
Selection  subnet  to  "fire"  will  place  in  p^_  a token  of  color  x 
thus  disabling  all  enabling  color  selection  subnets,  including  itself. 


ik 


We  shall  introduce  in  T'  a new  transition,  let  it  be 
we  shall  append  to  P ' a distinct  place 
trans i t ion 


J . and 

p',  for  each  replacement 
' okv 

t,'  of  the  firing  subnet  corresponding  to  the  transition 
kv 

L, , for  all  t,  e T.  The  transition  tl  will  collect  the  token  of  color 
k k 1 ^ 

X from  o'  .ind  will  place  a token  of  color  c in  eacii  place  i> ' , . 

o okv 

Thus  : 

l'(p;.  ip  - 1 ; II' u;,  lip  - 0 ; i‘j  I //>(xp  . X 

I'd.;,,.  Ip  ■ 0;  O' a;,  - i 


f ^ ) X >/>(X  ) -•  c 

I okv  ''  r ^ r 

Kach  replacement  transition  t 


kv 


ding  place  f) 


okv 


and ; 


will  self -loop  on  the  correspon- 


1 . , : ) 
okv  kv  I 


f 


1 

kv  okv 


;y»tx  ) - ,y»(x  ) 


Clearly,  ;ifter  the  last  enabling  color  selection  subnet  has  "fired", 

the  only  enabled  transition  is  tj.  By  firing,  tj  disables  itself 

(note  that  tj  iloes  not  restore  the  token  of  color  x ip  p^ ) and 

en.'ibles  all  t lu'  transitions  tj^^  of  the  firiitg  subnets  introduced  for 

the  transitions  t I'  1 r(<m  the  point  of  view  of  the  ci>r  respond  i ng 

k 

1)1. ues  i)',  (which  wi're  empty  so  f.ir).  Of  course,  the  enabled  status 
okv 

of  sucli  a ri'pl.ic.'ment  transition  t depends  also  on  the  other  conditions 
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mentioned  earlier.  Note  that  the  place 


p',  does  not  affect  the 
okv 


firability  of  the  respective  replacement  transition  t,'  since 
-»■  kv 

c .2c,  for  all  c f X , and  moreover,  t,  does  not  conflict  at  this 
I I kv 

stage  with  any  other  transition  at  p', 

okv 

The  firing  of  t^  marks  the  end  of  Phase  I and  the  beginning  of 
Phase  11.  At  this  stage  each  place  ""Jst  contain  a token,  possibly 

of  the  neutral  color  x,  as  produced  by  the  respective  enabling  color 
selection  subnet. 

Phase  II  In  this  phase,  the  firing  of  some  transition  tj^  of 
the  original  C-CPN  CN  is  simulated.  One  of  the  replacement  transi- 
tions t^^  belonging  to  some  firing  subnet  is  selected  to  fire  according 
to  the  execution  rules  of  the  C-CPM(l)  (note  that  at  this  stage  no 
transitions  other  than  those  belonging  to  firing  subnets  can  be  enabled) . 

Since  we  want  to  fire  exactly  one  such  transition  t,'  at  a time, 

kv 

we  shall  Introduce  in  T'  a new  transition,  t^^.  , and  a new  place  P^jj 
in  P' . Each  replacement  transition  tj^^  of  the  firing  subnet  corres- 
ponding to  transition  t, , for  all  t e T,  will  deposit  upon  firing  a 

K k. 

token  of  color  c in  p'  On  the  other  hand,  t'  will  have  as 

oil  II 

input  places  all  the  places  P^j^^  well  as  P^jj*  Formally; 


■(p;,,,  t;,)  - 1 ; p'jj) 


= 0 


f 1 
oil  II 


^(X^) 


and  for  each  place 


okv  ’ 


I’ (p',  , t’  ) = 1 ; 0'(t'  , p'  ) 

'^okv  II  II  okv 


“ • ^kv‘n 


Also,  for  each  replacement  transition 

r (p’  ...  t,’  ) = 0 ; 0’(t'  , p’  ) 
'^oll  kv  kv  oil 


’^kv 


we  shall  have: 
1 


Thus,  after  any  replacement  transition  t,'  has  fired,  t'  becomes 
enabled  (p'jj  empty  so  far)  and  has  higher  priority  than  any  other 

enabled  transition.  This  is  so  because  c^  is  the  enabling  color  of 
*^11  ^ ^ts  Input  places.  Moreover,  tj^  conflicts  with  all 

enabled  transitions  t|^^  at  the  corresponding  input  places  P^j^^ 
the  color  c^.  Hence,  the  firing  of  any  replacement  transition  t^^  is 
necessarily  followed  (in  case  of  a language  from  the  family)  by 

the  firing  of  j j • firing,  tj^  disables  all  tiie  replacement 
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t r.ins  1 1 ions 


‘kv 


(ijj  c'oiisuiiK's  Llio  Lokon  of  color 


rom  the  input 


place  p 


okv 


of  cMcl)  transition  L,'  ) and  also  disables  itself.  We  sltall 

kv 


introduce  vet  another  placi 


denoted  by  p'  , in  f' ' and  we.  shall  set: 
oc 


1'  (P’. 


t 'i  |)  =0  ; O'  (t  J 


C ■ ' ‘ h,  • ■'Ik 


where  x‘,,  h'(a  ) and  a'.,  is  the  first  arc  of  CM 


h'  (a!^  ) and  a*!^ 

)k  )k  |k 

enahlinj;  color  according  to  our  ordering  of  the  arcs  in  A 


to  sele-c.t  its 
i 


of 


1 1 


The  firing 

marks  the  imd  of  Phase  II  and  the  beginning  of  Phase  III. 


Phase  in  The  purpose  of  Phase  III  is  to  "clean  up"  the  net,  that 


is  to  empty  the  places  p'.,  corresponding  to  eacli  enabling  color 

1 t 

selection  subnet. 

Consitier  the  enabling  color  selection  subnet  introduced  for  some 


tl  i ^ <•*  . « 

,ll< 

q = ixr 


We  shall  introduce  t)  transitions  in  'I',  wliere 


+ 1.  Each  such  transition  t'  will  have; 

' ) k c 


l’(p;,  . t ’ ) = 1 ; O' (t ' . P'  ) = 0 ; f 

jkr  c c |kr  jkr 


wIkTi* 


■jk 


X'  is  l lu‘  color  for  which  l'  has  hc'CMi  intnnluced. 

c 


Also,  t ht?  Lransilion  t’  self-h^ops  on 

c 


p and : 
oc 


f ' 
oc  c 

: //(Xj)  ► 

r 

X.,  ; 

jk 

t' 

c oc 

r+1 

where  X., 

ik 

..cc,;;'). 

r 

r 

X . , = 

ik 

h' (a^, 
ik 

and  a 


r+1 

Ik 


r+1 
’'jk 

is  the  arc  of 


r 1 

t ion  subnet  contaitied  in  CN ' , i.e.,  for  eacli  arc  a f A 

Jk 


following  in  our  ordering  of  the  arcs  in  A . 

ihis  construct  is  performed  for  each  distinct  enabling  color  selec- 

We  slial  I 

refer  to  the  set  of  transitions  t',  introduced  for  some  enabling  color 

selection  subnet  as  to  a "<  lean~up  subnet".  Figure  4.5.6  displays  a 

sample  clean-up  subnet. 

We  remember  that  alter  I’hase-  I e.ufi  pl.ict' 

token,  possibly  of  color  x.  Phase  II  preserves  these  tokens.  In  Phase 

III,  |..r  each  place  p',  , only  one  transition  t'  of  the  corresponding 

' I kr  c 

clean-up  subnet  can  be  enabled,  n.amely  tlie  one  corresponding  to  the 


p',  contains  .i  single 
jkr 


colf)r  c of  the  token  in  p. 


jkr 


by  tiring,  t^'_  empties  the 


respective  place  p!,  and  also  enables  the  transitions  of  the  clean- 
1 kt  ^ 

up  subnet  corresponding  to  the  "next"  place  I’ji^r+l"  ''oe 


plays  the  s.ime  role  as 


in  tills  respect.  The  transitions  of  the 


"last"  I lean-up  subnet  are  slightly  different  in  the  sense  that  they 
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Figure  A. 5.6 
Sample  Clean-Up  Subnet 


will  place  a token  in  p'  rather  than  p'  . This  token  will  enable  the 

e oc 

transitions  of  the  enabling  color  selection  subnet  corresponding  to  the 

"first"  arc  a^  in  our  ordering.  Thus,  Phase  111  terminates  and  Phase 
J k 

I is  restarted.  Figure  A. 5. 7 depicts  schematically  the  simulation  of 
the  firing  of  a transition  of  CN  by  CN ' . 

It  can  be  verified  that  the  construct  of  this  proof  works  both  in 
the  case  when  generates  a language  in  the  family  ,\  and  when 

the  language  generated  by  CP^  belongs  to  the  family.  The  initial 

and  the  final  color  marking  of  derived  from  the  above 

discussion.  Let  us  now  define  the  Labelling  function  L'  of  i • 
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Let  H'  = HU  {(.ll  where  d / . The  transitions  contained  in  all  enab- 

ling color  selection  subnets,  tj  , t^^  and  the  transitions  contained  in 
all  clean-up  subnets  will  receive  the  label  d.  All  replacement  transi- 
tions tj^^  belonging  to  the  firing  subnet  corresponding  to  transi- 
tion t|^  will  receive  the  label  L(tj^)  , for  all  t,^  e T.  Obviously,  the 
C-CPM(l)  which  we  have  built  generates  a language  over  (E  U{d})  > 
let  us  denote  it  by  W' . In  Phase  I,  we  fire  one  transition  from  each 
enabling  color  selection  subnet  followed  by  one  firing  of  t^,  thus 
!a^|  + 1 firings  of  transitions  labelled  d.  In  Phase  II  we  fire 
exactly  one  transition  tj^_^  (whose  label  is  in  Z)  followed  by  a firing 
of  thus  only  one  synbol  d caii  be  generated.  In  Phase  III,  we 

fire  exactly  one  transition  from  each  clean-up  subnet,  thus  a total 
of  |a^|  symbols  d are  generated  during  Phase  III.  Evidently, 
between  the  firing  of  two  transitions  labelled  oy  symbols  from  E we 
generate  (at  the  most)  2 . |a^|  +2  symbols  d (depending  on  whether 

W ' is  in  A or  A ) . 

o 

Let  W G E*  be  the  language  generated  by  the  original  Labelled 

* * 

C-CPM  CPj,  and  let  h"  : (E  U{d})  > E be  a homomorphism  defined  by 
h(d)  = A and  h(a)  = a,  for  each  a g E.  Obviously  h"(VJ')  = W and  h 
is  a k-limlted  erasing  on  W' , where  k =2-|A^|  + 2. 

By  Theorems  4.4.1,  4.4.1(a)  and  4.2.2  the  lemma  follows. 

□ 

By  Lemma  4.5.1  and  Theorem  4.4.1  we  have: 

A (C-CPM)  C A (PPM) 

and 

A (C-CPM)  C A (PPM) 
o o 

1 r(jm  Lemma  4.4.2  and  Theorem  4.1.1(a)  follows  that  the  above  contain- 
ment relations  hold  true  in  opposite  direction  also.  Hence,  we  can  state: 

T heorem  4.5.1 

A(C-CP»1)  = A(PPci)  and  A (C-CPM)  = A (PPM). 

o o 

□ 

Some  thought  will  show  that  part  b)  of  Theorem  4.1  .1  is  true  in  the 
case  of  the  C-CPM  as  well.  We  can  therefore  state: 

H,(A  (C-CPM))  = 

A O 
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Kv  iilent  1 V , ttie  s.ime  statemont  also  applies  Lo  the  other  formal  models 
we  have  lie fined  so  far,  i.e.  the  l'PM(I),  the  KPM(I)  and  the  C-hPM(I). 

The  above  construct  can  be  extended  for  a more  general  class  of  the 
i;PM.  Let  -Ty  = ( ■/',  ! , h)  be  an  arbitrary  Labelled  C-CPM  where 
. = (CN,  CM^’)  , CN  = (N,  b’,  F),  o = (T,  P,  I,  0/  is  the  underlying  CPN  and 
C = (X,'  ) is  the  set  of  colors  associated  with  N.  l.et  A >e  the  set 

of  arcs  of  N.  Suppose  the  definition  of  the  C-CPN  has  been  extended 
in  order  to  accept  the  following  type  of  color  threshold  and  color  output 


f unct  tons : 

- if  a^j_  e A is  an  input  arc  and  F(a^l^)  = then  ''  X 

and  in  any  color  marking  Cl'/  of  CX , the  color  threshold  for  the  selec- 
tion of  tile  enabling  color  on  the  arc  a^  is  f (*l/(c!') ) . 

i'  ) j-  j ' I 

- if  C A is  an  output  arc  and  ~ then 

,y»(X)  X ^y>(x  ) *■  X and  in  any  color  marking  , tile  color  of  the 

token  produced  on  the  arc  a^^  in  case  t^^  fires  in  CM*  is  f^  (^^(0^))- 

We  are  interested  to  know  to  what  extent  are  the  language  families 

A(C-CPM)  and  A (C-CPM)  affected  bv  this  modification, 
o 

We  shall  construct,  as  in  Lemma  4.5.1,  'i  Labelled  C-CPM(l) 

' 7 , = (Cl  ',  E',  L')  which  will  simulate  the  execution  of  bet 

V'  = (C:;',  CM*^')  where  C.N”  = (N',  C^  , F'),  .N  ' = (T'.  P',  I',  O'j  and 

Cj  = (Xj. 

We  sh.all  first  define  the  set  of  colors  C,.  Let  X = (v  , 

I ■ o 

« VI 

...,  y I I } suppose  h'"  is  a mapping  from  fjriX)  onto  X 

defined  by  li"  (B)  = y i . . i for  each  set  6 G . We  shall  define 

V r I ! V T V I VI 

the  finite  lattice  C = (X  ,'  ) such  that  £ is  a total  ordering 

on  the  set  x'^',  i.e.  y • '' ' v for  each  r,  0 < r < Ix'. 

r r+1  — 

Sunposo  now  that  V is  a set  such  that  chi't-e  exists  a bijection 
h^'^  : ,y»(X)  ' V and  VH,y^X)  = <p . Let  then  “ = (x'^“, 
be  the  finite  lattice  defined  by: 

1.  . V ; P'l  , „»n  , V. 

, 7VII  , .VII 

2.  For  e.ich  v f V and  v,  c V,  v f v,  and  v f v,. 

Vll  ^VM“  ^ 

).  I and  0 are  the  greatest  and  the  least  element  ot 

,y  • • . , 

(.  , respectively. 

flonsider  now  the  set  P of  places  of  CN . Let  p be  the  subset  of 


P defined  by; 
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= {p 


j 


I(p.»  t-]^)  ^ 0 for  some  E T} 


Suppose  V'  is  a set  such  that  V'O  p = and  there  exists  a 

V 

P 


bijection  h’  : p -»  V ' . 
finite  lattice  defined  by: 
1. 

2.  For  each 


, ^ _ VllI  ,„VIII  .VI 11^ 

Let  then  C = (X  ) 


= V uu""' 


^ V- 


be  the 
VIII 


and  O'  ^ V . 

2 ^ ' y and  are  incomparable 

VIII  are  the  greatest  and  the  least  element  of 


vj  E V and 

under  the  relation 

,VI1I  . ^ 

VIII'^‘  ^ ^ 

C , respectively. 

Cj  = t f C f f t c 

C" ' , and  have  the  same  meaning  as  in  Lemma  4.5.1. 


t C"  t where 


p!  are  exactly  the  set  of  reachable 
1 


Then 

C,  c" 

Our  construct  will  preserve  the  places  of  the  original  C-CPN  CN. 

Thus  for  each  p.  E P we  shall  introduce  a place  p!  in  P'.  Our  construct 
’ J J 

will  also  ensure  that  the  restrictions  of  the  reachable  color  markings  of 

ClP^,  to  the  set  of  these  places 

color  markings  of  the  original  net.  The  initial  and  final  color  marking 

of  CP'  are  defined  accordingly.  For  each  place  p.  E p we  shall 
L J 

introduce  a distinct  place  p'.  in  P'.  The  role  of  the  places  p'. 

^oj  ^ '^oj 

will  be  explained  later  on. 

Next,  to  each  place  p!  E P'  corresponding  to  some  place  p.  E p 

J -1 

we  shall  attach  in  T'  a separate  group  of  transitions  which  have  the 

\ * 

task  to  "detect"  in  any  color  marking  CM  , what  particular  combination 
of  colors  from  X forms  ).  Since  Q}(c\  ) E ,-/*fX)  we  shall 


introduce  in  T 
to  simplify  notations,  suppose 
set : 


one  transition  t.  for  each  set 
JV 

B = {c 


vl’  ■ ■ 


vm 


E opi'A) . In  order 
Hence,  we  shall 


f : ,:/’(Xj)  » C 

f . * . : ,y^(X^)  * c 


vr 


} 


1 S r £ m 

f r (5m  p , 


is  a 1 wavs  B 


) JV 

jv'^r  ^ 'vr 

Thus,  the  bag  of  enabling  colors  of  t^^  ,-j 

(remember  that  we  are  building  a o-CPM(l)).  We  also  have  n 
and  consequently  the  firing  of  t 
in  pj. 


5 • = 6 

,1v  1 V 
does  not  alter  the  bag  of  colors 


Next,  we  shall  introduce  a place 


in  1''  on  which  all  transi- 


tions t ! self-loop.  l.et: 
IV 


t 


s 


p jv 


i+i 


where  vl  = h (p . ) and  v!.,  = h'^fp.  ,)  are  colors  from  the  set 
.1  'j  ,1+1  ' ! + l 

The  place  plays  a rule  similar  to  that  of  p^^  or  p^'^^  in  the 

construct  of  Lemma  4.5.1.  The  particular  selection  of  the  colors  v! 

and  v'.  , , will  be  explained  later  on. 

) + l j • 

Let  us  assume  now  that  in  the  piven  color  marking  C/'(C^  ) = 6^. 
Consequently,  tl  and  all  the  transitions  tl  introduced  for  sets 

]V  )U 

; C .■'/tX)  such  that  3 C 3 are  enabled.  Nevertheless,  we  want  to 
u " u V 

have  only  the  transition  l\  , i.i 

IV 

particular  set  of  colors  B^,  firable  in  order  to  properly  "detect"  the 

set  'y(c;  ).  We  shall  achii;ve  this  by  manipulating  the  priorities  of 

the  transitions  t!  . For  thi.s  purpose  we  shall  have  each  transition 
iv 

t self-loop  on  a separate  place  p'.  f P'  and  we  sb.ill  set 


the  transition  introduced  for  the 


where 

cm' 


f 


(P^l  - 


1 

Ojv  jv 
I 

jv  ojv 


o ] V 
h"' 


(3  ) 

V 


is  a color  of 


VI 


► it 


(3  ) 

V 


In  the  initial  color  marking 


we  shall  put  in  each  such  place 


oiv 


a token  of  color 


(3^), 


It  is  easy  to  see  that  the  bag  of  enabling  colors  of  tl  is 


•.  = 3 U 

] V V 

But,  if 


JV 

> and  thus  g . H . b . • ))  = Vi  , 

V ' ) ^ 1 

P , C t<„  then  |B,,1  < I B,  J and  therefore  yj^ 


v'  '■  U < V|„ 
1 I n 


U 'V  ' II  ' V 

Consequently,  assuming  that  the  place  p 


contains  a single  '^oken,  of 


on  / V 


is  firable. 


color  V , 

J ' JV 

We  shall  make  each  transition  t'  deposit  upon  firing  a token  of 
I 

color  h (3  ) in  the  place  p'..  Thus,  p'.  "remembers"  that  in  the 
V l)  1 oj 

has  the  set  3 as  domain  of  its 


Pi 


current  color  marking  the  place 

I 

bag  of  colors. 

Informally,  we  shall  refer  to  the  set  of  transitions  t 


IV 


and  t lu> 


place  p'  as  to  the  "detection  subnet"  corresponding  to  the  place  p 
' o j 1 

figure  4.5.H  exhibits  a sample  detection  subnet. 


Figure  4.5.8 
S.imple  Betection  Subnet 


Note  that  it  is  possible  to  have  in  the  given  color  marking  CM 
^y<c  )=({>.  Let  t be  the  transition  introduced  for  tliis 

J Vj 


situation.  We  notice  that 


^ 


for  all 


y e X 
s 


and  thus 


l'  is  finable  if  and  only  if  all  the  other  transitions  tl  of  the 
jo  ,1V 


respective  detection  subnet  are  disabled. 

We  shall  introduce  in  CN'  a separate  detection  subnet  for  each 


distinct  place  p^  f P. 


The  remainder  of  the  construct  of  follows  rather  > losel. 


the  mainline  of  the  construct  of  Lemma  4.5.1.  In  what  folliiws,  w<- 
sketch  the  construct  of  without  going  into  details,  wbi 

tedious  though  straightforward. 
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Suppose  c is  a color  of  X and  lei  X = {c  I c C X and  c c ) . 

r . r ' r 

r 1 r 

Consider  an  input  arc  a.,  e A and  let  t be  the  color  threshold 

ik  Jk 

function  associated  with  a..  . For  each  color  v in  the  set  V,  i.e. 

1 k u 

for  each  distinct  set  3 cy^X),  we  shall  introduce  in  CN'  a separate 

r 

enabling  color  selection  subnet  corresponding  to  • F.ach  such 

j k 

enabling  color  selection  subnet  is  designi-d  for  the  particular  set  X 

r IV  ^ 

corresponding  to  c = f ,,  (B  ),  where  h (B  ) = ^ • Which  enabling 
' r j k u u i* 

color  selection  subnet  .'ctually  "selects"  the  enabling  color  for 
in  some  given  color  marking  will  depend  on  the  color  of  the  token  in 
the  respective  place  p'..  This  can  easily  be  achieved  by  having  all  the 
transitions  from  each  of  these  enabling  color  selection  subnets  self- 
loop on  p'.  and  assigning  appropriate  color  threshold  functions  to  the 
input  arcs  from  p'.-  We  notice  that  due  to  the  particular  design  of 

the  set  of  colors  C,,  the  color  of  the  token  in  the  place  p'.  cannot 

I 0.1 

affect  the  priority  of  any  such  transition. 

This  construct  is  repeated  for  all  input  arcs  of  the  original  C-CPN 
CN’.  We  have  to  .emphasize  that  throughout  our  construct  we  assume  all 
color  threshold  and  color  output  functions  to  be  total. 

Let  denote  the  number  of  distinct  replacement  transitions  t|^^ 

of  ^k  ^ , as  determined  by  the  method  of  Lemma  A. 5.1  but  taking  into 

consideration  that  in  any  reachable  color  marking  CM 


1 


e:.  C 

jk 


' * i V k r T 

r = 1 L e e r‘  J 
s j k 


where  X denotes  the  range  of  the  color  threshold  function 


We  remember  that  each  such  transition 


is  introduced  in  T'  for 


some  distinct  tuple  of  colors  B such  that  J^(0,  ) = ). 

* V kv  V 


Consider  now  an  output  arc  a 


t|^  and  suppose  f 


is  the 


associated  color  output  function.  As  we  have  stated,  tlie  color  of  the 

token  produced  by  t on  the  arc  a in  case  t,  fires  in  some 

color  marking  CM  is  ''^ristruct  all  we 

have  to  do  is  to  modify  the  color  output  functions  of  the  replacement 

transitions  tj^^  accordingly.  Thus,  we  shall  set  for  all  output  arcs 

of  t'  to  p',  for  all  places  p'  ) correspi>nding  to  output 

kv  s s kv 


A 
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places  of 


k’ 
r 

kv  s 


: X ^(Xj)  f^^(2)(6^)) 


for  each  r,  1 1 r £ 0(t  , P.)  = O' (t'  , p')  (B  is  the  tuple  of  colors 
for  which  the  replacement  transition  t^  has  been  Introduced  in  T'). 

Let  us  now  briefly  examine  the  mechanism  for  the  simulation  of  the 
execution  of  CP  by  the  C-CPM(I)  CP' . As  in  Lemma  4.5.1  the  simula- 
tion of  the  firing  of  a transition  of  CP  will  be  performed  in  three 
phases . 

Phase  I starts  with  a process  of  "detection"  of  the  domains  of  the 

bags  of  colors  for  the  places  p.  e p.  Suppose  p = {p-,p_,...,p  } , that 

J 1 z m 

is  we  have  imposed  a total  ordering  on  the  places  of  p such  that  p^^ 

will  be  "detected"  first  while  p will  be  last.  Consequently,  we  shall 

^ o ' VIII 

put  in  the  Initial  color  marking  CM  a token  of  color  vj  e X , 

V ^ 

where  v',  = h (pj^),  in  p'.  Thus,  the  detection  subnet  corresponding  to 


'1 


1 ••  i ■ ■ p 

will  be  enabled  while  all  other  detection  subnets  will  be  disabled. 


After  the  detection  subnet  corresponding  to  pj  has  "fired"  it  will 

"shift"  the  control  to  the  next  detection  subnet  by  placing  in  p'  a 

P 


'v 


1 ^2  place  of  p 


following  Pj^  in  our  ordering.  The  process  continues  in  this  manner 
until  the  detection  subnet  corresponding  to  p^  becomes  enabled.  This 
detection  subnet  will  act  slightly  different,  in  the  sense  that  it  will 

In  this  way  the  detection 
process  is  terminated  (all  detection  subnets  are  now  disabled)  and  the 


deposit  a token  in  p^  rather  than  p^ 


enabling  color  selection  subnet  corresponding  to  the  first  input  arc 
a^i^  to  select  its  enabling  color  is  activated. 

At  this  stage,  each  place  p^j 


contains  a token  whose  color  corres- 


ponds to  the  domain  of  the  bag  of  colors  of  p^  in  the  respective  color 
marking. 

Phase  I continues  now  as  in  Lemma  4.5.1  the  only  exception 
consisting  in  the  fact  that  an  input  arc  will  have  several  enabling 
color  selection  subnets  corresponding  to  it.  Nevertheless,  as  we  have 
seen,  only  one  such  enabling  color  selection  subnet  can  be  active  at  a 
time. 


I 
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Phase  IT  is  executed  completely  analogous  to  Lemma  4.5.1.  Phase 

III  is  slightly  modified  in  the  sense  that  the  places  p'.  have  to  be 

oj 

cleaned-up  as  well. 

Let  Z'  = Z U {d}  where  d ^ Z.  If  we  label  each  replacement 
transition  tj^^  corresponding  to  some  transition  C T by 
(L(tj^)  e Z)  and  all  other  transitions  by  d we  see  that  the  number  of 
symbols  d generated  between  two  consecutive  symbols  from  Z in  any 
firing  sequence  of  , is  still  bounded  by  a constant  which  is 

predetermined  by  the  structure  of  CN.  In  fact,  one  can  verify  that  at 
the  most  2-  1a|+2.  |p|-f2  symbols  d can  be  generated  in  between 

two  symbols  from  Z (|p|  transitions  have  to  be  fired  in  the  "detec- 
tion" process  of  Phase  I and  |p|  transitions  must  be  fired  during 
the  clean-up  process  of  the  places  p'.)- 

•k  OJ 

Let  then  W ^ (Z  U(d})  be  the  language  generated  by  CPi  , , 

* r 1 * ^ 

W C Z the  language  generated  by  CP^  and  h"  : (Z  U{d})  -*■  Z the 

homomorphism  defined  by  h"(d)  = \ and  h"(a)  = a,  for  each  a e Z. 
Again,  h"(W')  = W and  h"  is  a k-llmited  erasing  on  W'  with 
k = 2 • |A  I + 2 . I p I + 2 . By  the  same  argument  as  in  Lemma  4.5.1  and  by 
Theorem  4.5.1  there  exists  a X-transition  free  Labelled  C-CPM  (without 
modified  color  threshold  and  color  output  functions)  which  generates  the 
language  W.  Thus,  the  modification  regarding  the  color  threshold 
functions  and  the  color  output  functions  under  consideration  does  not 
affect  the  language  families  A (C-CPM)  and  (C-CPM). 

In  fact,  one  can  show  using  a similar  construct  that  the  language 
f.'imllles  A(C-CPM)  and  A^(C-CPM)  are  not  affected  even  if  we  allow 

the  following  more  general  type  of  mappings  as  color  output  functions: 

r r r 

- if  aj^^  C A is  an  output  arc  and  then 

• ,<^(X)  *■  ,X  and  in  any  color  marking  CM-^  the  color  of  the 

token  produced  on  the  arc  a^^^  in  case  t^^  fires  in  C.M  is 

'AfC*')).  when. 

c‘  - 0‘^  if  . S(,^) 


In  this  case  we  have  to  Introduce  in  CN ' a separate  detection 
.subnet  for  each  place  Pj  of  the  original  net. 
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The  construct  of  CN'  Is  further  complicated  by  the  fact  that  there 
may  exist  places  p on  which  some  original  transition  t self-loops. 

In  this  situation  we  cannot  use  a detection  subnet  in  order  to  "detect" 
the  domain  of  the  bag  of  colors  in  the  corresponding  place  p^  before  the 
firing  of  any  replacement  transition  tj^^  of  tj^  because  the  firing  of 
t^^  itself  modifies  the  bag  of  colors  in  p^  and  possibly  the  domain  of 
the  respective  bag  of  colors.  This  inconvenience  can  be  however  overcome 
by  the  following  procedure: 

a.  The  simulation  of  the  firing  of  t^^  e T is  performed  as  before, 

up  to  the  point  where  the  replacement  transition  tj^^  selected  to  fire 

has  collected  its  input  tokens.  The  simulation  of  the  firing  of  tj^ 

stops  and  the  simulation  net  CN'  'hiemorizcs"  which  transition  t,' 

kv 

has  fired. 

b.  A clean-up  process  is  started  for  the  places  p^^  of  each  detec- 
tion subnet  or  at  least  for  the  detection  subnets  corresponding  to  places 

n 

c.  The  domains  of  the  bags  of  colors  in  this  "intermediate"  color 
marking  are  "detected". 

d.  The  simulation  of  the  firing  of  t^^  resumes.  The  output  tokens 
produced  by  t^^  are  now  deposited  in  the  respective  places.  The  color 
of  each  output  token  is,  however,  decided  based  on  the  results  of  the 
last  detection  process,  l.e.  corresponding  to  the  Intermediate  color 
marking . 

The  number  of  consecutive  firings  of  transitions  labelled  d will 
still  be  bounded  by  a constant  predetermined  by  the  structure  of  the 
original  net. 

This  completes  the  discussion  regarding  these  extended  versions  of 
the  C-CPM. 

Two  other  formal  models  of  concurrent  systems,  namely  the  Coordi- 
nation Nets  ([PATI-70J)  and  the  Petri  Nets  with  switches,  disjunctive 
logic  and  token  absorbers,  were  shown  in  [AGAR-75]  to  be  "complete". 

In  the  terminology  of  [AGAR-75],  a given  formal  model  is  "complete  with 
respect  to  the  representation  of  flow  of  control  in  concurrent  systems 
if  and  only  if  it  is  equivalent  to  the  Turing  machine  central  control 
model".  Translated  to  the  framework  of  our  study,  the  completeness  of 
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I 

I 


i 

1 

I 


a formal  model  implies  that  the  respective  model  can  generate  under 
unrestricted  erasure  the  set  of  recursively  enumerable  languages.  A 
tighter  relationship  between  the  Coordination  Nets,  the  Petri  Nets 
with  switches,  disjunctive  logic  and  token  absorbers  and  the  C-CPM  can, 
however,  be  exhibited.  Thus,  in  the  following  two  sections  we  shall 
relate  the  language  families  A(C~CPM)  and  A^(C-CPM)  to  the  A and 
A^^  language  families  generated  by  the  Coordination  Nets  and  the  Petri 
Nets  witli  switches,  disjunctive  logic  and  token  absorbers,  respectively. 

Section  A. 6 COORDINATION  NETS  REVISITED 

As  we  have  already  mentioned,  for  any  GPN  which  models  a certain 
process  synchronization  system,  the  particular  arrangement  of  arcs, 
transitions  and  places  of  the  respective  net  implements  the  constraints 
existing  in  the  modelled  system,  constraints  which  force  the  system  to 
execute  only  selected  synchronization  sequences  over  the  set  of  under- 
lying processes  rather  than  all  possible  such  sequences.  In  the  case  of 
the  Coordination  Nets,  the  same  constraints  are  represented  implicitly 
through  the  structure  of  the  net  and  explicitly  via  a constraint  set. 
Thus: 

Definition  A. 6.1 

A Coordination  Petri  Net  (COPN)  is  a system  CON  = (N,  Ct)  such  that: 

1.  N = (T,  P,  I,  0)  is  a GPN. 

2.  Ct  ^^y^(P)  is  a constraint  set.  If  o)  e Ct  then  the  subset  co  of 
P is  called  a constraint. 

A marking  of  a Coordination  Petri  Net  is  represented  by  a total, 
single-valued  mapping  from  P into  Given  a marking  of  CON, 

a transition  t,  £ T is  enabled  in  if  and  only  if  for  each  p.  e P 

1 i i 

.M  (p.)  2 l(p.»  li,)*  '1  transition  t enabled  in  M , fires  in  M and 

1 1 1+1  J ^ 

M M then  for  each  p^  £ P, 

M^^^(p.)  = M^(p  ) - I(p.,  L ) + , p,).  Let  us  denote  by  NZ^  the  set 

J .1  ^ ^i  J 

of  places  p.  £ P such  that  M (p , ) > 0.  Then: 

J ) 

De ^i ni tion  A. 6. 2 

A transition  t,  enabled  in  may  be  selected  to  fire  in  the  marking 

1 ^ 

M if  and  only  if: 


Ct  n - 4). 
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If  is  a marking  such  that  Ct  H » <|)  then  we  shall 

call  an  admissible  marking.  Thus,  t e T may  be  selected  to 

i i 

fire  in  some  marking  M if  and  only  if  tj^  is  enabled  in  M and  the 

firing  of  tj^  leads  to  an  admissible  marking. 

Definition  4.6,3 

A Coordination  Petri  Model  (COPM)  is  a system  CM  • (CON,  M°) 
where : 

1.  CON  = (N,  Ct)  is  a Coordination  Petri  Net. 

2.  is  the  initial  marking  of  CON.  M°  must  be  an  admissible 
marking. 

We  can  see  that  the  execution  of  a Coordination  Petri  Model  proceeds 
from  the  initial  marking  M°  such  that  in  any  reachable  marking 
(including  M°),  for  each  constraint  w e Ct,  there  exists  at  least  one 
place  p . G (i)  such  that  M*^(p.)  = 0 (l.e,  u)  is  not  "violated"  in 

r J J 

m’'). 

A Labelled  Coordination  Petri  Model  is  defined  the  same  way  as  a 

Labelled  C-CPM,  for  example.  Similarly,  the  language  families  A(COPM) 

and  A (COPM)  are  defined  analogous  to  A(C-CPM)  and  A (C-CPM), 
o o 

respectively. 


Figure  4.6.1 
Sample  COPM 


T 
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The  marking  given  in  Figure  4.6.1  is  evidently  admissible.  Transi- 
tions t^  and  t^  are  firable  while  is  not. 

Some  of  the  definitions  pertinent  to  the  COPM,  as  given  here,  are 
slightly  different  from  those  employed  in  [PATI-70].  Later  on  in  this 
section  we  shall  elaborate  on  the  differences  between  our  version  of 
the  COPM  and  the  original  version. 

Let  us  introduce  the  following  notations.  For  each  p.  t P: 

J 

SKp.)  = {(i)  I u)  t Ct  and  p.  c w } . 

.1  J 

Consider  now  an  arbitrary  transition  tj^  E T.  Then: 

n(p.) 

P.  C S5(I.) 

.1  ^ 

OC(tj^)  = 

Pj  e ^(0^) 

We  shall  proceed  now  to  investigate  the  ranges  of  the  language 

families  AfcOPM)  and  A (COPM) . 

o 

Lemma  4.6.1 

A(COPM)  c A(EPM(D)  and  A^(COPM)  C A^(EPM(1)). 

Proof:  Let  = (CM,  E,  L)  be  a Labelled  COPM  where 

CW  = (CON,  M°),  CON  = (N,  Ct)  and  N = (T,  P,  I,  0).  Consider  an 
arbitrary  transition  t^^  e T and  let  w be  a constraint  in  Ct.  It  is  easy 
to  see  that  if  0)  ^ IC(tj^)  U OC(tj^)  then  the  firing  of  tj^  in  any  admis- 
sible marking  M^  cannot  violate  the  constraint  ai.  Hence,  the  firability 
of  tj^  in  M^  depends  only  on  the  constraints  in  lC(tj^)  UOC(tj^). 

Suppose  now  that  u C IC(tj^)  U 0C(t|^).  There  are  only  three  pos- 
sible cases  to  be  considered. 

A.  (a  _i IC(t.)  - 0C(t.).  Suppose  M is  an  admissible  marking  of 

-k  - -k- 

CON  in  which  t,  is  enabled.  Let  us  denote  by  M the  marking  which 

^ 1 
would  be  obtained  upon  the  firing  of  t,  in  M . 

1 ^ 

Since  M is  assumed  to  be  admissible,  there  exists  a place  p^  r to 
such  that  M (p^.)  * But,  p^  / S)(  I|^)  because  tj^  Is  assumed  to  be 
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enabled  in  . Also,  i because  wH  = (p.  Hence: 

= M^(p^)  - I(p^.  t^)  + 0{t^,  p^)  = M^p^)  = 0 

Consequently,  the  constraint  o)  is  not  violated  in  the  marking 
We  can  conclude  that  the  firability  of  t^  is  independent  of  the 
constraints  in  this  category. 

B.  (i)  e OC(t.  ) - IC(t,  ).  Let  and  be  as  in  case  A.  Since 

u)  n = <t),  we  must  have  for  each  p^  e o); 

M^'*'^p^)  = M^p^)  + 0(tj^,  p^). 

If  p^  e then  > 0 independent  of  M^(p^).  Therefore: 

(M^^^(p^)  = 0)  if  and  only  if  (M^(p^)  = 0)/\(p^  i Q)(0^)) 

Consequently,  the  constraint  to  is  not  violated  in  the  marking  ^ if 
and  only  if 


M"(p  ) = 0 


e to  - l25(0^) 


(inclusive  or) 


C.  to  C IC(t^^)  n 0C(t^^).  There  are  four  possibilities  to  be 
examined.  Suppose  and  are  as  in  case  ^ and  let  Pj  be  a place 

in  to. 

Cl.  p.  e ^(1  ) and  p c ^(0.  ).  Thus,  t self-loops  on  p, . 
Consequently,  M j ^ ^ ^ always. 

C2.  Pj  t bm:  p^  e QKO^).  Then: 

M^‘*’\p^)  = mSpj)  + 0(tj^,  pj 

and  thus  M^^^(p  ) > 0 independent  of  M^(p  ). 

J » -J 


M (p. 


C3.  C ^I,^)  but  p^  i Q){0^).  Thus: 

)>  ■ "‘("i*  - “"j’  ‘k>- 

Consequently,  M^"*"^(p^)  = 0 if  and  only  if  M “ I(Pj>  * 

C4.  p,  I ) and  p t @(0.).  As  shown  in  case  A we  shall 

j 11  ^ J I J i+l  i 

have  M ^ ^ thus  M * 0 if  and  only  if  M (Pj)  “ 0- 

We  can  conclude  that  the  constraint  to  is  not  violated  in  the 
1+1 


marking  M 


if  and  only  if : 


J 


1S7 


M (p.)  = Up.,  tj^)l  ^ , 


Pj  e w r;  CyCIj.)  - U\0^)) 


M (pj  = 0 


Pj  e (i)  - U Q)(0^)) 


We  can  now  summarize  the  results  obtained  so  far  as  follows; 

,i+I 


(M 


is  admissible)  if  and  only  if 


C OC(t,  ) 
k 


Mhp  ) -0  ' 

r ) 


p c w - ) 

r k 


M^p.)  = i(p.,  t^>;v 


M (p J = 0 


1 


c lC(t.  ) n OC(t  ) p £ U)  n (2)(I  ) - Q)(0  ))  p,  e a.  - i/U,  ) J Q\ 


'k'  ~''"“k'  ' '-^'^k'  u,  - J :v(Cj^)) 


This  condition  can  now  be  put  in  disjunctive  form.  Each  term  of 
the  disjunctive  form  will  represent  a condition  on  under  which  M 
is  an  admissible  marking.  Let  us  consider  such  a term  of  the  disjunc- 
tive form.  In  general,  it  will  involve  several  places,  let  us  denote 


Pj^>  for  which  it  is  required  that 


S r,  and  several  places,  let  us  denote 


them  by  Pj  , . 

them  by  •••,  Pj^  for  which  it  is  required  that  .M^(p.^)  = 0, 

r + 1 5 s Z m.  We  emphasize  that  no  contradition  can  occur  because 
we  can  have  only  the  following  two  cases:  * 

i.  For  each  s,  1 s r,  p e uj  O (^(I.)  - 2^(0,))  for  some 

constraint  w £ IC(tj^)n  OC(tj^).  Hence,  Pjg  . 

ii.  For  each  s,  r + lSs£m,  p.  £to  - C/(0,  ) for  some  con- 

j S K 

straint  oj  £ 0C(t,  ) - IC(t  ) or  p.  £ oj  - (C/(r, ) u CAo.  ))  for  some 

K K,  J S K K 

constraint  u)  £ IC(t  ) D OC(t  ).  In  either  case  p.  f 0(1,  ; ana 

k K.  J S K. 

Pj3  i 'I'M,  ). 

It  is  easy  now  to  construct  a X-transition  free  Labelled  EPM(I) 

E!l^  =’  (EV,  Z,  L')  which  generates  the  same  language  as  CVj--  Let 

= (EN,  .M  ) where  EN  = (T',  P',  l'.  O').  Our  construct  will 

presen/e  the  places  of  P,  i.e.,  for  each  p.  £ P we  shall  introduce  a 

J 

corresponding  place  p in  P'.  Consider  now  a transition  t.  of  the  ^ 

J k 

original  COPN  and  suppose  we  have  determined  the  condition  under  which 
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t|^  is  flrable.  For  each  term  in  the  disjunctive  form  we  shall  intro- 
duce in  T’  a separate  replacement  transition.  Let  t,'  be  such  a 

ks 

replacement  transition.  The  input  and  output  connections  of  t'  are 

ks 

determined  as  follows: 

1.  If  p is  a place  for  which  we  require  in  the  respective  terra 
of  the  disjunctive  form  M^(p)  = I(p,  tj^)  = m then: 

l'(p',  ~ (o,  m)  ; i.e.  p'  and  tj^^  are  connected  by  a 

positive  testing  arc. 

2.  If  p is  a place  for  which  we  require  in  the  respective  term 
of  the  disjunctive  form  M^(p)  = 0 then: 


1'(P 


i.e. 


p'  and  tj^^  are  connected  by  an  inhibitor 


arc . 

3.  If  p is  an  input  place  of  tj^  other  than  the  places  considered 
in  case  i)  above  then: 


l'(p',  “ I(p>  tj^)  j i-e.  p'  is  a normal  input  place  of  the 

replacement  transition  t^^. 

4.  For  each  place  p'  e P': 

O'  (tj^^,  p' ) = 0(tj^,  p)  . 

We  note  that  if  OC(tj^).  = 0 for  some  transition  t^^  G T then  the 
firability  of  t,  does  not  depend  on  any  constraint  w e Ct.  Hence,  t, 

k i k 

is  firable  in  some  admissible  marking  M if  and  only  if  tj^  is  enabled 
in  . Consequently  we  shall  introduce  in  T'  only  one  replacement 
transition  of  tj^,  let  it  be  tj^,  such  that  for  each  place  p'  e P'  we 
shall  have 


l'(p'.  “ KP.  and  O' p')  = 0(t|^,  p) . 

On  the  other  hand,  if  OC(tj^)  ^ 0 but  there  exists  a constraint  u) 

in  OC(tj^)  such  that  U)  - = 0 then  tj^  can  never  become  firable. 

Consequently,  we  can  remove  t^^  from  T without  modifying  the  language 

generated  by  shall  certainly  Introduce  no  replacement  transi- 

t ions  for  t,  in  T' . 
k 

The  initial  and  the  final  marking  of  f'J  are  the  same  as  the 
initial  and  the  final  marking  of  the  original  COPN,  respectively. 

The  labelling  function  L'  is  defined  such  that  all  replacement 
transitions  t'  Introduced  for  a transition  t,  of  the  original  net  are 

KS  K 
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assigned  the  label  l,(tj_). 

It  is  easy  to  eiil'y  that  the  Labelled  EPM(I)  EW^.  generates  the 

same  language  as  C.'Jy  The  construct  applies  to  both  language  families 

MC.OPM)  and  A (COPM) . 

o 

□ 

Figure  4.6.3  depicts  the  EPM(l)  obtained  by  applying  the  construct 
of  Lemma  4.6.1  to  the  COPM  of  Figure  4.6.2.  Note  that  transition  t^  in 
Figure  4.6.2  can  never  become  firable  and  therefore  can  be  removed. 

We  shall  proceed  now  to  prove  the  converse  of  Lemma  4.6.1.  For 
the  sake  of  simplicity  we  have  chosen  to  show  how  EPM's  can  be  converted 
in  a A-transition  free,  language  preserving  manner  into  COPM's.  The 
construct  is  nevertheless  still  rather  complex  and  therefore  we  shall 
first  give  an  example  of  it.  Consider  the  sample  EPM  of  Figure  4.6.4. 
Both  transitions  self- loop  on  a control  place  II.  Evidently,  such  a con- 
trol place  can  be  introduced  in  any  EPM  without  altering  the  firing 
sequences  which  can  be  performed  by  the  respective  net  (assuming  that  H 
contains  one  token  in  the  initial  marking). 

1 f no  final  marking  is  given,  the  nonempty  label  sequences  gene- 

y 

rated  by  this  EPM  are  of  the  form  a b , where  0 S y ^ x and  x is 

the  initial  marking  of  the  place  p^.  It  can  easily  be  verified  that 

the  COPM  of  Figure  4.6.5  generates  exactly  the  same  label  sequences. 

Transition  t|^  can  fire  in  some  marking  M^  if  and.  only  if 

.M^(p  ) = 0 and  M^  (p  ) ^ 1.  The  transitions  t ',  t"  and  t"'  can  fire  only 
r s K k K 

under  these  conditions  also  or  else  one  of  the  constraints  would  be 

violated.  Transition  t simulates  the  first  firing  of  tj^  while  tj^  and 

tj^"  simulate  subsequi'nt  consecutive  firings  of  t^^.  For  example  a 

firing  .sequence  of  the  original  EPM  starting  with  the  prefix 

t would  be  simulated  in  the  COPM  of  Figure  4.6.5  by  a 

tiring  sequence  with  the  prefix  *-1^  •••  Evidently,  the  maximum 

number  of  p.isses  through  the  "circuit"  formed  by  tj^  and  tj^"  (or, 

qulvalently,  the  maximum  number  of  consecutive  firings  of  t^^  in  the 

original  EPM)  is  bounded  by  the  markings  of  the  normal  input  places  of 

t , in  this  case  by  the  marking  of  p..  We  shall  call  t'  as  the  "first" 
k s k 

replacement  transition  of  tj^. 
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On  the  other  hand,  transition  t of  Figure  4.6.4  can  fire  if  and 

i i 

only  if  in  the  current  marking  M , M (p  ) > 1.  Transition  t'  of 

1 — m 

Figure  4.6.5  can  fire  under  exactly  the  same  condition.  The  additional 

transitions  t',  and  t",  are  used  to  simulate  the  firing  of  t 
mk  mk  ® ni 

immediately  following  an  odd  or  even  number  of  consecutive  firings  of 

t, , respectively.  From  this  point  of  view  t'  simulates  the  firing  of 
k m 

t^  in  case  tj^  has  not  fired  and/or  any  subsequent  firings  of  t^.  For 

example,  the  firing  sequences  of  the  original  EPM  starting  with  the 

prefixes  t , t t t or  t t t t t t t ...  would  be  simulated 
m kmm  kkkkmmm 

by  firing  sequences  starting  with  the  prefixes  t',  t,' t ' t'  and 

ra’  k mk  m 

"k‘'k''k'‘'k’'mk''m‘'m  •••  ’ respectively.  Otherwise  viewed,  t'  and 
t^l^  are  used  to  "break"  the  "circuit"  formed  by  tj^  and  » thus 

avoiding  the  violation  of  any  constraint  and  restoring  the  token  in 
the  control  place  H'. 

This  example,  even  though  it  is  rather  simple,  displays  the  .sic 
problems  encountered  when  converting  EPM's  to  COPM's  without  the  use 
of  A-transltlons.  In  what  follows,  we  shall  generalize  the  construct 
presented  above  in  order  to  suit  arbitrary  EPM's. 


Lemma  4.6.2 

A(EPM)  C A(COPM)  and  A (EPM)  C A (COPM) 

~ o o 

Proof : In  order  to  simplify  our  construct  we  shall  make  use  of 

the  following  result  regarding  the  structure  of  the  EPM's  reported  in 
[HACK-75] : 

Any  EPM  can  be  converted  in  a X-free,  language  preserving  manner 
into  a Restricted  EPM. 

A Restricted  EPM  (REPM)  is  an  EPM  = (EN,  M°)  where 


^T, 

P,  I, 

0) 

is  such 

that : 

1. 

I (Pj  • 

< 1 or 

Up.,  t^)  = 

^ for  each  pair  (p  , t ) c P x T 
.1  K 

2. 

°<'k’ 

< 1 f or 

each  pair 

(tj^,  Pj)  e T X P. 

3. 

) n 

'i<0,)  ■ 

ij)  for  each 

t,  e T. 
k 

Thus,  in  an  REPM  multiple  arcs  and  self-loop  places  are  not  allowed. 

Without  loss  in  generality  we  shall  restrict  our  construct  to 
REPM's.  Consider  a Labelled  EPM  = (LW,  Z,  L)  where 

r.tJ  ■ (EN,  M°)  is  an  REPM.  Let  EN  = (T,  P,  I,  0)  and  suppose  we  intro- 
duce in  P a new  place  0 on  which  all  transitions  of  T self-loop.  Let 
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also  M (H)  = 1.  Certainly,  this  modification  does  not  affect  the 
tiriiiK  sequences  which  could  he  executed  by  f.V . With  this  change, 

( remains  an  KKl’M  wifh  the  exception  of  the  control  place  H.  In 
fact,  wo  are  not  interested  in  converting  strict  RKI’M's,  we  rather  want 
to  avoid  the  cases  where  part  of  a self-loop  is  an  inhibitor  arc 
(condition  which  is  still  satisfied  by  ) . 

hot  us  now  proceed  to  build  a COPM  Ci^y  = (CW,  T. , I.')  which 

C)  * 

generates  the  same  language  as  Suppose  CM  = (CON,  M ) where 

CON  = (N,  Ct)  and  N = (T',  P',  l'.  O')  is  the  underlying  GPN. 

Our  construct  will  preserve  the  places  in  P U'fn},  i.e.,  for  each 
p C P U{n}  we  shall  introduce  a corresponding  place  p'  in  P'.  In 
particular,  let  II'  be  the  place  of  P'  corresponding  to  the  control 
place  n of  KN. 

I.et  us  denote  by  T‘  the  following  subset  of  T: 


= It. 


tj^  . T and  1'^  ^ 


(P,  denotes  the  set  of  inhibitor  input  places  of  t,).  In  order  to 

^ z , 

simplify  notations  let  us  assume  that  T = It^,  ...  , t^}.  Consider 

r.ow  a transition  t t I . We  shall  replace  t,  by  three  transitions 
R K 

in  CON,  denoted  I^y  t|^,  tj^  and  • We  shall  also  introduce  two  new 

places  in  P'  denoted  by  II,'  and  II,".  The  transitions  t',  t"  and  t'"  will 

k k k k k 

have  the  following  input  and  output  connections: 

1.  Por  each  plaie  p ',  e P'  corresponding  to  some  place  . e Pj*  (P” 

,I  i k K 

denotes  the  set  of  normal  input  places  of  the  original  transition  ! 

'(>  ■ ‘■"’I-  ‘i;>  - ‘'"-'i-  'k' 

2.  Por  each  place  p'  t P'  corresponding  to  some  place  p.  C P . 

i ' 

i'(p’,  t’)  = i'(p:,  t;;)  = i'(p.',  t->  = o 

i.  Por  each  place  p!  e P'  corresponding  to  some  place  Pj  C P 

o’(t’.  pJ)  = o'(t|;,  p’)  = 0(t’",  pj)  = 0(t^,  Pj) 

To  n',  n,'  and  II,"  the  transitions  t,' , t,"  and  t,"'  are  connected  exactly 
k k k k k 


as  shown  in  Figure  4.6.5 

()duc*>  I 

■ r,  where  we  have  assumed 
This  construct  is  performed  for  each  transition  ^ 


Next,  we  shall  introduce  in  Ct  the  constraints  “'ki  “ ^'’kr  ”k^ 
and  » Ip^.,  n'’f.  for  1 

‘*k  ' ^^kl Pkr^’ 


T 
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transitions  t',  t"  and  t'"  play  the  same  roJe  as  in  the  example  we  have 


"k’  'k 

examined  earlier 


Finally,  for  each  transition  tj^  c we  shall  introduce  2 • (s  - 1) 
more  replacement  transitions  in  T'  denoted  by  t'  and  t"  , 1 < q < s and 
q k.  All  these  replacement  transitions  have  the  same  input  and  output 
connections  as  tj^  except  for  the  place  O'.  The  replacement  transitions 
tj^q  and  tj^^  have  11^  and  11^  ratlier  than  H'  as  input  places,  respectively. 
The  complete  set  of  replacement  transitions  introduced  for  some  transi- 
tion tj^  f.  T^  is  illustrated  in  Figure  4.6.6.  The  role  of  the  transi- 
tions tj^^  and  t|^^  is  to  simulate  the  firing  of  the  original  transition 

tj^  immediately  following  an  arbitr.ary  number  of  consecutive  firings  of 

z 

some  other  transition  t C T . 

q 

Consider  now  a transition  t c T which  does  not  have  any  inhibitor 

m 

input  places.  We  shall  introduce  in  T'  for  t^  2 . s + 1 replacement 

transitions  denoted  by  t',  t'  and  t"  , for  1 S q 2 s.  We  shall  set: 

m mq  mq 

1.  For  each  place  pl^  c P'  corresponding  to  some  place  p^  e P 

I' (pi,  t-)  = i'(p!,  t ’ ) = i'(p',  t"  ) = l(p.,  t ) 

j m J mq  J mq  J m 

0'(t'  p!)  = 0'(t’  , p!)  = 0’(t"  , p’)  = 0(t  , p.) 

m j mq  j mq  j m j 

In  addition,  the  transitions  t',  t'  and  t"  are  connected  to  II' , 

m mq  mq 

and  n^,  for  each  q,  1 £ q 5.  as  shown  in  Figure  4.6.7, 

The  initial  marking  of  CON  will  be  as  follows: 

1.  For  each  place  pi  c P'  corresponding  to  some  place  p.  c P, 

o’  o I 

(p^)  = m“(p.). 

2.  M“'(n')  = M"(n)  = 1,  (n^)  = M°  (n^)  = O for  each  q, 

1 £ q _<  s. 

It  is  important  to  see  that  in  any  reachable  marking  of  CON  one 

and  only  one  of  the  places  11',  11^  and  1 £ q s,  contains  a token. 

Consequently,  at  any  time  at  most  one  of  the  replacement  transitions 

introduced  for  some  transition  of  the  original  EPM  can  be  enabled. 

1'  i' 

Suppose  for  example  that  in  the  current  marking  M , M = 1 

for  some  q,  1 < q ^ s,  and  consider  the  replacement  transitions  intro- 
duced for  the  transition  t , where  t e;  T - T^.  Certainly,  only  t'  can 

m tn  J f J m 


be  t<iabled.  If  M 


i+1’ 


mq 


1 ' 1+1 ' 
t'  in  , then  M (11') 
mq 


is  the  marking  obtained  upon  the  firing  of 
1+1' 


1 and  M 


(IV) 


(n") 

r 


0 for  each 
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r.  I < r < s.  rims,  tl»e  firlni;  d1  t'  cannot  violate  any  constraint 
’ — ^ mc] 

.iikI  tor  that  matter  the  firability  of  t'  is  independent  of  any  con- 

mq 

s t ra  in  t . 

Consider  now  the  replacement  transitions  introduced  for  some 

transition  t,  t I , k q.  In  M , only  t'  < an  he  enabled.  Let 

1+1  ' ^ . I ' . 

a^ain  M be  the  markinn  which  the  firitig  of  tj^^^  in  M will  lead 

. Then  = Mi  + l’(n")  = 0 for  each 


to 


r,  1 < r < s and  r ^ k.  Alsc)  M 


i + 1' 


= I.  It  follows  that  the 


tiring  of  t^  is  independent  of  any  constraint  of  the  form  iPfjj* 
or  for  I q ^ s,  q / k and  for  all  j,  1 £ ,j  1 

only  constraints  which  influence  the  firability  of  tj^^  are  the  con- 
straints introduced  for  tj^.  In  particular  the  constraints  of  the  form 

ip,'  , n,' } where  p,'  . is  a place  of  P'  corresponding  to  a place  p f F^. 
kj  k kj  ^ 

Finally,  the  firing  of  t|^  and  tj^"  follows  tlie  pattern  explained  in  our 
earlier  example. 

The  construct  presented  so  far  shows  that  A(EPM)  ^ .'I(COPM).  For 

languages  in  the  family  A^(FPM)  the  con.struct  does  not  guarantee  unique 

final  markings  due  to  the  places  11'  and  FI",  1 < q ^ s.  In  what  follows 

9 9 

we  shall  describe  a method  to  solve  this  problem. 

Consider  the  original  EPM  EW  = (EN,  and  suppose  we  are  given 

a final  marking  of  EN.  Let  t^  be  a transition  of  T such  that  there 

exists  a marking  M ^ of  EN  and  ^(t  > M^.  The  transition  t will 

s f s 

be  called  a "last"  transition.  Certainly,  given  M the  set  of  all 
"last"  transitions  can  be  determined. 

Let  us  Introduce  in  EN  a distinct  "stop' 


each  "last"  transition  t . We  shall  set; 


transition  t for 

sstop 


For  eacli  place  p.  t P 


I(p.»  t )=I(p. 

I sstop"^  J 


and 


^s) 


0(t  , p.)  = 0(t  , 

sstop  ] s 


2. 


Kfl,  t ) = I 
sstop 


p. ) 

1 

: o(t  ^ ID  = 0 

sstop , 


yr 


t 
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Thus,  t ^ can  fire  exactly  when  t can  fire  but  does  not  restore 
sstop  s 

upon  firing  the  token  in  the  control  place  11.  In  particular,  if 

^ [t  > M then  (p.)  = M^(p.)  for  each  p.  e P and  (H)  = 0 

sstop  ^ '‘'j'  J f J 

(rather  than  M (11)  = 1).  We  shall  have  M be  the  final  marking  of  EN 

rather  than  We  note  that  in  this  new  final  marking  all  transitions 

of  EN  are  disabled.  Nevertheless,  if  each  "stop"  transition  t is 

sstop 

assigned  the  same  label  as  the  corresponding  "last"  transition  t^  then 

the  language  generated  by  is  not  altered. 

Suppose  now  that  t is  a "last"  transition  with  inhibitor  input 
® z f-1 

places.  Then,  for  each  place  p.  e P we  must  have  M (p.)  = 0 in 

j ® J 

order  for  t to  be  enabled.  But  t self-loops  only  on  JI  and  therefore 

z ^ ^ ^ f f * 

if  p.  e P then  p.  t ).  Hence  M (p . ) = M (p.)  = 0. 

J s J s j j 

Suppose  now  that  t is  "last"  transition  of  EN,  t ^ t . Then  for 
z r s 

each  p E F p ) as  well  or  else  t cannot  lead  upon  firing 

f J ® J ^ 


to  M (it  is  however  possible  to  have  Pj  belong  to  • If  we  denote 

by  T,  the  set  of  all  "last”  transitions  and  by  T^  the  subset  of 

last  last 

^last  containing  all  "last"  transitions  with  inhibitor  input  places 
then  we  can  conclude  that: 


1.  M^(pj)  = 0 for  each  place  p^  e ^last’  ^last 


t E T^ 
s last 


U ] ''  L U ] ■ ♦ 


t £ T. 
r last 


s last 


The  same  remarks  can  be  made  for  the  set  of  "stop"  transitions 

corresponding  to  the  transitions  in  T, 

last 

In  the  COPN  CON,  we  shall  introduce  in  P'  a new  place  H"  and  we 
shall  introduce  in  T'  2 . s + 1 replacement  transitions  for  each  "stnn" 

transition  of  EN.  In  Figure  4.6.8  t'  , t'  and  t".  denote  the  replace- 

^ mf  mfq  mfq 

ment  transitions  Introduced  for  some  "stop"  transition  t . without 

mstop 

inhibitor  input  places  while  t'  , t'  and  tl'  denote  the 

kf  kfq  kfq 


replacement  transitions  introduced  for  some  "stop"  transition  t, 

^ KStop 

with  inhibitor  input  places,  1 1 9 £ shall  also  Introduce  in  Ct 

a constraint  {p',  H" } for  each  place  p'  in  P'  corresponding  to  some 
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pl.icf  p ot  ^ . f'inally,  wc  shall  defiiit?  the  unique  final  narking 

- 1 1 I . i s t 

M oft-  V b V : 

t " f ' f 

1.  M (p')  * M (p)  = M (p)  for  each  place  p'  e P'  corresponding 
to  soine  place  p : P. 

2.  (H')  = (a’)  = CT")  = 0 for  each  q.  1 < q < s. 

3.  M (H”)  = 1. 

It  is  easy  to  see  that  any  replacement  transition  introduced  for 
some  stop  transition  can  fire  only  if  its  firing  leads  to  a marking  in 
which  each  place  p'  corresponding  to  a place  p e ^last  emptv  or, 
else,  one  of  the  constraints  Introduced  above  would  be  violated.  By 
C'ndition  (*1.)  and  by  cinstruction,  iiowever,  must  satisfy  this 

condition.  On  the  other  hand,  by  condition  ('^2.)  and  by  our  construct, 
no  replacement  transition  introduced  for  some  ''stop''  transition  can 
deposit  upon  firing  tokens  in  places  p'  corresponding  to  places 

7 f " 

p c P"  . Ihus,  no  contradiction  can  arise  and  tho  final  marking  .M 
last 

can  indeed  be  attained  as  an  admissible  marking. 

We  note  that  the  important  factor  in  our  construct  relative  to  the 
final  marking  is  the  fact  that  we  can  avoid  having  inhibitor  arcs  as 
part  of  self-loops  in  E.‘«'.  Tn  fact,  this  assumption  stands  at  the  basis 
of  the  simulation  of  any  transition  with  inhibitor  input  olaces  of  Eh. 

□ 

Based  on  Lemmas  4.6.1  and  4.6.2  and  on  tae  results  reported 
earlier  in  this  chapter,  we  can  conclude: 

Theorem  4.6.1 

A(COPN)  = A(C-CPM)  and  A (COPM)  = (C-CPM) 

o ' o 

At  the  beginning  of  this  section  we  have  mentioned  that  there  e.xist 
differences  between  our  definition  of  the  Coordination  Petri  Model  and 
the  original  definition  of  it,  as  it  appears  in  [PATI-70].  In  the  re- 
mainder of  this  section  we  shall  briefly  e.xamine  these  differences. 

Thus,  in  [PATI-70]  the  process  of  firing  an  enabled  transition  of  a 
COP.M  encompasses  two  phases: 

1.  The  transition  initiates  by  claiming  tokens  from  eacli  of  its 
input  places. 

2.  The  transition  terminates  by  removing  tokens  from  its  input 
places  and  depositing  tokens  in  its  output  places. 


T 
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Our  (Jffinitiou  ol  Llic  tirinjj;  of  a transition  follows  the  same 
pattern  except  that  phase  1 does  not  occur  explicitly. 

Another  distinction  consists  in  the  tact  that  the  set  T of  transi- 
tions was  ori>;inally  defined  to  contain  three  categories  of  transitions' 

1.  Input  transitions.  An  input  transition  df>es  not  initiate  until 
the  external  world  has  reached  a certain  condition  associated  with  that 
input  transi t ion. 

2.  Output  transitions.  The  initiation  ot  an  output  transition 
indicates  to  the  external  world  that  it  should  proceed  with  a certain 
event  associated  with  that  transition.  An  output  transition  termi- 
nates only  after  the  associated  event  has  occurred.  A transition  of 
the  COPM  may  be  both  an  input  and  an  output  transition. 

3.  Internal  transitions.  These  transitions  do  not  take  part  in 
the  interaction  with  the  external  world  and  can  initiate  and  terminate 
freely,  independent  of  external  events. 

Input  and  output  transitions  were  introduced  in  order  to  provide 
a (lOI’M  with  communication  facilities  to  the  external  world,  i.e.,  to 
the  collection  of  processes  to  be  coordinated  by  the  respective  net. 

Certainly,  the  EI’M,  El’M(I)  and  for  that  matter  the  C-Cl’M  can  be 
provided  with  similar  input  and  output  transitions.  In  this  case 
Lemmas  4.6.1  and  4.6.2  as  well  as  the  corresponding  constructs  remain 
applicable  to  these  extended  versions  of  the  F.I’M  and  KPM(I).  In  our 
study,  however,  we  are  interested  in  comparing  the  intrinsic  repre- 
sentation capabilities  of  the  COPM  with  those  of  the  other  models 
considered  in  this  chapter  and  in  particular  with  the  representation 
power  of  the  C-CPM.  From  this  point  of  view,  it  is  the  intenial  transi- 
tions which  gain  relevance.  This  is  why  we  have  treated  all  transi- 
tions of  a COPM  as  internal  transitions. 

In  (PATI-70j,  multiple  input  and/or  output  arcs  were  not  consi- 
dered. For  the  sake  of  modelling  convenience,  we  have  removed  this 
restriction.  COPM's  without  multiple  arcs  are  certainly  a particular 
rase  of  the  model  which  we  have  considered.  Consequently,  Lemma  4.6.1 
remains  true  in  this  special  situation.  On  the  other  hand,  we  note 
that  the  flOPM's  resulting  from  the  construct  of  Lemma  4.6.2  do  not 
employ  multiple  arcs.  Hence,  we  can  conclude  that  the  introduction  of 
multiple  arcs  in  the  COPM  does  not  affect  the  language  families 
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A(COPM)  and  A (COPM) . 
o 

Evon  though  not  explicitly  stated  it  appears  that  in  [PATI-70] 
only  "safe"  Coordination  Petri  Models  were  considered  (a  COPM  Is 
"safe"  if  anv  of  its  reachable  markings  M*^  is  safe,  that  is  M*^(p  ) < 1 

j - 

for  each  place  Pj  of  the  respective  net).  This  assertion  is  based  on 
the  statement  "...  a place  [of  a COPM]  is  either  empty  or  it  has  a 
stone  [i.e.,  a token]  ...".  encountered  in  [PATl-70].  Moreover  the 
initial  marking  M°  is  required  in  the  original  definition  of  the  COPM 
to  be  safe.  We  note,  however,  that  a safe  initial  marking  Is  only  a 
necessary  but  not  a sufficient  condition  for  a COPM  to  be  safe.  We 
also  note  that  for  safe  COPM's,  the  language  families  A and  A are 
equal  to^  and  PREF(^%),  respectively  where  ^ denotes  the  set  of  regu- 
lar languages.  Indeed  the  set  of  distinct  reachable  markings  of  a safe 
COPM  is  finite  and,  therefore,  t'ne  firing  sequences  of  the  respective 
net  can  be  simulated  by  a finite  state  automaton.  In  this  case,  A(COPM) 
and  A^(COPM)  are  proper  subsets  of  A(C-CPM)  and  A^(C-CPM),  respectively. 
In  fact,  as  shown  in  [HACK-75]  the  sets  t^and  PREF(^JI2)  can  be  generated 
as  A^  and  A language  families,  respectively  by  safe  GPN's.  Hence,  in 
this  case,  the  presence  of  the  constraint  set  does  not  increase  the 
representation  capabilities  of  the  (safe)  GPN's.  In  our  definition  of 
the  COPM,  the  safeness  restriction  has  been  removed  which  in  turn  lead 
to  the  result  announced  in  Theorem  A. 6.1, 

The  last  distinction  between  our  definition  of  the  COPM  and  that 
given  in  [PATI-70]  consists  in  the  fact  that  in  [PATI-70]  input  and 
output  places  of  a transition  were  not  allowed  to  be  part  of  the  same 
constraint.  In  our  definition  of  the  COPM  we  have  removed  this  topo- 
logical restriction  regarding  allowable  constraints.  It  is  easy  to 
see  that  if  tj^  is  a transition  of  a COPM  whose  constraint  set  obeys 
the  restriction  mentioned  above  then  lC(tj^)  D OC(tj^)  = i*>.  Lemma  A. 6.1 
and  the  corresponding  construct  apply  directly  to  this  case.  Conse- 
quently, the  topological  restriction  under  consideration  does  not 
extend  the  ranges  of  the  language  families  A(COPM)  and  A^(COPM). 

Let  us  now  examine  how  the  construct  of  Lemma  A. 6. 2 violates  this 
topological  restriction  of  [PATI-70].  Let  {p',  be  one  of  the 

constraints  which  we  have  introduced.  Let  us  examine  first  the 
replacement  transitions  introduced  for  a transition  t^  of  the  original 
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KPM  whicli  does  not  have  inhibitor  input  places  (Figure  4.6.7). 

Kvidently.  is  an  input  place  only  ot  the  replacement  transition 

t'  and  is  not  an  output  i)lace  for  any  replacement  transition  of  t . 
mq  >1.1 

On  the  other  hand,  p'  cannot  be  both  an  input  and  an  output  place  of 

anv  ri'placement  transition  ot  t . Hence,  the  topological  restriction 

m 

Ip'i  II ' } can  he  violateii  only  if  p'  is  an  output  place  of  t or, 
q mq 

equivalently,  if  p,  the  place  of  KN  corresponding  to  |> ' , is  an  output 

place  of  the  original  transition  t . 

m 

Consider  now  the  n-placement  transitions  introduced  for  some 

transition  t.  L T (Figure  4.6.6).  Again,  fl'  is  an  input  place  only  of 
K q 

tj^^  and  is  not  an  output  place  of  any  replacement  transition  introduced 

for  t . Since  no  replacement  transition  of  t can  self-loop  on  p' 

K K 

it  follows  that  the  topological  restriction  on  the  constraint  fp', 

I an  he  violated  only  if  p'  is  an  output  place  of  By  a similar 

.argument  we  see  that  the  replacement  transitions  of  tj^  cannot  violate 
the  topological  restriction  on  any  constraint  involving  or  and 
in  particular,  the  replacement  transitions  t^^,  t and  t”'  cannot 
viol.ite  the  topological  restriction  on  any  of  the  constraints  which 
we  have  introduced  in  Ct. 

The  same  remarks  apply  to  constraints  of  the  form  {p',  , 

1 q s,  as  well. 

We  can  conclude  that  ;i  violation  of  the  topological  restriction 

on  constraints  occurs  only  if  a place  of  the  original  KFM  is  both  an 

inhibitor  input  place  and  an  output  place  for  different  transitions. 

As  an  example  consider  the  place  p^  of  Figure  4.6.4.  As  a consequence 

of  that  particular  structure,  the  transitions  t',  and  t",  of  Figure 

mk  mk 

4.6.5  violate  the  topological  restriction  on  the  constraints  f 

and  {p|^,  respectively.  Finally,  replacement  transitions  introduced 

for  a "stop"  t r.ins i t ion  of  the  original  EPM  may  violate  the  topological 

restriction  on  constraints  of  the  form  {p',  II'  J or  {p',  11"}  the  same  wav 

q q 

as  tile  other  categories  of  replacement  transitions  discussed  above.  In 
addition,  however,  replacement  transitions  of  a "stop"  transition  m;iy  al- 
so violate  the  restriction  on  constraints  of  the  form  {p',  R"}  if  p'  is 

an  input  place  of  the  respective  replacement  transition  (p'  denotes  a 

2 

place  ol  F'  corresponding  to  some  place  p C 
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Nevertheless,  it  appears  that  tlie  construct  of  Lemma  4.6.2  can  be 
modified  in  order  to  avoid  these  violations  of  the  topological  restric- 
tion concerning  allowable  constraints.  The  re  uiting  construct 
is  fairly  complex,  especially  in  the  case  of  languages  from  the 
family,  and  for  the  sake  of  brevity  will  not  be  given  here. 


Section  4.7  A RESULT  CONCKRNING  THE  IJVNGUAGE  FAMILIES  A(C-CPM) 

ANO  A (C-CPM) 

In  this  section  we  shall  Introduce  yet  another  variant  of  the  EPM, 

which  we  shall  call  the  EPM(IT).  The  EPM(TI)  is  a fairly  Interesting 

model  in  itself.  Moreover,  it  will  enable  us  to  easily  establish  a 

result  about  tlie  relationship  between  the  language  families  A (C-CPM) 

and  A (C-CPM).  We  shall  also  use  the  EPM(II)  in  our  study  of  the 
o 

relationship  between  the  C-CPM  and  the  Petri  Nets  with  switches, 
disjunctive  logic  and  token  absorbers. 

The  EPM(II)  is  obtained  by  appending  token  absorbers  to  the  EPM. 

Thus : 


Def init ion  4.7.1 


An  Extended  Petri  Net  (II)  (EPN(II))  is  a modified  EPN 
EN  = (T,  P,  I,  0)  such  that: 

1.  T is  a finite  set  of  transitions. 

2.  P is  a finite  set  of  places. 

3.  I : P X T -♦  U is  the  input  incidence  function. 

4.  0 : T X p » U Is  the  output  Incidence  function. 

The  sets  T and  P and  the  mapping  I are  defined  exactly  as  in  the 

case  of  the  EPM.  Suppose  now  that  (t, , p.)  is  a pair  in  T x P.  If 

+ 

0(t  , p ) = s,  for  some  s C Z , then  p.  is  called  a normal  output  place 
k j J 

of  t,  . If,  however,  0(t.  , p.)  = C then  the  transition  t,  is  connected 
k k .]  k 

to  the  place  p^  by  a special  type  of  arc  called  a token  absorber. 
Craphically,  a token  absorber  is  represented  as  a double  arc  with  a 
small  circle  instead  of  an  arrowhead  (Figure  4.7.1).  We  note  that 
the  mapping  0 is  single-valued  and  therefore  a place  Pj  cannot  be  con- 
nected to  the  same  transition  t^^  both  by  output  arcs  and  by  a token 


absorber . 
„a 


We  shall  define  for  each  transition  t,  the  set: 

k 


^’P,  I 


p^  c P and  lHt|^.  pj) 
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A marking  oi  KN  is  defined  as  a total,  single-valued  mapping  from 
the  Set  of  places  into  , Given  an  arbitrary  marking  M'*'  of  KN , a 

transition  t is  enabled  in  under  the  same  conditions  as  in  the 
casi’  of  the  Id’N  (l)i>f  in  i t ion  4.1.10).  Any  transition  enabled  in 
M*  may  be  selected  to  fire  in  M*  . 


Def  i n i t i_o_n  1 .2 

If  .1  tr.insition  t,  , enabled  in  the  marking  M^,  fires  in  and 
k 

M*  I ^ then: 


(p . ) = 


M^(p.)  - l(p^,  tj^)  + 0(t,^.  Pj)  if  P.  C P - 0’,^ 


0(t^,  p ) 


P,j  ^ ‘'k  - ^ 
if  Pj  E r|; 


We  note  that  the  token  absorbers  are  indeed  a special  category 

of  arcs.  Thus,  if  0(tj.,  p.)  = £,,  upon  the  firing  of  t^^  in  the 

-i  i 

place  p.  will  become  empty,  irrespective  of  M (p.).  Kqu ival ent ly , 

5 ^ i 

t "absorbs”  all  the  tokens  (If  any)  present  in  p.  in  the  marking  M . 
k .1 

Figure  4.7.1  exhibits  a .sample  KPN  ( 1 1 ) . The  firing  of  transition 

t_  in  any  marking  will  empty  place  p. . We  note  that  the  marking  of  p 


may  grow  unboundedly. 


Fig. ire  4.7.1 
Samp  1 e KPN  ( 1 1 ) 

/ 


206 


De f In i t ion  A . 7 . 3 

An  Jixt_ejiided_Ppj.rl  Mo^el_(n)  (EPM(II))  Is  a system  tU  = (EN,  M°) 
wtiere : 

1.  EN  = (T,  P,  I,  0)  is  an  EPN(r). 

2.  is  the  initial  marking  of  EN. 

A Label  led_Jij’M(I  I)  Is  defined  completely  analogous  to  Definition 

4.1.9.  Similarly,  the  language  families  A(EPM(II))  and  A (EPM(II))  are 

o 

defineti  the  same  way  as  A(EPM)  and  A^(EPM),  respectively. 

The  following  theorem  states  a rather  interesting  result  regarding 
the  EPM(II),  namely  that  the  introduction  of  token  absorbers  does  not 
affect  the  language  family  A^  generated  by  the  EPM.  Thus: 

Theorem  4. 7 . 1 

A (EPM(Il))  = A (EPM). 
o o 

Proof : Obviously,  any  EPM  is  an  EPM(II)  as  well.  Consequently, 

A (EPM)  ^ A (EPM(Il)).  Therefore,  we  only  have  to  show  that  this 
o o 

inclusion  relation  is  also  true  in  opposite  direction.  The  proof  relates 
the  EPM(II)  and  the  EPM  to  the  family  of  multi-counter  E-acceptors 
operating  in  quasi-realtime.  In  order  to  preserve  the  continuity  of  the 
presentation,  the  detailed  proof  appears  in  Appendix  C. 

□ 

Theorem  4 . 7 ,2_ 

fW  - {A}  I We  A(C-CPM)}C  a (C-CPM). 

O 

Proof : Consider  an  arbitrary  Labelled  EPM  = (tW,  I,  L) 
where  CM  = (en,  m")  and  EN  = (T,  P,  1,  0).  Suppose  W = 

By  definition,  A e W. 

We  shall  construct  a Labelled  EPM(ll)  EN'  ~ (£N'»  C*  L')  and 
define  a final  marking  M of  such  that  A^(EN^,  M ) = W-  {A}. 

Let  tW  = (EN' , m'^  ) where  EN ' = (T',  P',  l'.  O').  Our  construct 
will  preserve  the  places  of  P,  that  is  for  each  place  p.  E P we  shall 
introduce  a corresponding  place  pj  in  P'.  Moreover,  we  shall  intro- 
duce in  P'  a new  place,  let  us  denote  it  hy  II.  For  each  transition 

r f T,  we  shall  introduce  in  T'  two  distinct  replacement  transitions, 
k 

r'  and  t"  and  we  shall  set: 
k k 

1.  l’(Pj,  tj^)  = I’(p’.  tp  » Kp.,  tj^)  for  each  p’  f P’,  pj  / H. 
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1 ' 

(II. 

t,')  = I'dl. 

K 

- 1 

2. 

O' 

p^)  =0(.^, 

■ ”i 

i;  o’(t”. 

p!)  = C for  each  p e F',  p 
1 1 

O' 

n)  = 1 ; o' ( 

11)  = 0 

3. 

1,' 

= L'(t”)  = 

l-(t 

k^ 

Tbus , 

the 

t rans i t i ons 

self- loop 

on  n while  the  transitions 

t”  liavo  n only  .is  .'in  input  place.  Finally,  let  ii.s  define  the  marking.s 
and  by; 

1.  m”  (pi)  = m"(Pj)  for  each  place  pj  c F'  - {n}  and  (H)  = 1. 

2.  M^(p!)  = M^(ll)  = 0 for  each  place  p ^ F',  p!  ^ IT. 

1 .1  1 

According  to  <nir  construct,  the  replacement  transitions  t'  and  t" 

K K 

can  l ire  only  under  the  s.ime  conditions  fT'o  original  transition  t^^. 

Moreover,  the  firing  of  t|^  in  some  marking  produc:es  the  same  effect 

.IS  the  firing  of  tj^  in  the  respective  marking  (except  for  the  place  FT). 

On  the  other  hand,  the  firing  of  t"  in  any  marking  leads  invariably  to 
t ^ f 

the  tinal  marking  M . We  note  that  M can  be  reached  only  through  the 

firing  of  some  transition  t"  and  th.'it  in  all  transitions  of  T'  are 

f 

disabled  (no  firing  sequence  can  be  continued  from  M ).  We  also  •note 

that  if  p'  is  an  inhibitor  input  pl.ace  of  t”  then  we  can  in  fact  set 

O' (tj^,  p')  = 0 (rather  than  0'(t|^,  p')  = C)  without  altering  the 

effect  produced  by  the  firing  of  tj^. 

In  order  to  simplify  notations,  let  us  define  the  injections 

S’  : I * T'  and  S";  T ^ T'  such  that  for  each  tj,  C T,  S ' 

and  S"(tj^)  = t|^.  One  can  easily  verify  that  if  y = 6tj^  is  a firing 

sequence  of  FN  from  .M*^ , i.e.  Y C S(M*^')  ther.  there  exists  a firing 

sequence  ('  = S' (6)S'\t,)  of  KN'  ^ and  y'  E.  T (M^’  , M^).  Hence,  each 

f 

nonempty  string  w ' W is  also  in  A ((M',  M ).  Let  now 

o 2, 

Y'  = tie  a termiivil  firing  sequence  of  KN ' . According  c.  our 

previou.s  remarks  6'  cannot  contain  .any  of  the  replacement  transition.-, 

Tlie  mappings  11'  and  S"  c;in  be  natur.'illy  extended  ti,  firing  sequences, 

i.e.  if  A = t . . . t.  is  a firing  seciuence  in  T tluui 
k 1 km 

S’(6)  -S'(t^,)  ...  S'(t^^,)  and  S"(6)  = S"(t^p  ...  S"(t^^K 


t ' 

mq 


(n')  = 1 and  M 


In  M 


1’ 


then  M 


i+l' 


4 4.1  I ^ 4»1  * 

(ir  ) = M (np  - 0 for  each 


■».*AJW***I 


i 
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t'^.  Clearly,  there  exists  a firing  sequence  y = 5'  ^((5')  S"  of 

F.N.  Thus,  W - fX}  = A (t'lV',  M^). 

O L 

W«'  can  conclude  that  A(EPM)  C A (EPM(Il)).  up  to  X.  Then,  from 

o 

Theorems  4.7.1,  4.5.1  and  4.1.1(a),  we  have: 

IW  - fX}  I W f.  A(C-CPM)}  9 A (C-CPM). 

o 

Some  thought  will  show  that  the  context-free  language 

W = {a'^b'^  I n > 1 } is  contained  in  A (C-CPM)  but  W'  U {X}  is  not 

o 

contained  in  A(C-CPM).  Hence,  the  inclusion  is  proper. 

□ 


Corollary  1 

{W  - {X}  I W e A(EPM(II))C  A (EPM) 

o 

Proof : Let  = (EM,  Y.,  L)  be  a Labelled  EPM(Il)  and  let 

W = t\(UNy) . Using  a construct  analogous  to  that  of  Theorem  h .1 .1  one 

^ f 

can  build  a Labelled  EPM(II)  EA'^  such  that  W - {X}  = A^(E'J^,  M ) 

where  M^  is  the  zero  marking.  By  Theorem  4.7.1,  we  have 

{W  - {X}  1 W e A(EPM(II))}C  A^(EPM).  By  the  same  argument  as  in 

Theorem  4.7.2  the  inclusion  is  shown  to  be  proper. 

□ 

Regarding  the  language  families  A(EPM(11))  and  A(EPM) , evidently 
A(EPM)  ^ A(EPM(11).  Unfortunately,  we  do  not  know  whether 
A(EPM(II))  A(EPM),  as  well.  Appendix  C contains  further  comments 
pertinent  to  A(EPM)  and  A(EPM(I1)). 

Let  us  now  briefly  examine  the  Petri  Nets  with  switches,  disjunc- 
tive logic  and  token  absorbers.  The  formal  definition  of  this  model 
is  given  in  Appendix  D. 

It  has  been  shown  (Section  3.7  of  [AGAR-75])  that  the  "zero  testing" 
function  of  the  inhibitor  arcs  can  be  simulated  (in  a X-transition  free 
manner)  using  disjunctive  input  logic.  On  the  other  hand,  it  is  easy  to 
see  how  switches  and  transitions  with  AND  and  EOR  input  and/or  output 
logic  can  be  simulated  using  Inhibitor  arcs  and  no  X-t ransi tions . 

Since  token  absorbers  were  directly  carried  over  to  the  EPM(II), 

Labelled  Petri  Net  Models  with  switches,  disjunctive  logic  and  token 
absorbers  can  be  transformed  into  language  equivalent  Labelled  EPM(II)'s, 
In  a X-transitlon  free  manner.  Thus,  the  EPM(Il)  and  the  Petri  Net 


?'^9 

Mocifl  witli  switches,  disjunctive  logic  and  token  absorbers  ge..erate 
the  same  A and  language  families.  In  view  of  Theorem  4.7.1  and 
Coroll.iry  1 of  Theorem  4.7.2  the  Tetri  Net  Model  with  switches, 
disjunctive  logic  and  token  absorbers  and  the  C-CPM  generate  the  same 
language  family  while  the  A language  family  generated  by  the  Petri 
Net  Model  with  switches,  disjunctive  logic  and  token  absorbers  is  a 
proper  subset  of  A^(C-CPM). 

Section  4.8  THE  RELATIONSHIP  jy™;_EN  THE  C-CPM  Aidl  _TH_E  EC-CPM 

In  this  section,  we  shall  examine  the  relationship  between  the 
various  language  families  generated  by  the  C-CPM  and  the  EC-CPM. 

Following  characterization  was  given  in  [llACK-75]: 

The  language  families  A(F.PM)  and  A^(EPM)  are  the  closure 
under  finite  substitution,  restriction  and  1-free  renaming  of  the 
language  {-}  and  Q,  respectively  Q . 

Given  two  languages  1.^  and  over  alphabets  and  respectively, 

the  restriction  operation®  on  1.^  and  l.^  is  defined  by: 

Ej  ® = (E,  A (^2  - Zj)*)  n (E^  A (Z^  - Z2)*). 

* 

The  language  Q mentioned  above  is  defined  as  = (P  0)  P^  where 
0 is  a terminal  symbol  and  P^^  is  the  complete  parenthesis  language 
over  the  alphabet  {+,  as  generated  by  the  context-free  grammar: 

S ► SS 

I s ► +s- 

I s - A 

, (S  denotes  the  start  symbol  of  the  grammar.)  Obviously,  ()  is  a contoxt- 

t 

^ free  langu.ige.  <)  denotes  the  language  containing  all  the  prefixes  of 

IQ^,  i .e.  , t|  = PKEF(Q^)  . 

We  note  that  in  the  characterization  given  above  P^^  and  therefore 
()  are  not  languages  in  the  strict  sense  of  the  definition  since  they 
both  contain  A.  Thus,  A^  (EPM)  actually  contains  only  the  A-free  lan- 
guages from  this  family. 

If  w(!  exf»‘nd  the  definition  of  the  language  family  A^^(F.C-CPM)  in 

the  same  sense  (by  removing  the  restriction  that  the  final  color  marking 

* f 

CM  be  different  from  the  Initial  color  marking  IfM  ) then  we  immediately 

have  A(EPM)  9 A(EC-CPM)  and  A (EPM)  C A (EC-CPM).  This  Is  so  because 

o o 


1 
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in  this  case  f A^(p;C-CPM)  and  Q t A(EC-CPM).  Moreover,  the  Language 
families  generated  by  the  EC-CPM  contain  regular  languages  of  the  form 
(5'j  - 3^2^*  closed  under  concurrency,  intersection,  finite 

substitution  and  X-free  renaming.  We  stress  that  in  the  above  charac- 
terization, the  operation  of  finite  substitution  is  restricted  to  one- 
symbol  strings  only  (see  [HACK-75])  and  thus  the  closure  under  this 
operation  extends  to  the  family  A(EC-CPM)  as  well. 

In  fact,  one  can  use  an  alternate,  direct  method  in  order  to  reach 
to  the  same  conclusion.  Thus,  let  = (£W,  Z,  L)  be  an  arbitrary 

Labelled  EPM  where  = (EN,  and  EN  = (T,  P,  I,  0)  is  the  under- 
lying KPN.  We  can  easily  construct  a Labelled  EC-CPM  ~ (PCP t b') 

which  generates  the  same  language  as  ~ (CNt  UM°) 

and  CN  = (N,  U(C),  H) . The  GPN  N = (T'.  P’,  l'.  O')  is  defined  as 
follows.  For  each  place  Pj  e P we  shall  introduce  in  P'  a correspon- 
ding place  p!  and  for  each  transition  t t T we  shall  Introduce  in  T' 

J 

a corresponding  transition  tj^  carrying  the  same  label  as  t^^. 

Let  C = ((c  , c,,  c , c.  } , s)  be  a finite  set  of  colors  where  the 
e t m M ~ 

partial  ordering  _<  satisfies  the  conditions  of  Section  2.5  (the  Hasse 

diagram  of  C appears  in  Figure  4.8.2).  The  extension  L'(C)  is  the  set 

of  colors  associated  with  CN.  We  shall  use  the  colors  c and  c,  to 

e f 

encode  the  "empty"  and  "full"  status  of  any  place  of  the  original 
EPN  . Thus: 

1.  Pj  "empty"  then  the  color  bag  of  p^  will  be  < (c^,l)  >. 

2.  If  Pj  is  "full",  l.e.,  p.  contains  x tokens  then  the  color  bag 

of  pj  will  be  (c^.l)  >.  The  initial  and  the  final  color 

marking  of  CN  are  formed  from  M°  and  the  final  marking  M^  of  EN,  respec- 
tively according  to  this  rule. 

Figure  4.8.1  is  our  example.  The  sample  transition  given  there 
exhibits  all  possible  interconnections  of  places  to  a transition  in  an 
EPN.  The  corresponding  replacement  transition  is  given  in  Figure  4.8.2. 
Using  the  encoding  rule  given  above  as  a correspondence  between  the 
markings  of  EN  and  the  color  markings  of  CN , one  can  easily  verify  that 

t'  can  fire  exactly  under  the  o..me  conditions  as  t,  and  the  effect  of 

K K 

the  firing  of  t*  is  the  same  as  that  produced  by  the  firing  of  t,  . 

K K 

The  construct  works  for  both  language  families  A(EPM)  and  A^(EPM). 

We  can  conclude  that  A(EPM)  £ A(EC-CPM)  and  A (EPM)  £ A (EC-CPM). 

o o 


Figure  4.8.1 


Sample  Transition  of  an  EPM 


Figure  4.8.2 

Replacement  Tran.sition  for  the  Transition  of  Figure  4.8.1 
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Obviously,  the  same  inclusion  relations  hold  between  A(C-CPM) , A (C-CPM) 

and  A(Et)-CPM),  A (KC-CPM),  respectively. 

« R + 

Consider  now  the  context-free  language  W = (ww  | w r,  {a,  b}  }. 

As  noted  in  (HACK-75]  the  number  of  distinct  intermediate  markings 

needed  to  generate  such  palindromes  of  length  n grows  exponentially 

with  n while  the  number  of  distinct  markings  reachable  by  a A-transi- 

tion  free  EPM  during  the  generation  of  a string  of  length  n grows 

as  a polynomial  function  of  n.  Hence  i h (EPM)  but  since  A (EC-CPM) 

contains  all  A-free  context-free  languages,  W i A^(EC-CPM).  Therefore, 

A (EPM)  and  for  that  matter  A (C-CPM)  are  properly  contained  in 
o o 

A (EC-CPM). 
o 

Note,  however,  that  the  above  argument  depends  only  on  the  length 

of  the  firing  sequence  and  not  on  whether  the  respective  firing  sequence 

leads  to  a final  marking  or  not.  Therefore,  the  same  argument  can  be 

applied  to  the  A language  families  as  well.  Consider  the  language 

PREF(W')  where  W'  = {wcw  t ^ ^ t>}  }.  If  wcw  is  a string  in  W', 

with  |w|  = n,  then  all  its  prefixes,  including  the  string  wcw  itself, 

are  in  PREF(W').  Suppose  now  that  PREF(W')  e A(EPM).  Then,  there 

exists  a A-transltion  free  EPM  which  can  generate  by  means  of  firing 

sequences  of  length  n a sufficiently  large  number  of  intermediate 

markings  in  order  to  properly  "remember"  all  the  strings  w e {a,  b} 

of  length  n (N  is  exponentially  related  to  n).  By  the  same  token 
n 

this  is,  however,  not  possible  and  thus  PREF(W')  t A(EPM).  Since 
PREF(W’)  K A(EC-CPM),  we  have  A(EPM)  c A(EC-CPM). 

As  a bonus  of  the  discussion  presented  above  we  obtain  two 
more  results  regarding  the  language  families  generated  by  the  EPM  and  , 

the  EC-CPM. 

We  have  seen  that  A (EPM)  t.  A (EC-CPM).  By  Theorem  A. 7. 2 
o o 

A (EPM)  ^A  (EPM),  up  to  A.  Hence,  A (EPM)  t.  A (EC-CPM),  up  to  A. 
o o 

Consider  now  the  language  families  A^(EPM)  and  A(EC-CPM).  We 

already  know  that  the  contex.t-f ree  language  {a*^b  | ti  ^ 1 ) for  example, 

is  in  A (EPM)  but,  according  to  Chapter  III,  is  not  in  A(EC-CPM).  On 
o 

the  other  hand,  using  the  same  argument  as  in  the  case  of  the  family 
A(EPM),  one  ran  show  that  the  language  PREF(W')  is  not  in  A^(EPM). 

Since  PREF(W')  t A(EC-CPM),  the  language  families  A^^(EPM)  and  A(EC-CPM) 
are  incomparable. 


<1 


We  can  summarize  tliese  resuils  as  follows: 


Tlieorcm  4,8 . 1 

a)  A (C-CPM)  C A (KC-CPM) 

o o 

b)  A(C-CPM)  C A(KC-Cl'M) 

c)  A (C-CPM)  and  A(KC-CPM)  arc  incomparable. 

o 

d)  A(C-CPM)  C A (KC-CPM)  (up  to  A). 

o 

□ 

Wc  tiave  already  mentioned  that  the  A^  language  family  generated  by 

Ceneralized  Petri  Nets  properly  contains  the  family  of  regular  languages, 

up  to  A ([PKTE-73],  [HACK-75]).  Hence,  all  the  A-free  regular  languages 

are  in  A^(C-CPM)  as  well.  On  the  otlier  hand,  the  languages  in  A^(C-CPM) 

are  deterministic  context-sensitive.  The  relationship  between  A (C-CPM) 

o 

and  the  families  of  regular  , context-f ree  (•^;^r)  and  deterministic 

cont  eJv  t-sens  i t ive  languages  is  exhibited  in  Figure  4.8.3  (where 

wc  have  ignored  for  a moment  the  absence  of  the  empty  string  A from  the 
languages  in  A^(C-CPM)).  Regarding  the  language  family  A(C-CPM),  the 
following  can  be  stated: 

i.  There  are  regular  languages  (e.g.  a*)  which  are  contained  in 
A(C-CPM)  but  not  all  regular  languages  are  in  A(C-CPM)  (e.g.  a*c). 

ii.  The  Intersection  between  the  family  of  strict  context-free 
languages  and  A(C-CPM)  is  not  empty  (the  context-free  language 
{a'‘b'"  I 0 ■ m ■ n}  for  example  is  in  A(C-Ci’K)). 

iii.  There  are  languages  in  A(C-CPM)  which  are  context- 
sensitive  but  not  context-free  (e.g,  {a^'b"'c*"  | 0 < r < m < n}). 

Tote,  however,  t)>at  the  context-sensitive  language  {a'^b'^t^  j”  ^ is 
A^^(C-CPM)  but  not  in  A(C-CPM). 

The  relationship  between  A(C-CPM)  and  the  familie  and 

is  also  displayed  in  Figure  4.8.3. 

In  the  previous  sections  of  this  cliapter,  the  A^  language  family 
generated  by  the  C-CPM  was  sliown  to  be  equal  to  the  language  family 
of  the  KI'M,  PPM,  COPM  and  of  the  Petri  Net  Model  with  switches, 
disjunctive  logic  and  token  absorbers.  Anoti er  common  characteristic 
of  these  formal  models  is  the  fact  that  they  can  generate  under  unre- 
stricted erasure  the  set  of  recursively  enumerable  languages.  Hence, 
each  language  In  A^(EC-CPM)  and/or  A(EC-CPM)  can  be  expressed  as  the 
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Figure  4.8.3 

''.elat ioashln  of  .\o(C -CFM'  anc  A(C-C'’!')  to  Other 
Lansua^c  Fanil ic3 

image  under  some  erasing  homomorphism  of  a language  in  A^(C-CPM). 

Since  the  languages  in  A(EC-CPM)  and  A^(EC-CPM)  are  still  context- 
sensitive  the  question  which  naturally  arises  is  whether  the  erasing 
needed  to  generate  them  is  bounded  and  if  so  what  are  the  necessary 
and  sufficient  bounds.  This  question  has  a certain  practical  signifi- 
cance. We  recall  that  our  interest  in  the  study  of  the  A and  A 

o 

language  families  was  motivated  by  the  fact  that  they  provided  a 
theoretical  framework  within  which  the  "representation  power"  of 
various  formal  models  of  concurrent  systems  can  be  "measured"  and 
"compared".  In  this  context  the  C-CPM,  PPM,  PPM.  COPM  and  the  Petri 
Net  Model  with  switches,  disjunctive  logic  and  token  absorbers  proved 
to  be  fully  equivalent  models  with  respect  to  the  A^^  language  family 
generated  but  strictly  weaker  than  the  EC-CPM.  Thus,  it  appears  that 
there  are  synchronization  systems  whose  coordination  sequences  can 
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he  correcfly  modelled  without  the  aid  of  A-transitions  by  the  KC-CPM 

but  not  bv  any  of  ttie  other  formal  models  mentioned  above  (we  shall 

reexamine  this  statement  in  Chapter  V).  On  the  other  hand,  any  such 

synchronization  system  can  be  modelled  by  the  C-CPM  and/or  the  other 

models  e(juivalent  to  the  C-CPM  with  the  aid  of  A-transitions.  From 

this  point  of  view,  A-transitions  can  be  considered  to  correspond 

merely  to  internal  operations  of  the  model;  they  do  not  represent 

processes  of  tiie  modelled  system.  By  answering  the  question  which  we 

have  raised  earlier  regarding  the  bound  on  the  erasing  homomorphl.sms 

required  to  generate  A(KC-CPM)  and  A (EC-CPM)  we  shall  also  determine 

o 

the  bound  on  the  number  of  Internal  ( A-transition)  firings  necessary 
to  simulate  arbitrary  F.C-CPM's  by  C-CPM's.  This  will  provide  insight 
to  the  degree  of  difficulty  encountered  by  C-CPM's  in  simulating 
arbitrary  EC-CPM's  or,  equivalently,  to  the  degree  of  difficulty 
encountered  by  C-CPM's  in  modelling  synchronization  systems  which 
can  be  modelled  by  EC-CPM's  witltout  the  aid  of  A-transitions. 

Let  us  first  examine  how  EPM's  augmented  with  A-transitions  can 
generate  the  family  of  context-free  languages.  We  shall  assume  that 
each  context-free  language  W is  generated  by  some  context-free  granur.ar 
C in  a special  type  of  Creibacli  normal  form.  Thus,  C may  contain  only 
productions  of  the  form: 

A a 
A ► aB 
A aBC 

where  A,  B , C are  nonterminal  symbols  and  a is  a terminal  svmbol. 

Such  a gr.immar  can  be  found  for  any  context-free  language  (see 
Exercise  A. 11  of  (HOPC-691  for  example). 

Let  C » (V  , V , P,  S)  be  a context-free  grammar  as  described 
N T 

above.  Our  construct  will  define  lor  any  such  grammar  a Labelled 

EPM(l)  * (tM,  L,  L)  which  simulates  leftmost  deriv.itions  in 

the  respective  grammar.  Suppose  fM  = (EN,  M*^  ) , where  EN  * (T,  P,  1,  t') 

is  the  underlying  EPN(I).  ^ II  Id}  where  d is  a new  svmool, 

not  in  Each  such  EPM(I)  will  be  composed  of  three  interconnected 

parts,  which  we  shall  Informally  call: 
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i.  the  control  subnet 

ii.  the  concatenation  subnet 

iii.  the  deletion  subnet. 

The  control  subnet  will  contain  a distinct  transition  for  each 

production  of  G and  six  places,  denoted  by  p , p^,  p^,  Pjj^>  P^  and  p^. 

All  transitions  of  the  control  subnet  will  have  p as  an  input 

o 

place . 

Suppose  " aA^^2  is  a production  of  G.  Then,  the  control 

subnet  will  contain  a transisition  for  it  of  the  form  presented  in 

Figure  4.8.4.  Similarly,  if  A^^^  -*■  sA^^^A^^2  is  a production  of 

G,  the  corresponding  transition  of  the  control  subnet  is  displayed 

in  Figure  4.8.5.  Figure  4.8.6  exhibits  a transition  corresponding  to 

a production  of  the  form  A •♦a. 

q+1 

The  places  p^  and  p^  are  used  to  "remember"  the  nonterminal  part 

of  the  sentential  form  obtained  along  any  leftmost  derivation  in  G. 

Suppose  G has  r - 1 variables.  Then,  each  variable  A.  can  be  uniquely 

represented  by  an  integer  | Aj | = j,  where  1 j ^ f - 1.  Let 

A A ...  A, A be  the  nonterminal  part  of  a sentential  form.  It 

q+1  q 1 o 

also  can  be  uniquely  represented  by  an  integer: 

q + i 


+ lA^I-r'^  + 


^rl  -F 


A. 


This  encoding  is  rather  common  for  automata  with  counters.  In  our  case 


we  shall  have  the  marking  of  p be  A , tokens  and  the  marking  of 

t q+1 


p be 
s 


q 

I I 

j = 0 


.q-j 


tokens,  i.e.,  p always  "remembers"  the  leftmost  variable  a . Conse- 
t q+1 

quently,  at  this  stage  only  the  transitions  of  the  control  subnet 
corresponding  to  productions  having  on  the  left  side  can  be 

en.ibled  . 

Suppose  the  next  production  to  be  applied  is  of  the  form 

After  applying  this  production  the  nonterminal  part 

• i.e.  only  the  left- 

mi'st  variable  is  possibly  changed.  Also  the  terminal  a is  generated. 
The  transition  of  Figure  4.8.4  performs  exactly  these  operations,  by 
replacing  the  |A  , , I tokens  in  p by  |a  _|  tokens  and  generating  a. 

q-rl  t q+Z 


%+i  " V2 

of  the  sentential  form  becomes  A 

q+2  q 


'Tr— 


Figure  -4 . 8 . i 
Sample  Transition 


L(tJ  = a 

j = 'S+J 

Pt^  = -V3' 
Pr’  = 'V2 

Figure  i . 8 . 5 
Sample  Transition 


3 


L(t  ) = a 
n 


Figure  4.3.0 
Sample  Transition 
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Suppose'  now  that  we  apply  the  production  A 


■q+1  ^ ‘*^q+3%+2' 

The  nontenninal  part  of  the  sentential  form  becomes  A .A  A . 

q+3  q+2  q 


Accordingly,  we  must  change  the  marking  of  p to  |A  ^ tokens  and  the 

t q+*) 


marking  of  to 


r + 


r'  + 


q+2' 


o 

• r = 


r + 


q+2 


tokens . 


M ^ 0 

The  transition  of  Figure  4.8.5  initiates  these  operations.  Thus,  it 


replaces  the  |a  ,|  tokens  in  p by  |A  -I  tokens,  it  consumes  the  token 
q+1  ' t q+3 


in  p (and  thus  disables  all  the  transitions  of  the  control  subnet"' > it 
o 


deposits  Pj.  ^nd  it  "starts"  the  concatenation  subnet  by 


placing  a token  in  p^.  The  concatenation  subnet  will  duplicate  the 


tokens  in  p r times  and  will  add  to  them  the 


|A  tokens  stored  in 

q+2 


p^,  thus  simulating  the  concatenation  of  to  the  nonterminal  part 


of  the  sentential  form. 

bet  us  now  assume  that  the  production  A , a is  applied.  In 

q+1 


this  case  the  nonterminal  part  of  the  sentential  form  becomes 

A A , ...  A,A„,  i.e.  the  leftmost  variable  is  deleted.  Consequently, 
q q-1  1 0 

the  marking  of  p^  must  become 
become 


A tokens  and  the  marking  of  p must 
' q'  “ ^s 


q - 1 


I 


1 


■r  tokens. 


j = 0 

The  transition  of  Figure  4.8.6  partly  performes  these  operations  by 
consuming  the  ^ tokens  in  p^  and  placing  a token  in  p^ . In  this 

way  the  deletion  subnet  is  activated  and  it  will  divide  the  number  of 


tokens  in  p by  r . 
s 


The  remainder  will  be  deposited  in  p^  and  the 


quotient  will  be  placed  back  in  p . 


Let  us  now  present  the  conca tenat ion  and  deletion  subnets.  Our 
constructs  can  be  viewed  as  extensions  of  the  multiplication  and 
division  nets  used  in  [ACAR-75]. 

A sample  concatenation  subnet  is  displayed  in  Figure  4.8.7.  Let 
us  assume  that  the  concatenation  subnet  has  been  activated  by  the 


IJ 


2)9 


I'igure  4.8.7 


ConcatfriJit  ion  Snbiu*t 


transition  of  tho  control  subnet  corresponding  to  some  production 
A 


9+1 


lA  „ of  G.  Let  us  also  assiimc  that  .at  tiiat  stage,  p 

3 q+2  s 


Contained  m tolcens.  Transition  t , transfers  the  m tol^ens  to  the 

ml 

place  p^  wtiile  t^^  performs  tlie  actu.al  multiplication,  i.e.,  t ^ de- 
posits m-  r toltens  into  p . Tr.ansitions  t!,  ...  , t'  , .are  used  to 

"stop"  the  concatenat  io.  ubnet  after  the  mu  1 1 ip1  ic.at  ion  lias  been 
performed.  Tliis  group  ol  transitions  contains  a distinct  transition 

for  each  variable  of  G.  Thus,  ll  corresponds  to  the  v.ariable  A., 

I I 

1 J < r - 1 and  I ( p^ , tj)  = (a,  |a.|)  = (o,  ))•  Due  to  tlie  positive 

testing  arcs  .at  the  most  one  of  these  transitions  c.an  be  enabled  at 

a time,  in  this  c.ase  the  transition  corresponding  to  A By  firing 

q+2 

this  tr.insition,  the  tokens  will  be  removed  from  p^  .and  added 
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to  the  place  p^,  thus  completing  tlie  concatenation  operation.  At  the 
same  time,  the  concatenation  subnet  becomes  disabled  and  the  control 
subnet  is  reactivated  (each  of  these  "stop"  transitions  restores  the 
token  in  P^) • We  note  that  the  conca tena t i on  subnet  operates  rather 
deterministically.  The  inhibitor  arcs  and  the  positive  testing  arcs 
ensure  th.at  the  execution  of  the  concatenation  subnet  ends  only  after 
the  concatenation  operation  has  been  fully  executed.  One  can  easily 
see  that  exactly  2 . m + 2 transition  firings  are  required  by  each 
execution  of  the  concatenation  subnet. 

We  shall  assign  the  label  d to  all  transitions  of  the  concatena- 
tion subnet. 

Figure  A. 8. 8 displays  a sample  deletion  subnet.  Transition  t 

dl 

transfers  the  m tokens  from  p to  p'  while  t,.  performs  the  actual 

s d dJ 

division.  Note  that  in  our  encoding  each  division  operation  must  have 
a remainder,  and  the  remainder  must  be  greater  than  or  equal  to  1. 

The  transitions  t',',  t"  , are  used  to  "stop"  the  deletion  subnet. 

For  each  variable  of  G tliere  exists  a distinct  "stop"  transition  in 
this  group.  Thus,  tV  is  the  transition  corresponding  to  the  nonter- 
minal A.  and  l(p^.  tp  = (o.  |a.|)  = (o,  j)  for  each  i , 1 £ j r - 1 . 
As  in  the  case  of  the  concatenation  subnet,  at  the  most  one  of  these 
transitions  can  become  enabled  at  a time.  Moreover,  these  transitions 
can  become  enabled  only  wlien  the  marking  of  p^  is  positive  but  strictly 
less  than  r (in  which  case  t^^  is  disabled).  The  purpose  of  these 
"stop"  transitions  is  to  transfer  tlie  remainder  of  tiie  division  opera- 
tion from  p^  to  p^.  At  the  same  time  they  disable  the  deletion  subnet 
and  reactivate  the  control  subnet.  All  transitions  of  the  deletion 
subnet  carry  the  label  d. 

One  can  easily  verify  tliat  each  execution  ot  ttic  deletion  subnet 
requires  exactly  m + quotient  (m/r)  + 2 transition  firings.  In  fact, 
if  we  complicate  the  structure  of  the  concatenation  subnet,  the  number 
of  transition  firings  necessary  to  simulate  tlie  concatenation  operation 
can  be  lowered  to  this  bound  as  well.  It  is  more  important,  however, 
to  notice  that  the  number  of  transition  firings  required  bv  an  execu- 
tion of  either  the  concatenation  or  the  deletion  subnet  will  always 
have  an  upper  bound  of  the  form  c • m,  for  some  constant  c > o. 


221 


F i giir  A . 8 . 8 
Dt‘  i i' i i (HI  Snbiu't 

I 

t 


j Let  us  now  put  tosetlicr  the  three  subnets  examined  above.  Figure 

f 4.8.9  displays  schematically  the  typical  structure  of  a Labelled  EPM(I) 

» ■ 

" simulating  the  leftmost  derivations  of  some  context-free  grammar  G. 

« 

In  the  initial  marking  all  places  are  empty,  except  p^  which  contains 
a token  and  p^  which  contains  |s|  tokens,  where  S is  the  start  symbol 
of  G . 

We  note  that  a derivation  in  the  grammar  G ends  when  the  nonter- 
minal part  ('f  the  respective  sentential  form  becomes  empty.  Moreover, 
the  production  used  at  tlie  last  step  in  the  derivati  >n  must  be  of  the 


T 
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torra  "*■  '*•  Hence,  we  slia]  1 Have  in  the  final  marking  all  places 

empty,  except  p^  which  will  contain  a token  (recall  that  we  are  gene- 
rating an  A language). 

Let  now  h : X.  erasing  homomorphism  defined  by 

n(a)  = a,  for  all  a E V.^,,  and  h(d)  = X.  If  W is  the  context-free  lan- 
guage gener.ited  by  G and  W'  is  tlie  language  generated  by  then  by 

our  construct  h(W')  = W. 

For  languages  in  A(EC-CI’M)  we  must  be  able  to  generate  the  empty 
string  X as  well.  For  this  purpose  we  shall  assume  that  the  start 
symbol  S of  (i  does  not  appear  on  the  right  side  of  any  production  of  G. 

If  X e W then  G must  contain  the  production  S -*■  X . For  this  production 

we  shall  introduce  in  the  control  subnet  a transition  of  the  form  pre- 
sented in  Figure  4.8.6,  labelled  d. 

Let  us  now  determine  the  bound  of  the  erasing  homomorphism  h. 

For  this  purpose  we  shall  make  use  of  the  following  definition  of 
[ROOK- 70a] : 

3*c  * 

if  h : r -*■  A is  a homomorphism,  L C f , and  f is  a function 
such  that  for  some  k > 0 and  all  w e L,  |w|  k ' f(lh(w)|),  then  h is 

f-bounded  on  L (equivalently,  we  shall  say  that  h is  bounded  on  L by  f ) . 

Here,  f is  assumed  to  be  a real-valued  function  of  a singl.'  real 
variable. 

In  view  of  the  previous  discussion,  we  can  assume  for  simplicity 

that  the  number  of  transition  firings  required  by  each  execution  of  a 

concatenation  or  deletion  subnet  is  bounded  by  2 • m.  If  the  nonterminal 

part  of  a sentential  form  is  A ,A  ...  A, A , then: 

ci+1  q 1 (J 

H a 


r 

m = Z 


A l-r'^-^  < r 


1 - u 


Z r 
j = 0 


< r-r 


q+1 


(note  that  r > 1) 


Tl'.as,  the  lUimber  of  consecutive  d s^arbols  generated  for  each  conc.ate- 
nation  or  deletion  operation  is  upper-bounded  by  2 • r^^^ . 

On  the  other  hand,  due  to  the  special  form  of  the  grammars  G 
under  cons idera t ion , if  w C W then  each  derivation  of  w in  G nust  have 
exactly  Iwl  steps.  Also,  the  nonterminal  part  of  the  s»>ntential  form 

riwH 

along  any  such  derivation  cannot  contain  more  than  | | variables, 

whe 


...  [1#1 


M 


denotes  the  .smallest  integer  larger  than  or  equal  to 


.1 
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Hence , 


We  can  conclude  that: 


Lemma  4 .8.1 

If  W is  a context-free  language  then  there  exists  a language 
W'  r A (EPM) , a homomorphism  h and  a constant  c > 1 such  that 
W = h(W')  and  h is  bounded  on  W'  by  f(xl  = c . 


□ 


Let  us  now  examine  how  EPM's  augmented  with  ^-transitions  can 
generate  the  set  of  quasi-realtime  languages.  As  we  have  already 
mentioned,  according  to  [BOOK-70b],  any  quasi-realtime  language  can 
be  represented  as  the  length-preserving  homomorphic  image  of  the  inter- 
section of  three  context-free  languages.  Suppose  now  that 
Gi  = (Vj^,  V^,  P^,  S^)  and  = (V^,  V^,  context-free 

gr.'immars  over  the  same  terminal  alphabet  V.^,.  Let  us  also  assume  that 
and  G^  are  specified  in  the  special  type  of  Greibach  normal  form 
mentioned  earlier  in  this  section.  Let  then  and  W^  denote  the  lan- 
guages generated  by  and  G^,  respectively  and  suppose 

~ ^i‘^2  ^m-l^m  ^ string  in  fl  Hence,  we  must  have  the 

leftmost  derivations: 


^l^^l 

s 

■ ■ ^1^2  * ■ ■ 

a .A^  , 
m-1  m-1 

a^a^  .. 

'■  ^m-l^ra 

a2  2 

a^AfYi 

"2 

..  a^a^  ... 

.2 

a , A , 
m-1  m-1 

V2 

. . a , a . 
m-1  m 

Each  derivation  of  w in  either  G^  or  G^  must  have  exactly  |w|  = m steps. 
Moreover,  at  each  step  k of  such  a derivation,  1 < k < m,  the  produc- 
tion employed  at  that  step  must  have  the  terminal  symbol  aj^  on  the  right 
side,  where  is  the  k-th  symbol  from  the  left  of  w. 

These  observations  can  be  extended  to  the  Intersection  of  three 
or  more  context-free  languages.  Our  construct  for  the  generation  of 
quasi-realtime  languages  is  based  on  the  construct  presented  earlier  in 
connection  with  the  generation  of  context-free  languages  and  will  employ 
the  remarks  on  the  intersection  of  context-free  languages  given  above. 
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Supposo  wi'  art-  Kivfii  the  cont('^ t-f ree  grammars  and  G^ 

which  generate  the  languages  and  W^,  respectively.  Suppose  also 

that  and  . are  the  Labelled  F.PM(l)'s  obtained  by 

^1  ^2  ^"3 

our  previous  construct  which  generate  and  , respectively  under 

bounded  erasure.  Let  denote  the  Labelled  FJ’M(I)  which  we  are 

construct ing. 

We  shall  preserve  the  places  of  EM,  , EM  and  EM,  as  well 

‘1  ^2  ^'3 

as  the  respective  concatenation  and  deletion  subnets.  In  addition 

we  shall  combine  the  transitions  of  the  particular  control  subnets  in 

such  a way  that  the  resulting  Labelled  El’M(I)  generate  only  the  strings 

common  to  and  . From  this  point  of  view,  our  construct  is 

similar  to  the  construct  used  in  Section  3.2  in  order  to  prove  closure 

under  the  operation  of  intersection. 

Let  a be  a terminal  symbol  common  to  G , G and  G and  suppose 
12  3 12  3 

t , t and  t are  transitions  of  the  control  subnets  of  EM  , EM, 

a a a 

and  EM.  , respectively  each  carrying  the  label  a.  We  shall  replace 

‘^'3 

tins  combination  of  three  transitions  by  a unique  transition  of  the 

control  subnet  of  EM_ , let  us  denote  it  by  t . The  firing  of  the  tran- 

L a 12  3 

sition  t will  have  the  same  effect  as  the  combined  firings  t t t and 
a a a a 

is  assigned  the  common  label  a.  A sample  transition  t is  exhibited  in 

Ci 

Figure  4.8.10.  This  reduction  will  be  performed  for  each  possible  com- 
bination of  three  e<iual  ly- labelled  transitions,  eacr  t-elonging  to  a dif 
ferent  control  subnet.  Certainly,  transitions  whose  labels  are  not  ter 
minals  common  to  all  three  grammars  G^,  G^  and  G^  will  be  discarded 
since  they  cannot  possibly  lead  to  label  sequences  in  W^^  H W^  fl  W^. 

The  initial  and  the  final  markings  of  Lhiy  are  defined  as 

m”  V m”  V m"  and  V V respectively  where  M?  and  denote  the 
12  3 12  3 ’ i 1 

initial  and  final  marking  of  EM„,  respectively,  i = 1.  2,  3 (the 
direct  sum  operation  can  easily  ^e  particularized  to  the  "one-color" 
markings  of  the  EPM(I)). 

Wl  note  that  a transition  of  the  control  subnet  of  £M^.  for 

example  the  transition  t of  Figure  4.8.10,  may  simultaneously  "start" 

a 

up  to  three  of  the  six  distinct  concatenation  and  deletion  subnets 
incorporated  in  Nevertheless,  the  control  subnet  of  EM^  is 

reactivated  only  after  all  the  "active"  concatenation  and/or  deletion 
subnets  iiave  terminated  tlieir  Independent  executions.  Let  us  also 
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recall  that  each  transition  t*  of  the  control  subnet  of  ^ ^ consi- 

a E . 

dereil  in  the  definition  of  t i = 1,  2,  3,  has  been  Introduced  for 
some  production  of  the  Ktammar  G..  In  this  regard,  ^ niay  be  viewed 
as  a synchronous  simulation  of  three  distinct  leftmost  derivations 
(in  and  G^,  respectively)  "running"  in  parallel.  This  is  possible 

only  because  of  the  special  characteristics  of  the  derivations  in  either 
gr.imm«f  of  the  strings  in  W H W D W , which  we  have  mentioned  earlier. 

*■'  I Z j 

Jf  W'  is  the  language  generated  by  h : I!  *■  (V^  H ^ Vrj^) 

is  a homomorphism  defined  by  li(d)  = X and  h(a)  = a,  for  all 
a G terminal  symbols  of  G^,  i ” 1,2,3 

,iiid  d denotes  the  label  common  to  all  transitions  of  the  concatenation 
and  deletion  subnets  incorporated  in  then  h(W')  = fl  (1  W^. 

This  is  so  bec.ause  if  w c 11  fl  then  there  exists  at 
least  one  leftmost  derivation  of  w in  each  of  the  grammars  G^ , G^  and 
G.^.  Therefore  there  exists  a terminal  firing  sequence  of  wliich 

yields  w under  the  erasing  homomorphism  h.  It  can  also  be  verified 
that  conversely,  if  there  exists  a terminal  firing  sequence  of 
and  w'  is  the  associated  label  sequence  then  tliere  exists  a 
(leftmost)  derivation  in  G^,  and  G^  for  w = h(w'). 

We  note  that  if  w C fl  W^  fl  W.^  then  the  length  of  the  nonterminal 

part  of  the  sentential  form  obtained  after  k steps  of  some  derivation  of 
w in  Gj  , k |w|,  does  not  have  to  be  equal  to  the  length  t)f  the  non- 
terminal part  of  the  sentential  form  obtained  after  the  same  number 
of  steps  along  a derivation  of  w for  example  in  G2‘  It  is  important  to 
observe,  however,  that  the  nonterminal  parts  of  the  respective  senten- 
tial forms  must  simultaneously  become  empty. 

I.et  us  now  consider  the  empty  string  A.  If  A eWj  fl  fl  W^  then 

the  production  S . •■  A must  be  contained  in  G,,  i = 1,  2,  3,  where  S. 

1 i 1 

is  the  start  symbol  of  G^.  Our  construct  is  applied  to  the  transitions 
introduced  for  these  productions  In  the  corresponding  control  subnets 
of  tW  , fN,  and  £.M  , ,ind  the  resulting  transition  of  (W,.  is 

l-l  L 

is  assigned  tlie  label  d. 

This  Completes  the  description  of  the  construct  employed  for  the 
generation  of  the  intersection  of  three  arbitrary  context-free  lan- 
guages Wp  W^  and  . In  order  to  generate  quas  i -rea  1 t ime  languages  we 
must  be  capable  of  generating  the  image  of  W|  l)  W2  W^  under  arbitrary 
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len^tf'-preserv  iiiK  liomoraorph  isms  as  well.  This  can,  however,  be  easily 
achieved  by  simply  relabelling  the  tiansitions  of  the  control  subnet 
of  CW;’. 

Let  us  now  examine  the  bound  of  the  erasing  homomorphism  h.  We 
shall  again  assume  that  the  number  of  transition  firings  required  by 
an  execution  of  a concatenation  or  deletion  subnet  is  bounded  by  2 * 
where  m.  is  the  number  of  tokens  in  the  corresponding  place  p ^ at  the 
beginning  of  the  execution  of  the  subnet  (i  =1,  2,  3).  Consequently, 
the  number  of  d symbols  generated  by  the  EPM(I)  of  Figure  4.8.10 
between  two  consecutive  firings  of  transitions  from  the  respective 
control  subnet  has  the  upper  bound: 

q.+2  q„+2 

. i + r.,  i 


mj^  + 2 


m^  + 2 . m^  < 2 • (r^ 


Since  each  derivation  of  some  string  w e W,  fl  fi  in  either  grammar 


1 , 123  rl  in 

C^,  or  has  exactly  |w|  steps  it  follows  that  q^  £ | ^2  1 ’ 

Ther 

fl“!]  t 

tS  ^ 


i = 1,  2,  3.  Let  R = m.ixfr^,  r2» 


Then : 

2 


m^  + 2 


m^  + 2 


We  can  therefore  conclude  that: 


Lemma  4.8.2 

If  W is  a quasi-realtime  language  then  there  exists  a language 
W'  £.  A (EPM),  a homomorphism  h and  a constant  c > 1 such  that  W = h(W') 
and  h is  bounded  on  W'  by  f(x)  = c . 

□ 


Theorem  4.8.2 

If  W C A(EC-CPM)  or  W e A^(EC-CPM)  then  there  exists  a language 
W"  e A^(EPM),  a homomorphism  h"  and  a constant  d^>  1 such  that 
W • h"(W")  and  h"  is  bounded  on  W"  by  f"(x)  * d 

2 

Proof : By  Corollary  1 of  Theorem  3.4.2  A(EC-CPM)  ^ TIME(x  ) 

and  A (EC-CPM)  C TIME(x^).  Consequently,  by  Theorem  1.7  of  [BOOK-70a], 
o 

if  W f.  A(EC-CPM)  or  W € A (EC-CPM)  then  there  exists  a quasi -rea  1 1 ime 

o 

language  W'  and  a homomorphism  h such  that  W = h(W')  and  h is  bounded 
on  W'  by  f (x)  * . 
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But  if  W'  is  .1  cjuas  i -r<>a  1 t itiu>  lannuaftt'  tht-n  by  Lemma  4.8.2 
t htTe  exists  a lan>;uaRe  W”  t A^(KPM)  , a Itomomorph i sm  h'  ami  a constant 
(•  > 1 such  that  W'  = h'(W")  and  h'  is  boundi'd  on  W"  by  f'(x)  = c^ . 

Heme,  W = It(W')  = h(li'(W"))  = h"(W").  We  must  also  liave  the 
positive  integer  constants  k and  k'  such  that  for  all  w C W" ; 

|w|  < k'  • f ' (|h’  (w)  I ) = k'  • ^ 


and 


|l•’(w)l  f k • f (|h(h' (w))|)  ■ k ■ |h"(w)r 


Tlius, 


|w|  < k' 


= L.-  . 


, where  d = c > 1, 


We  can  conclude  that  h"  is  bounded  on  W"  by  the  function 

x2 

f"(x)  = d , for  some  constant  d > 1. 


n 


R ^ 

Nojie:  Consider  the  languages  W = {wcw  | w C {a,  b}  ] 

and  I’REF(W')  in  A (EC-Cl’M)  and  A(EC-CPM),  respectively.  Using  an  argu- 
o 

ment  similar  to  that  of  Theorem  1.3  of  [ElSH-68]  in  combination  with 
the  definition  of  bounded  erasing  homomorphism  one  can  show  that  W'  and 
PRF.F(W')  can  be  generated  as  images  under  bounded  erasing  homomorphisms 
of  languages  in  A (EPM)  only  if  the  amount  of  erasing  is  bounded  by 
functions  of  the  form  f (x ''  = c , c ^ Hence,  the  exponential  bound 

is  a necessary  bound. 
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CHAPTER  V 


MOUPT.L  IN£  WITH  THE  C-CPM  AND  JHE  EC-CPM 

Section  5.1  MODELLJNC]^  WITH  THE  C-CPM 

In  Chapter  IV  we  have  shown  the  following  formal  models: 

1.  Priority  Petri  Model 
li.  Extended  Petri  Model 
iii.  C-Colored  Petri  Model 
iv.  Coordination  Petri  Model 

V.  Petri  Net  Model  with  switches,  disjunctive  logic  and  token 
absorbers 

as  well  as  various  variants  of  some-  of  these  models  (Introduced  by  us 
In  order  to  simplify  certain  constructs)  to  be  completely  equivalent 
from  the  point  of  view  of  the  A^-language  family  generated.  This  fact 
is  rather  surprising  if  one  considers  that  these  models  were  intro- 
duced both  independently  and  for  distinct  purposes.  Thus,  each  of  the 
models  listed  above  was  defined  in  order  to  offer  natural  representation 
and  modelling  ease  with  respect  to  a certain  class  of  synchronization 
systems  of  interest  to  the  respective  authors. 

From  this  point  of  view,  the  study  presented  in  Chapter  IV  pro- 
vides insight  to  the  capabilities  as  well  as  to  the  limitations  common 
to  all  these  models.  On  the  other  hand,  it  is  our  belief  that  the 
equivalence  results  given  in  Chapter  IV  do  not  dlminuish  the  usefulness 
of  any  of  these  models,  mainly  because,  as  we  have  already  mentioned, 
their  principal  merit  is  their  adequacy  for  the  modelling  of  a certain 
class  of  control  structures.  The  latter  statement  is  supported  by  the 
considerable  complexity  of  some  of  the  conversion  procedures  presented 
in  Chapter  IV  by  means  of  which  instances  of  the  models  in  the  above 
list  can  be  converted  into  each  other  In  a language  preserving  manner. 
Evidently,  the  numerou.s  additional  places  and/or  transitions  which 
eventually  have  to  be  introduced  for  this  purpose  do  not  contribute  to 
the  clarity  and  simplicity  of  the  representation  offered  by  the  respec- 
tive models.  Tlius,  even  if  any  control  structure  representable  by  one 
of  the  models  mentioned  above  is  also  representable  by  any  other  model 
In  the  list,  the  representation  offered  by  some  models  may  be  more 
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cumbersome  ihan  tlie  representation  olierecl  by  other  models,  for  the 
same  coordination  system.  Tliis  fact  may  be  considered  a drawback  from 
the  pr.i^;mat  Ic  point  of  view. 

In  the  followinR  three  sections  we  shall  present  a few  synchroni- 
z.it  ion  situ.ations  which  can  be  modelled  in  a natural  and  simple  way  by 
the  C-CPM.  These  examples  (as  well  as  the  other  modelling  examples  to 
be  presented  In  the  remainder  of  this  chapter)  were  selected  with  the 
following  statement  from  lPATI-7()]  in  mind: 

"Any  improvement  that  leads  to  a reduction  in  details  and  simpli- 
tic.it  ion  ot  representation  is  v.ilu.ible,  especially  because  the  repre- 
sentation scheme  is  being  developed  for  specifying  and  formalizing 
coordination  relating  to  pr.ictical  problems." 

We  note  that  in  view  of  the  proper  inclusion  relation  between 
(C-CI’M),  A^^(C-CI’M)  .and  .A(KC-CI’M),  (KC-CPM)  , respectively,  the  exam- 
ples to  be  presented  next  can  be  modelled  In  a A-transltion  free  manner 
by  the  EC-CPM  a.j  well.  Nevertheless,  the  C-CPM  offers  In  these  cases 
.i  n.atural,  clear  and  corri-ct  representation  and  therefore  the  additional 
complex! tv  of  the  EC-CPM  is  not  needed. 

Section  5.2  A PROliUCER-CONSUMKR  SYNCHRONIZATION  PROBLEM  Wj  TH  JlYtU.M  I C 
PRIORITY  !llERy\RCHY 

Consider  the  following  refinement  of  the  producer-consumer  synchron- 
lz.it  ion  problem  presented  in  Section  2.4.  Suppose  the  coordination 
.system  contains  two  buffers,  B^  and  B^ . Two  producer  processes,  P^^j^ 
and  consimu'r  process,  C^  , are  connected  to  each  buffer  B., 

i • 1.  2.  A producer  process  can  he  .ictivated  .at  any  time  and  it  pro- 
duces and  deposits  an  item  in  the  associated  buffer.  A consumer  pro- 
cess becomes  .active  only  If  the  .associated  buffer  is  nonempty. 

Following  rules  govern  the  .access  of  the  consumer  processes  to  the 
respective  buffers.  Consumer  process  C^  may  consume  from  B.  items 
deposited  there  by  P^^  only  if  B.  does  not  contain  any  item  produced 
by  Moreover,  it  Is  a.ssiimed  th.at  C^^  and  C^  can  consume  items  from 

tfie  corresponding  buffers  only  through  .a  channel  with  capacity  1,  i.e., 
through  a ch.annel  which  can  accomodate  only  one  consumer  process  at  a 
time.  Following  priority  rule  determines  which  consumer  process  can 
seize  the  channi‘l  in  casi-  both  C^  .nul  C^  .are  simultaneously  active: 
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- i f chooses  to  consume  an  item  produced  by  while 

attempts  to  consume  an  item  produced  by  P2J  then  either  consumer  pro- 
cess can  gain  control  over  the  channel. 

- in  all  otfier  cases  has  priority  over  C^.  This  producer- 
consumer  synchronization  problem  is  represented  schematically  in  Figure 
5.2.1.  The  shared  channel  plays  the  same  role  as  the  decider  module  of 
the  original  producer-consumer  synchronization  problem  but  a different 
priority  hierarchy  is  imposed  on  the  competing  processes.  In  fact,  we 
note  that  the  present  system  Incorporates  two  Interrelated  but  distinct 
priority  hierarchies: 

1.  The  consumer  processes  must  select  items  from  the  respective 
buffers  according  to  a fixed  priority  assignment  to  the  parent  producer 
processes . 


li.  Control  over  the  channel  is  obtained  in  accordance  to  a vary- 
ing priority  hierarchy  among  the  consumer  processes. 

These  coordination  aspects  can  be  modelled  in  the  C-CPM  in  a natur- 
al way  mainly  due  to  the  following  specific  features  of  this  model: 

- the  rule  used  for  the  selection  of  enabling  colors. 

- the  priority  of  a transition  depends  on  the  current  color 
marking  and  on  the  particular  selection  of  the  enabling  colors  (is  not 
f ixed  "a  priori") . 


Figure  5.2.2  exhibits  the  C-CPM  representation  of  this  producer- 
consumer  synchronization  system.  There,  transitions  t^,  t^,  t^  and  t^ 
model  the  producer  processes  ^2^2’  ^21  ^22’  lively  while 

the  transitions  t^  and  t^  model  the  consumer  processes  C^  and  C^, 
respectively.  The  places  p.,  and  p represent  the  buffers  B,  and  Bt, 
respectively  while  p^  can  be  viewed  as  the  implementation  of  the 
shared  channel.  It  can  easily  be  verified  that  the  firing  sequences  of 
the  C-CPM  of  Figure  5.2.2  model  correctly  the  coordination  sequences 
which  can  be  executed  by  the  producer-consumer  system  under  considera- 
tion. Using  the  C-CPM  one  can  model  correctly  even  more  sophisticated 
producer-consumer  synchronization  problems  of  this  type.  Involving 
several  producer  and/or  consumer  processes  and  more  complicated  priority 
hierarchies  (as  long  as  the  respective  priorities  can  be  encoded  as 
finite  lattices  of  colors). 


F i gure  5.2.1 

Froducer-Consumcr  Synchrunizat  ion  System  with  Dynamic 
Priority  Hierarchy 


Figure  5.2.2 

C-CI’M  of  the  Produce r-Consiimer  Synchronization  System 
of  F i gnre  5.2.1 
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Diis  type  of  synchronization  problems  can  actually  be  encountered 
in  computing  environments.  Consider  for  example  the  following  multl- 
nrocessor  computing  system  configuration.  Suppose  the  system  contains 
k m»>morv  units  and  m processors,  m > k.  The  set  of  processors  Is 
partitioned  into  k classes  such  that  the  members  of  each  class  may 
access  a single  memory  unit,  designated  to  that  particular  class. 
Mi'reover,  a memory  unit  may  not  be  accessed  by  processors  from  differ- 
ent classes.  We  shall  assume  that  all  processors  and  memory  units  are 
connect»-d  to  a unique  bidirectional  bus  which  can  accomodate  only  one 
data  transfer  between  a processor-memory  unit  pair  at  a time. 

In  order  to  solve  conflicts  for  access  to  the  associated  memory 
unit,  a fixed  priority  hierarchy  is  imposed  among  the  processors  within 
each  class.  Since  processors  from  various  classes  may  simultaneously 
attempt  to  gain  control  over  the  shared  bus,  another  priority  hierarchy 
among  the  processors  has  been  designed  for  solving  this  type  of  con- 
flicts. We  can  assume  that  a separate  arbitration  logic  determines 
within  each  processor  class  which  of  the  processors  requesting  to  access 
the  respective  memory  unit  may  first  proceed  to  do  so.  Another,  "global" 
arbitration  logic  polls  the  processors  designated  by  the  particular 
arbitration  logics  corresponding  to  each  processor  class  and  decides 
which  processor  can  actually  seize  the  bus.  After  the  respective  pro- 
cessor has  executed  the  data  transfer  the  bus  is  released  and  the  pend- 
ing access  requests  are  reconsidered.  In  this  perspective,  there  does 
not  exist  a fixed  priority  hierarchy  among  the  k processor  classes  or, 
for  that  matter,  among  the  k memory  units.  Actually,  the  priority  of 
a class  is  determined  for  each  "poll"  by  the  priority  of  the  particular 
processor  from  that  class  designated  by  the  corresponding  arbitration 
logic  to  access  the  memory  unit  associated  with  the  class.  This  dynamic 
priority  hierarchy  enhances  the  flexibility  of  the  system  and  in  fact  is 
quite  reasonable  if  one  considers  the  fact  that  the  processors  were 
separated  into  classes  only  with  respect  to  the  memory  unit  which  they 
may  access  but  not  with  respect  to  their  function,  i.e.,  their 
"priority",  within  the  system. 

Suppose  for  a moment  that  we  want  to  model  the  producer-consumer 
synchronization  problem  presented  at  the  beginning  of  this  section  using 
one  of  the  other  mtidels  examined  in  Chapter  IV.  Due  to  the  priority 
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hier. II  (.hit's  involved,  the  1’1’M  of  (HACK-75  1 ;md  the  P1'M(  1 ) and  the 
C-Cl’M(I),  which  wo  liavo  Liitrodiicod,  appear  Co  he  the  logical  first 
choice.s.  No  vert  he  1 es.s , in  Che  remainder  of  this  section  we  shall 
informallv  argne  that  these  models  ■■:annot  provide  a nattiral  representa- 
tion of  tliis  synchronization  problem. 

Figure  5.2.4  displays  a po.ssible  PPM  representation  of  the  syn- 
chronization system  of  Figure  5.2.1.  Transitions  tj^,  t^,  t and  t^ 
model  the  producer  processes  Pjj.  ^21  *22’  i ^ V ■ 

note  that  in  the  problem  statement,  the  producer  processes  P^^j  and  P.^ 
share  the  buffer  II.  and  that  the  consumer  process  C.  must  recognize 
which  items  present  in  11^^  were  produced  by  P.^  and  which  by  P.2< 
i = 1,  2.  Tiierefore,  items  in  the  shared  buffer  must  uniquely  identify 
their  parent  producer  process.  This  modelling  characteristic  can  easily 
he  taken  care  of  in  tlie  C-CPM  by  placing  distinctly  colored  tokens  in 
the  place  which  models  the  sliared  buffer.  In  tlic  PPM,  however,  since 
we  lack  colored  tokens,  it  appears  that  we  have  to  use  two  separate 
places  in  order  to  model  a buffer  which  contains  two  categories  of 
items  (places  p^^  and  p^^  model  the  buffer  wliile  p^^  and  p^^  model 
) • This  drawback  is  amplified  in  case  more  than  two  producer  pro- 
cesses deposit  items  in  the  same  buffer.  This  inadequacy  carries  over 
to  tile  PPM(I)  but  not  to  the  C-CPM(l). 

Next,  let  us  examine  the  modelling  of  the  consumer  processes.  Due 
to  the  fixed  and  dynamic  [iriority  hierarchies  incoriiorated  in  our 
producer-consumer  system,  on  one  hand,  and  to  the  fact  that  the  transi- 
tions of  a PPM  are  assigned  fixed  priorities,  on  the  other  hand,  it 
appears  that  we  cannot  model  eacli  consumer  process  by  a single  transi- 
tion, as  we  have  done  in  Figure  5.2.2.  Figure  5.2.3  displays  all  possi- 
ble contents  of  the  buffers  and  B,^ . For  each  situation,  the  table 
indicates  which  consumer  process  can  proceed  and  what  item  it  has  to 
consume  as  well  as  the  transition  which  models  the  respective  operation 
(note  the  relationship  between  the  leftmost  two  columns  of  the  Table 
and  the  input/output  connections  of  the  transitions  t^,  t^,  ...  , of 

Figure  5.2.4).  The  Table  al.so  indicates  the  priority  assignment  to  the 
transitions  which  ensures  that  the  PPM  of  Figure  5.2.4  functions  correct- 
ly- 

Thus,  even  If  the  PPM  can  correctly  model  the  producer-consumer 


''empty  (zero  marking)  ^ 0 

^full  (positive  marking)  1 

.3,4.5 


Pr  = ( iqj^,q2.q3.q4,q5}  ) 


Y(t^)  = Y(t2)  = Y(tj)  = 
= Y(t^)  = q^ 


Figure  5.2.3 


Buffer  contents  for  the  Producer-Consumer 
Synchronization  System  of  Figure  5.2.1 
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problem  under  consideration.  It  falls  to  offer  a natural  and  easy  to 
understand  representation.  Without  the  aid  of  the  table  of  Figure  5.2.3 
It  is  rather  difficult  to  establish  a correspondence  between  the  transi- 
tions and  places  of  the  PPM  of  Figure  5. 2. A and  the  entities  of  the 
modelled  system  (Figure  5.2.1).  From  this  point  of  view,  the  PPM(I) 
and  the  C-CPM(I)  present  the  same  inadequacies  since  in  both  cases 
transitions  have  fixed,  predetermined  priorities. 

Section  5.3  A PROCESS  COORDINATION  P ROBI^^  WITH  CONFLICT 

Let  us  examine  the  following  process  coordination  problem,  depicted 
schematically  in  Figure  5.3.1.  Suppose  the  system  contains  four 
buffers,  denoted  by  B2,  and  B.  Tliree  processes,  denoted  by 
P^2  Proc(i),  are  connected  to  each  buffer  B^,  i = 1,  2,  3.  The 

buffer  B can  be  accessed  only  by  the  three  processes  Proc(i)  and  is 
assumed  to  contain  initially  two  undistingu ishable  items.  Any  of  the 
processes  j ~ 2,  may  be  activated  at  any  time  and  it  produces 

and  deposits  an  item  in  the  associated  buffer  B^ . Tlie  process  Proc(i) 
becomes  active  only  if  the  associated  buffer  B^  and  the  shared  buffer 
B are  nonempty.  If  active,  Proc(i)  attempts  to  consume  an  item  from 
both  B^and  B with  the  restriction  that  it  may  consume  from  an  Item 
produced  by  P . only  if  B^  does  not  contain  any  items  produced  by  Pj2‘ 
Moreover,  the  following  priority  rule  is  Imposed: 

1.  If  the  number  of  items  currently  contained  in  the  buffer  B is 
(strictly)  less  than  the  number  of  active  processes  Proc(i)  then  we 
shall  say  that  a conflict  situation  has  arlsed.  In  this  case  Proc(l) 
has  highest  priority  to  proceed,  Proc(3)  has  lowest  priority  and 
Proc(2)  has  lower  priority  than  Proc(l)  but  higher  than  Proc(3). 

ii.  Otherwise,  either  active  process  Proc(I)  may  proceed. 

We  note  that  in  both  situations  only  one  process  Proc(i)  may  pro- 
ceed at  a time.  After  the  c)iosen  process,  say  Proc(k),  has  consumed 
the  respective  items  from  B^^  and  B it  will  temporarily  deactivate  itself. 
For  example,  we  can  assume  that  Proc(k)  initiates  at  this  stage  an 
abstract  operation  associated  with  it  which  requires  an  arbitrarily  long 
(possibly  null)  period  of  time  to  execute.  Only  after  the  abstract 
operation  is  terminated  will  Proc(k)  restore  the  item  consumed  from  B 
and  regain  Its  active  status,  as  soon  as  botli  B^^  and  B are  nonempty. 

Meanwhile,  however,  the  pending  active  processes  Proc(i),  1 k. 


;ire  polled  .ig.iii)  in  order  to  determine  which  process  proceeds  next. 
From  this  point  of  view  the  processes  I’roc(i)  operate  asynchronously 

and  concur ren t 1 V . \ 

* 

The  cliaracterist ic  aspect  of  this  process  coordination  problem  is 
the  conflict  situation  wliich  arises  in  case  tlie  number  of  available 
resources  in  a sliared  pool  of  homolo^tous  resources  is  less  than  the 
number  of  prcicesses  competing  for  the  respective  resources.  The 
priority  rule  designed  for  solving  the  conflict  situation  can  be  repre- 
sented in  the  C-CPM  in  a natural  way  mainly  due  to  the  conflict  struc- 
ture (conflict  cluster,  conflict  subclusters,  etc.)  employed  for  the 
selection  of  a transition  to  be  fired.  Figure  5.3.2  exhibits  tlie 
C-CPM  representation  of  the  coordination  system  of  Figure  5.3.1.  We 
have  indicated  adjacent  to  the  places  and  transitions  of  Figure  3.3.2 
whiiT)  entities  of  the  coordination  system  they  model.  Let  us  examine 
closer  the  modelling  of  the  processes  Proc(i).  For  example,  transition 
t^  may  be  considered  to  model  the  initiation  of  the  abstract  operation 
associated  with  Proc(l)  wlille  t„  may  be  assumed  to  model  the  termination 

O 

of  that  operation.  The  presence  of  a token  in  place  P^^  signifies 
that  the  abstract  operation  is  in  execution.  Conversely,  the  occurrence 
of  a token  in  place  signals  that  the  respective  operation  is  ter- 

minated. An  analogous  approach  has  been  taken  to  the  modelling  of  tlie 
processes  Proc(2)  and  Proc(3). 

This  type  of  coordination  problems  can  certainly  be  further  exten- 
ded. In  particular,  we  note  that  we  have  used  a totally  ordered 
priority  hierarchy  for  solving  the  conflict  situation  at  the  buffer  B 
only  in  order  to  have  a simple  problem  statement.  Actually,  more  sophis- 
ticated priority  hierarchies  can  be  used.  For  example,  we  can  make  the 
priority  of  the  processes  Proc(i)  depend  on  the  particular  selection  of 
items  from  the  as;;ociated  buffers  B^.  In  this  case  the  conflict  situa- 
tion could  be  solved  according  to  a dynamic  priority  hierarchy  similar 
to  that  descrlbeil  in  Section  5.2. 

This  kind  of  process  coordination  problem  can  again  be  recast 
to  the  computing  system  structure  described  in  Section  5.2.  In  this 
case,  however,  we  shall  assume  that  the  bus  Is  formed  of  n bidirec- 
tional, parallel  lini-s,  ti  ■ k.  ILich  line  may  connect  any  processor- 
memory  unit  pair  (as  long  as  the  connection  Is  legal  from  the  processor 
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class  point  of  view).  After  the  "local"  arbitration  logics  corres- 
ponding to  eacli  class  have  designated  a processor  from  the  respective 
class  to  be  connected  to  the  associated  memory  unit,  the  "global"  arbi- 
tration logic  assigns  one  of  the  free  lines  to  one  of  the  designated 
processors.  If  the  number  of  available  lines  is  greater  than  or  equal 
to  the  number  of  processors  requesting  to  be  connected,  either  processor 
may  seize  a communication  line.  Otherwise,  the  "global"  arbitration 
logic  enforces  the  priority  hierarchy  designed  for  solving  the  conflict 
situation. 

Once  a processor  has  seized  a line,  it  will  not  release  it  until 
the  data  transfer  to  the  corresponding  memory  unit  has  been  performed. 
After  the  data  transfer  is  terminated,  the  line  will  be  returned  to  the 
pool  of  available  communication  lines.  Meanwhile,  since  the  memory 
unit  is  busy,  no  other  processor  from  the  respective  class  may  ask  for 
another  line.  Nevertheless,  processors  from  other  classes  (for  which 
the  corresponding  memory  unit  is  not  occupied  by  a data  transfer)  can 
seize  the  remaining  available  lines  (if  any).  Therefore, after  a line 
has  been  assigned,  the  remaining  pending  processors  and  the  pool  of 
communication  lines  are  again  "polled"  by  the  "global"  arbitration  logic 
in  order  to  assign  another  line. 

Suppose  now  that  we  want  to  use  the  PPM  for  the  modelling  of  the 
synchronization  system  of  Figure  5.3.1.  We  note  that  the  buffers  B^, 

1 = 1,  2,  3,  may  contain  two  distinct  categories  of  items  at  a time. 

As  in  Section  5.2,  due  to  the  fact  that  the  PPM  does  not  incorporate 
colored  tokens,  the  easiest  solution  to  this  modelling  aspect  appears 
to  be  the  use  of  two  distinct  places  for  the  representation  of  each 
buffer  . Let  us  simplify  for  a moment  the  original  synchronization 
problem  and  suppose  that  only  one  process  P^  deposits  items  in  the 
buffer  B^,  l.e.  the  items  present  in  B.  are  undlst ingui shable . Figure 
5.3.4  exhibits  a PPM  representation  of  this  restricted  version  of  the 
synchronization  system  under  consideration.  In  the  figure,  we  have 
indicated  adjacent  to  the  places  and  transitions  of  the  net  which 
entitles  of  the  modelled  system  they  represent.  Let  us  have  a closer 
look  at  the  modelling  of  the  processes  Proc(I).  We  note  that  in  the 
synchronization  system  of  Figure  5.3.1,  even  though  we  have  used  a 
simple  (totally  ordered)  and  fixed  priority  hierarchy  for  solving  the 
conflict  situation  at  the  shared  buffer  B,  the  processes  Proc(l)  are 
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Coordination  System  of  Figure  5.3.1 
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Proc  ( 1 ) 


Figure  “j.  3.4 

PPM  of  the  Process  Coordination  System  of  Figure 
5.3.1  (only  one  process  Pj  is  connected  to  each 
buffer  1 = 1,2,3) 


not  assi)»iu.'d  a 1 i xoii  priority.  In  tact  ttu>  priority  to  procet'd  of  a 
particular  prtu-css  rroc(i)  depends  both  on  tlie  current  content  of  the 
buffer  b and  on  the  status  (active  versus  disabled)  of  tlie  other  pro- 
cesses l’ta)c(j),  1 j _ ^ ^ i.  On  the  other  liand,  the  transi- 

tions of  a PPM  carrv  a fixed  priority,  in  particular,  independent  of  the 
markings  of  the  respeitive  net.  Therefore,  it  appears  tliat  we  cannot 
model  the  initiation  of  the  abstract  operation  associated  with  a 
process  l’roc(i)  by  a single  transition,  as  we  have  done  in  the  C-CPM 
of  Figure  5.3.2.  'Hie  Table  of  Figure  5.3.3  considers  all  possible  situ- 
ations of  the  particular  processes  Proc(i).  In  each  case  the  Table 
indicates  (second  column)  which  |>rocess  Proc(i)  can  proceed  and  which 
transition  models  the  initiation  of  the  particular  abstract  operation 
associated  with  that  process  (for  example,  transitions  t^,  tg  and 
model  each  tlu'  initiation  of  the  abstract  operation  associated  with 
Proc(l)  in  distinct  situations).  The  size  of  the  PPM  of  Figure  5.3.4 
would  be  approximately  doubled  if  we  would  have  modelled  the  original 
system  where  the  buffers  B.  may  contain  two  distinct  categories  of 
items.  The  size  of  the  PPM  of  Figure  5.3.4  would  also  increase  consid- 
erably if  the  modelled  synchronization  system  contained  more  than  three 
processes  Proc(i)  and  more  than  two  items  in  the  buffer  B. 

We  can  conclude  that  the  PPM  fails  to  offer  natural  representation 
for  conflict  situations  such  as  that  examined  in  this  section.  The 
PPM(l)  and  the  C-CPM(i)  which  we  have  defined  in  Chapter  IV  appear  to 
be  nuire  adequate  for  this  purpose  since  they  incorporate  the  concepts 
of  conflict  cluster,  conflict  subcluster,  etc.  in  a manner  similar  to 
the  C-CPM.  Nevertheless,  as  we  have  mentioned  in  Section  5.2,  the 
PPM(l)  .md  the  C-CPM(l)  would  fail  to  offer  a natural  representation  in 
case  the  priority  hierarchy  designed  for  solving  conflicts  woul d vary 
dynamically  (i.e.,  would  depend  on  the  particular  Items  selected  from 
B^  by  the  processes  Proc(i)). 

Section  5.4  .■^JUKLLING  Rf:i^ 

In  this  section  we  shall  examine  the  modelling  of  a special  kind  of 
concurrent  ct)ntrol  mc'chanism  in  software  systems,  namely  the  reentrant 
subroutines.  As  pointed  out  in  [CRIE-71|,  this  programming  feature  is 
"most  usetul  in  a multi-programming  or  time-sharing  environment,  where 
several  programs  may  call,  say,  a SIN  routine  which  is  reentrant.  Only 
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one  copy  of  the  routine  need  be  kept  In  memory,  no  matter  how  many 
people  are  executing  it." 

Tlie  efficient  and  clear  modelling  of  reentrancy  becomes  especially 
Important  when  one  is  interested  in  modelling  real-life  collections 
of  programs  such  as  compilers  or  reentrant  portions  of  operating  sys- 
tems . 

Let  us  reexamine  the  example  presented  in  Section  1.1.  Figure 
5.4.1  exhibits  our  approach  to  the  modelling  of  the  flow  of  control  in 
the  reentrant  subroutine  of  Figure  1.1.1.  Our  only  requirement  is  that 
distinct  control  flow  s t reams  operat Ing  in  a reentrant  subroutine  be 
represented  by  distinct  colors.  We  note  that  upon  firing,  transition 
t^  places  in  Pj^^  a token  of  color  or  c.^,  depending  on  its  enabling 
color.  On  the  other  hand,  due  to  the  particular  structure  of  the  lat- 
tice of  colors,  the  transitions  t^  and  t^  can  select  as  enabling  colors 
from  p^^  only  the  colors  c^  and  c^,  respectively.  Thus, control  is 
always  returned  from  the  reentrant  subroutine  to  the  proper  calling 
routine. 

We  note  that  the  purpose  of  the  color  output  functions  f,^,o  and 
1 4 1 J 

f^  is  to  "paint"  the  output  tokens  produced  by  the  transitions  t^ 

and  t^,  respectively  with  the  same  color  as  that  of  the  tokens  absorbed 

by  the  respective  transitions  from  their  input  places.  In  this  way, 

the  continuity  of  the  control  flow  streams  operating  concurrently  in  the 

reentrant  subroutine  is  ensured.  In  view  of  the  equivalence  results 

presented  in  Section  4.5  the  usage  of  this  type  of  mappings  as  color 

output  functions  does  not  alter  the  representation  power  of  the  C-CPM 

but,  we  believe,  enhances  the  naturalness  of  the  representation  of 

reentrancy. 

Our  method  applies  equally  well  to  nested  reentrant  subroutines. 
Consider  for  ex;imple  the  synchronization  situation  depicted  schematically 
In  Figure  5.4.2.  Tliere,  both  subroutines  A and  B may  be  invoked  con- 
currently by  different  calling  program-s.  Figure  5.4.3  displays  the  C-CPM 
representation  of  the  flow  of  control  in  this  synchronization  system. 

Note  that  due  to  the  structure  of  the  lattice  of  colors,  the  return  of 
control  from  subroutine  B is  correctly  modelled,  that  is  the  control 
flow  stream  originating  from  PROGRAM  3 can  never  be  routed  to  subroutine 
A upon  termination  of  the  execution  of  subroutine  B and  vice-versa. 
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In  Iho  ex.implfs  presenti'd  above-  wo  have  attempted  to  show  that  the 
use  ol  colors  enhances  a natural  representation  of  the  distinct  control 
flow  streams  which  operate  conceirrently  in  reentrant  programs.  Without 
going  Into  details,  we  argue  informally  that  the  Kl’M,  PPM  or  any  of 
the  other  models  ex.imlned  in  Chapter  IV  which  do  not  incorporate 
colored  tokens  fail  to  offer  a natural  representation  of  reentrancy. 
11ms,  due  to  the  lack  of  colors,  it  appears  that  any  of  these  models 
will  have  to  approach  the  modelling  of  reentrancy  in  a manner  similar 
to  the  "copy"  mi-thod  of  [(X1ST-/1)  and  [CERF-72)  which  we  have  described 
in  Section  1.1. 

Section  5.5  mOELUNG  WITH  THE  EC-CPM 

We  have  shown  (Theorem  4.8.1)  that  the  language  families  A (C-CPM) 
and  A^(C-CPM)  are  properly  included  in  A (EC-CPM)  and  A^(EC-CPM), 
respectively.  On  the  other  hand,  we  have  also  shown 

that  any  recursively  enumerable  language  can  be  generated  as  the  image 
under  (possibly  unrestricted)  erasing  homomorphism  of  a language  in 
•^(C-CPM).  Tims,  according  to  Theorem  4.8.2,  given  any  Labelled 
EC-CPM  one  can  construct  a Labelled  C-CPM  ■P'^  which  will  simulate 

i Y I ^ \ 

the  firing  sequences  y of  using  at  most  d ' A-transltlon  firings 

in  order  to  do  so,  for  some  constant  d > 1.  We  have  also  mentioned 

that  there  are  languages  in  A (EC-CPM)  and  A (EC-CPM)  for  which  an 

o 

exponential  bound  on  A-transltion  firings  is  necessary.  Thus  any 
Labelled  EC-CPM  can  be  simulated  by  a Labelled  C-CPM  but  not  without 
considerable  difficulty.  As  pointed  out  in  [MlLL-74]:  "A  problem  with 
such  a construction,  however,  is  that  one  no  longer  has  a one-one 
relationship,  between  "processes"  in  the  two  models.  Here,  additional 
"dummy"  transitions  and  places  are  required,  cind  in  comparing  the  behav- 
iors In  the  two  models  a distinction  has  to  be  made  between  dummy  tran- 
sitions or  places  and  real  transitions  or  places.  This  distinction  is 
somewhat  unnatural  both  from  the  viewpoint  that  the  formal  Petri  Net 
model  makes  no  such  distinctions,  as  well  as  that  the  naturalness  of 
the  process  structure  is  either  lost  or  hidden."  Indeed,  we  recall  that 
each  labelled  transition  was  assumed  to  correspond  to  the  activation  of 
a particular  process  of  the  system  modelled  by  the  respective  net.  In 
this  perspective.  A- t ransl t Ions  do  not  correspond  to  any  process  of  the 
n¥)delled  system,  they  merely  serve  as  Internal  operations  of  the  net. 

I 
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Thus,  uven  tltough  t lie  introduction  of  A- 1 rnns  i L ions  extends  the  set  of 
lanf, unites  which  can  be  j’enernted  hy  the  C-CPM,  it  impairs  the  clarity 
.md  naturalness  of  tlie  representation  offered  by  the  C-CPM.  It  is 
theri'fore  only  natural  to  concliule  that  a formal  model  which  can  repre- 
sent in  a A-transition  free  manner  a class  of  systems  as  large  as 
possible,  is  desirable.  This  viewpoint  adds  relevance  to  the  results 
whiih  we  have  mentioned  earlier  regarding  the  relationship  between  the 
C-(,PM  and  t hi'  EC-CPM,  At  the  same  time,  the  equivalence  re.sul  ts  of 
Chapter  IV  also  show  that  the  language  families  ' and  generated  hy 
any  of  the  "complete"  formal  models  ex.imined  in  [llACK-75]  and  [AGAR-75], 
i.i'.,  the  PPM,  EPM,  Coordination  Petri  Model  and  the  Petri  Nets  with 
switches,  disjunctive  logic  and  token  absorbers,  are  properly  included 
in  the  respective  language  families  generated  by  the  EC-CPM. 

In  the  remainder  of  this  chapter  we  illustrate  the  validity  of  our 
viewpoint  regarding  the  natural  representation  of  coordination  systems. 

We  shall  present  synch roni za t ion  systems  which  can  be  modelled  in  a 
natural  way  by  the  EC-CPM  and  which  do  require  the  additional  represen- 
t. it  ion  power  of  the  EC-CPM. 

.Section  5.b  A PRODUCER-CONSUMI'R  SYNCHRONlZATinN  PROISLEM  WITH  I.IFO  STRUC- 
TURED lUIFKER,  REVISITED 

Let  us  reexamine  the  producer-consumer  synchronization  problem 
described  at  the  lieginning  of  Section  2.5  (represented  schematically  in 
Figure  2.5.1).  I.et  us  assume  for  a moment  that  the  following  additional 
restriction  is  imposed  on  the  system.  The  producer  processes  are 
disabled  after  either  consumer  process,  Cj^  or  C^,  has  consumed  an  item 
from  the  shared  buffer  until  the  buffer  becomes  empty.  With  this 
restriction,  the  synchronization  system  is  forced  to  (repeatedly) 
execute  the  following  basic  "cycle".  First,  the  producer  processes  P^ 

.and  P^  firoduce  and  deposit  in  the  buffer  B an  .arbitrary  number  of  items, 
until  .an  item  is  consumed  by  one  of  the  consumer  processes.  After  that, 
tlu'  producer  processes  are  disabled  and  must  wait  until  the  consumer 
processes  have  emptied  the  buffer.  All  this  time,  the  buffer  B is 
accessed  in  a I.IFO  mode.  The  producer  processes  may  eventually  restart 
to  produce  and  deposit  items  as  soon  as  the  buffer  becomes  empty  and 
therefore,  a coordination  sei|ueiue  of  the  system  may  be  viewed  as  an 
arbitr.arily  long  sequence  (repetition)  of  such  "cycles". 
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Let  us  now  label  the  processes  I’^  and  with  the  label  a and  the 

processes  and  with  the  label  b.  It  Is  easy  to  see  that  if  we 

record  the  labels  of  the  processes  occurring  along  one  of  the  execution 

"cycles"  mentioned  above,  the  resulting  string  is  of  the  form  ww  , 

where  w • {a,  b?  . Consequently,  the  set  of  strings  generated  along 

all  possible  coordination  seqvienccs  of  the  system  is  the  language 

W = (W  )^,  where  W = {ww*^  I w c la,  b}^}. 
o o 

Let  us  now  remove  the  restriction  mentioned  earlier,  i.e.,  the 
producer  processes  imiy  produce  and  deposit  items  at  any  time,  indepen- 
dent of  the  content  of  the  buffer  B.  In  this  case,  the  coordination 
sequences  performed  by  the  system  follow  the  same  basic  pattern  as  in 
the  restricted  case  except  that  execution  "cycles"  may  be  nested. 

Thus,  the  language  W generated  becomes: 

W = (-‘^(W 

o 

where  5 is  the  substitution  mapping  defined  by: 

S(a)  = {a)(W^)* 

5(b)  = fb}(W  )* 

o 

The  language  W has  the  simple  context-free  grammar: 

S -*■  aAS  S bBS 

S aA  S bB 

A -*  aAi\  A ->•  bBA  A a 

B » bBB  B -*•  aAB  B ► b 

where  S denotes  the  start  symbol. 

We  already  know  that  the  language  is  not  contained  in  A (C-CPM) 

or  A (C-CPM).  Tlie  techniques  mentioned  in  Section  4.8  can  be  applied 

in  order  to  show  that  W is  not  in  /‘.(C-CPM)  or  A (C-CPM),  either. 

o 

Moreover,  one  can  show  that  if  W is  expressed  as  the  image  under  an 
erasing  homomorphism  h of  some  language  W"  c A^ (C-CPM)  then  h must  be 
exponentially-bounded  on  W" . The  reason  is  again  the  fact  that  the 
number  of  distinct  intermediate  markings  necessary  to  generate  strings 
w from  W grows  as  an  exponential  function  of  jwl  while  the  number  of 
distinct  markings  reachable  by  a A-transltion  free  Labelled  C-CPM 
grows  as  a polynomial  function  of  the  length  of  the  respective  firing 
sequences . 


Oil  till-  otiior  lianil,  tiu'  KOCl'M  can  nKidc  I tliis  type  of  synrliroii  i- 
zat ion  systems  in  a natural  way,  which  presc-rves  the  process  structure. 
I'his  is  mainlv  due  to  the  fact  that  the  KC-Cl’M  has  the  capacity  to 
"reniemher''  the  order  of  arrival  of  colored  tokens  in  the  places  of  a 
net.  Such  information  is  essential  for  the  corri’ct  modelling  of  the 
consumer  processes,  i.e.,  for  the  correct  modelling  of  the  policy  for 
the  retrieval  of  items  from  the  buffer. 

The  tviic  of  synchronization  problems  under  consideration  in  this 
section  has  practical  significance  and  actually  can  be  often  encoun- 
tered in  computing  environments.  For  example,  they  can  easily  be  recast 
to  operating  system  scheduling  problems.  Thus,  imagine  a multi- 
programmed  computing  system  in  which  several  user-job  processes  operate 
concurrently.  Kach  job  process  has  input  and/or  output  files  stored 
on  external  memory  units  (disks,  tapes,  etc.).  At  any  time,  a job 
process  can  produce  an  output  message  wliich  is  stored  in  a private 
memory  area  owned  by  it.  As  soon  as  such  an  output  message  has  been 
assembled,  the  respective  job  process  will  lodge  an  output  request  with 
the  supervisor  process  SV.  Similarly,  a job  can  request  at  any  time  for 
an  input  message  to  be  transmitted  from  one  of  its  input  files  into  a 
memory  region  owned  by  that  job  process.  Input  requests  are  lodged 
with  the  supervisor  process  as  well.  The  requests  lor  1/0  operations 
are  stored  in  the  order  of  their  arrival  in  a buffer  shared  by  all 
user- job  processes  present  in  the  system. 

Concurrently,  tlie  supervisor  process  SV  examines  the  shared  buffer 
and  routes  the  1/0  requests  to  the  appropriate  1/0  channels,  according 
to  a FIFO  or  FI  Ft)  retrieval  policy.  It  is  assumed  that  several  1/0 
units  are  controlled  by  one  l/O  channel.  Therefore,  it  is  possible  for 
several  job  processes  to  have  their  1/0  files  under  the  control  of  the 
same  I/O  channel.  Since  the  affiliation  of  1/0  units  to  the  particular 
I/O  channels  is  transparent  to  the  user-job  processes,  the  system 
requires  the  inter  vention  of  the  SV  process  in  the  ilist  ribut  ion  of  the 
job  process  I/O  rt’quests  to  the  corresponding  1/0  channels.  Also,  due 
to  the  fact  that  the  job  jirocesses  and  the  I/O  channel  processes  oper- 
ate asynchronously  and  concurrently  at  independent  speeds,  each  I/O 
channel  process  may  be  provided  with  its  own  I.IFO  or  FIFO  structured 
bu:f»‘r  in  which  the  supervisor  process  can  store  the  1/0  requests 
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|H*rt  iiu'iU  ti)  tliat  [larticular  channel.  Figure  5.6.1  depicts  schemat- 
ically the  tran.sfer  of  requests  for  1/0  operations  from  the  )ob  pro- 
cesses to  tlie  I/O  cliannel  processes  via  the  SV  process. 

Section  5.7  MOOELhlNG  OF  THE  FI.OW  OF  CONTROL  iN  RECURSIVE  SUBROUTINES 

In  this  section  we  present  a different  approach  to  the  represen- 
tation of  the  flow  of  control  in  computer  programs.  The  method  origi- 
nates with  [URSC-72]  and  has  been  applied  to  the  exploitation  of  maxi- 
mum parallelism  in  flow  diagrams  ((URSC-721  and  ( URSC-7 3 i ) and  to  the 
automatic  structuring  of  programs  (URSC-751).  We  slightly  modify  and 
e.xtend  this  representation  method  in  order  to  employ  it  in  the  modelling 
of  the  flow  of  control  in  recursive  programs  by  the  EC-CPM. 

Programs  are  assumed  to  be  represented  by  unin terpreted  flow  dia- 
grants,  i.e.,  by  finite,  directed,  labelled  graphs  whicii  satisfy  the 
following  conditions: 

1.  A flow  diagram  contains  exactly  one  begin  node  (denoted  by  s) 
and  one  exit  node  (denoted  by  x)  . 

2.  Each  node  in  the  flow  diagram  is  reachable  from  s and  x can  be 
reached  from  it. 

3.  Edges  with  the  same  source  have  different  targets. 

Figure  5.7.1  exhibits  a sample  flow  diagrtim. 

Ramification  rodes  (also  called  decision  nodes)  are  the  sources  of 
at  least  two  different  edges,  correspond  to  the  decision  statements  of 
the  underlying  program  and  are  represented  as  diamond  shaped  boxes. 

Nodes  which  are  the  source  of  a single  edge  only  are  called  elementary 
blocs  and  correspond  to  "basic"  (data  oriented)  statements  of  the 
underlying  program.  Elementary  blocs  as  well  as  the  begin  and  exit 
codes  are  represented  as  rectangular  boxes.  The  codes  of  a flow  dia- 
gram are  labelled  by  distinct  lower-case  letters. 

I)e  f i n i t i on  5.7.1 

A node  n^  is  a successor  of  a node  n^^  if  there  is  an  edge  in  the 
graph  with  source  Oj  and  target  n^ . A path  is  a sequence  of  nodes  each 
of  which  (except  for  the  first  node)  is  a successor  of  the  node  immed- 
iately preceding  it  in  the  path. 

A path  Is  called  cycle-free  If  it  contains  no  node  twice. 


Di’t  init  ion  "i  .1 .2 

A node'  n^  is  a post  doininator  of  a node-  n^  if  each  path  from 
to  X cHMitains  n^;  n^  is  said  to  be  the  immediate  post  dominator  of  n^ 
it  in  eacli  path  from  iij  to  x,  is  ttie  post  dominator  of  n^  occurring 
first  . 

file  immediate  post  dominator  ol  an  elementary  bloc  is  its  successor. 
The  immediate  post  dominator  of  a decision  node  d is  the  junction  point 
ol  all  the  cvcle-free  patiis  from  d to  x.  It  has  been  shown  ([URSC-72]) 
that  eacli  node  has  a uniquely  determined  immediate  post  dominator, 
except  for  x. 

Uef init  ton  5 . 7 . 3 

The  scope  of  a decision  node  d is  the  set  of  all  nodes  which: 

i.  are  successors  oi  d or  are  post  dominators  of  successors  of  d 

ii.  are  not  post  dominators  of  d itself. 

I)e f init  ion  ^.7.4 

The  control  history  of  a node  n is  a list  consisting  of  n as  top 
element  and  all  post  dominators  of  n in  tlie  order  in  which  they  occur 
in  anv  cycle-free  p;ith  from  n to  x.  The  control  history  of  n restricted 
to  the  scope  of  a decision  node  d is  the  list  obtained  by  deleting 
t rom  the  control  history  of  n the  elemi'iits  not  belonging  to  the  scope 
of  d . 

Using  the  concepts,  the  flow  of  control  in  a flow  diagram  can 
be  expressed  in  terms  of  the  productions  of  a context-free  grammar. 

For  this  purpose,  the  capital  labels  of  the  nodes  contained  in  the  flow 
diagram  are  considered  to  be  the  nonterminal  symbols  of  the  grammar 
while  the  lower-case  labels  of  the  nodes  define  the  terminal  alphabet. 

S serves  as  the  start  symbol  of  the  grammar.  The  set  1’  of  productions 
is  formed  as  follows: 

1.  X ' X is  in  P. 

ii.  If  n is  an  elementary  bloc  then  N ' n is  in  P. 

iii.  S ^ s6  is  In  P where  0 i.s  the  tail  of  the  control  liistory  of 
s (i.e.,  the  control  history  of  s with  the  top  element,  s,  deleted) 
written  in  capital  symbols. 

iv.  If  d is  a decision  node  tlien  P contains  a proiiuction  for 
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each  successi'r  ot  tl . Kacli  such  protliict  ion  is  ol  the  form  I)  ' (if  wliere 
' is  tlie  control  history  of  tlie  respective  successor  of  <1  restricted 
to  the  scope  ot  d and  written  in  capital  symbols  (it  not  empty). 

The  productions  corresponding  to  the  tlow  diagram  of  Figure  5.7.1 
t o r e xamp  1 e , a re  : 


S - .s/M51)KF.\ 
B • W 
B • b 


A a F ► f E • (? 

C '■  c X X 

1)  ► d K ' eCDK 


As  shown  '■  rv  lURSC-72|  the  construction  of  the  produition  system  is 
an  effective  and  unambiguous  prociulure.  The  main  dilference  between 
the  Set  of  productions  obtained  by  our  construction  algorithm  and  that 
di-scribed  in  [URSC-72]  is  that  here  the  grammar  is  obtained  direct Iv  in 
flreibach  normal  form. 

In  what  follows,  given  an  arbitrary  flow  diagram  1 , we  shall  refer 
to  the  grammar  obtained  by  applying  the  above  algorithm  to  f as  to  the 
"lontext-f ree  grammar  corresponding  to 

Definition  5.7.5 

Given  a flow  diagram  f , a computation  in  f is  a path  from  s to  x 

in  ^ 

Let  f be  an  arbitrary  flow  diagram  and  let  G be  the  contest-free 
grammar  corresponding  to  I . Using  arguments  similar  to  those  of  Sen- 
tences 2.4  and  2.5  of  lURSC-72)  one  can  show  (proof  omitted)  that 
w W(G)  if  and  only  it  w is  the  label  sequence  of  a computation  in  f. 

The  method  described  above  does  not  handle  specifically  the  repre- 
sentation of  subroutine  calls.  Nevertheless,  it  can  be  extended  in 
order  to  accomodate  this  form  ot  flow  of  control  in  computer  programs, 
as  well.  Suppose  we  are  given  a calling  program  and  the  corresponding 
snbroutitie  represented  as  the  flow  diagrams  f and  f ',  respectively  (see 
Figure  5.7.2,  for  example).  An  instance  of  a call  to  snhroutine  state- 
ment is  represented  in  f as  a bloc  of  the  lorm: 


K.iili  such  bloc  is  rulJcd  "mil"  bloc  unci  is  associated  with  a pair  of 
labels  (a,  s'),  where  a denotes  the  label  of  the  call  bloc  while  s' 
denotes  the  label  of  the  bejtln  node  of  f'.  Note  that  a call  bloc  is 
the  source  of  only  one  ed^e . Therefore,  as  in  the  case  of  the  elemen- 
tary blocs,  a call  bloc  has  only  one  successor  which  is  also  its  immed- 
iate post  dominator. 

Suppose  we  treat  the  call  blocs  the  same  way  as  the  elementary 
blocs.  In  this  case,  we  can  apply  the  al^torithm  given  earlier  to  F 
and  let  C = V.^,,  1’,  S)  be  the  resulting  grammar.  Let 

t;'  = P ' , S')  denote  the  context-free  grammar  corresponding  to 

the  1 low  diagram  f'.  According  to  our  construct,  for  each  call  bloc 
a C must  contain  a production  A ••  a,  and  this  Is  the  only  production 
of  C having  the  nonterminal  A on  the  left  hand  side.  The  occurrence 
of  the  call  bli'c  a in  a path  in  F is  marked  in  the  corresponding  label 
sequence  by  the  occurrence  of  the  symbol  a.  However,  we  are  interested 
in  repri'sent ing  execution  paths  of  the  composite  system  formed  by  the 
tlow  diagrams  I and  F\  that  is  we  must  associate  each  occurrence  of  a 
call  bloc  with  a path  f rc'Hc  s'  to  x'  in  f'  (s'  and  x'  denote  the  begin 
and  the  exit  node  of  f',  respectively).  Let  us  call  a flow  diagram 
containing  call  blocs,  such  as  f , a composite  flow  diagram.  Let  us 
also  call  f'  an  associate  flow  diagram  of  the  (composite)  flow  diagram 
f . 

A path  in  F is  delined  as  in  Definition  5.7.1  and  a computation 
in  f is  defined  as  in  Definition  5.7.5. 

lie  1 in  i t i on  5.7.6 

A composite  computation  in  F is  a computation  in  I where  the 
occurrence  of  any  call  bloc  a has  been  replaced  by  a sequence  of  nodes 
a , such  that  . Is  a computation  in  F ' . 

We  shall  continue  to  call  the  grammar  (1  obtained  by  applying  our 
previous  construct  to  the  i-omposile  flow  diagr.im  F while  treating  all 
lall  blocs  as  elt'mi'ntary  blocs,  the  contex  t-f  rt-e  grammar  corresponding 
to  F.  W((’,)  is  the  language  of  the  label  se(]uences  corresponding  to  all 
possible  compulations  in  F.  According  to  Definition  5.7.6,  the  language 
of  the  label  sequences  corresponding  to  all  comp<'slte  compulations  in 
F is  where  S is  the  substitution  mapping  defined  by: 


1 
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I {a)W((;')  if  a is  the  labtd  of  a call  bloc 

5(a)  = / 

I lai  otherwise 

Here,  G'  denotes  tlie  context-free  grammar  corresponding  to  tlie  associate 
flow  diagram  f ' of  F. 

One  can  t=*aslly  construct  the  grammar  G"  = l'">  S")  sucli 

that  W((;")  = 5(W(G))  (we  shall  call  G"  the  composite  context-free 
gramimir  corresponding  to  the  flow  diagram  F) . Without  loss  in  gener- 
ality wv  assume  that  V.,  II  V'  = ifi.  Let  then  V"  = H V',  V'',  = V„  !J  V' 

NN  NNNlTf 

and  S"  = S.  The  set  of  productions  1’"  contains  all  the  productions  in 
1'  except  for  the  productions  A > a,  where  a is  the  label  of  a call 
bloc  in  F.  Moreover,  P"  contains  all  the  productions  in  P'  and  in 
addition,  the  set  of  productions: 

A ' aS'  I a is  the  label  of  a call  bloc  in  FI. 


It  can  easily  be  verified  that  W(G")  = 5(W(G)).  Note  also  that  G" 
remains  a context-free  grammar  in  Grelbacli  normal  form.  (See  Figure 
5.1.2,  for  examp le . ) 

The  construct  given  above  can  immediately  be  extended  to  the  case 
where  there  are  several  associate  flow  diagrams  of  F.  This  method  can 
also  be  used  to  represent  the  flow  of  control  in  recursive  subroutines. 

We  shall  call  a composite  flow  diagram  F recursive  if  it  contains 
call  blocs  whose  .associated  label  pair  is  of  the  form  (a,  s)  wlu-rc  s 
denotes  the  l.tbel  of  the  begin  bloc  of  F.  Such  a call  bloc  will  he 
c.illed  .1  "recursive"  call  bloc. 

A p.ith  in  a recursive  flow  diagram  f is  defined  as  in  Delinition 
'1.7.1  .and  a computation  in  F is  defined  as  in  Definition  5.7.5.  Given 
a sequence  r ol  nodes  from  F,  the  occurrence  in  y of  a recursive  call 
bloc  .1  is  said  to  be  a free  occurrence  of  a if  and  only  if  the  node 
immediately  following  a in  y (if  any)  is  not  s. 

Definition  5.7.7 

A composite  ctmiputation  Is  a recursive  flow  diagram  F Is: 
i . .a  comput  it  ion  In  F 

li.  a composite  comput.iflon  in  F In  which  a free  occurrence  of 
some  recursive  call  bloc,  s.iy  a,  has  been  repl.aced  by  a sequence  of 
nodes  .ay,  such  th.at  y is  a lomputatlon  in  F. 
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Figure  5.7.2  (Continued) 
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Definition  5 . 7_.  8 

A composite  compiit  n t i on  tS  in  a recursive  flow  diagram  F is  said 
to  be  terminal  if  and  only  If  6 does  not  contain  any  free  occurrence 
ot  a recursive  call  bloc. 

Note  that  a computation  in  f is  a terminal  (composite)  computation 
in  f if  and  only  if  it  is  a path  from  s to  x in  F which  does  not  incor- 
porate any  recursive  call  bloc. 

bet  G = (Vj^,  V.J.,  H,  S)  be  the  context-free  grammar  corresponding 
to  the  recursive  flow  diagram  f.  G is  constructed  by  applying  the 
algorithm  given  at  the  beginning  of  this  section  to  f while  treating 
the  recursive  call  blocs  in  F as  elementary  blocs.  W(G)  is  the  language 
of  the  Itibel  sequences  corresponding  to  all  computations  in  F.  The 
composite  context-free  grammar  G'  = (Vjg,  V^,,  P',  S)  corresponding  to  F, 
i.e.,  the  grammar  which  generates  the  language  of  the  label  sequences 
corresponding  to  all  terminal  composite  computations  in  F,  is  con- 
structed as  follows.  G’  is  obtained  from  G by  replacing  the  productions 
A • a,  where  a is  a recursive  call  bloc,  by  the  productions  A * aS.  As 
an  example  of  this  construct  consider  the  recursive  subroutine  given  in 
Figure  5.7.  ).  The  subroutine  search  locates  the  variable  item  in  the 
ordered  vector  array  using  the  binary  search  method.  Wlien  a match  is 
found,  the  respective  entry  in  the  vector  is  deleted.  At  the  same  time, 
the  subroutine  returns  in  the  parameter  count  the  number  of  items  wliich 
had  to  be  inspected  in  order  to  find  a match,  i.e.,  the  number  of 
ri!cursion  levels  needed  in  order  to  locate  the  given  item.  Figure 
5. 7. A exhibits  the  un interpreted  flow  diagram  of  this  subroutine  and 
tile  corresponding  composite  context-free  grammar. 

Cotisider  an  arbitrary  recursive  flow  diagram  f and  let  G'  be  the 
composite  context-free  gramm.ir  corresponding  to  F.  Lot  us  examine 
clost  r tile  representation  of  tlie  flow  ot  control  in  I by  means  oi  the 
produi  t ions  in  G',  We  shall  first  make  the  following  notational  con- 
vention. The  variabli'  A denotes  the  upper  case  label  of  the  node  a, 
i.e.,  of  tin'  node  whose  lower-case  label  is  a. 

We  define  a restricted  ilerivatlon  in  G'  to  be  a derivation  in  G' 
such  that  at  no  step  in  the  derivation  has  a production  A ' aS  been 
used,  wtiere  a Is  a recursive  c.all  bloc  in  i . A terminal  sentential 
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form  Is  a sontential  form  6 such  that: 

i.  A Is  a variable  in  5 only  if  a is  a recursive  call  bloc  in  F. 

11.  b is  a terminal  symbol  in  6 only  if  b is  not  a recursive  call 
bloc  in  F. 

l.et  us  also  define  tlie  homomorphism  h on  V.j,  by: 

I A if  a is  a recursive  call  bloc  in  F 

h(a)  = < . 

la  otherwise 

We  note  that  along  a restricted  derivation  in  O'  only  productions  com- 
mon to  both  G and  G'  can  be  used.  Thus,  the  productions  used  along  a 
restricted  derivation  in  G'  must  belong  to  the  set: 

P - {A  »a  I a is  a recursive  call  bloc  in  F'} . 

(P  denotes  the  set  of  productions  of  the  context-free  grammar  G corres- 
ponding to  F).  Recall  also  that  W(G)  is  the  language  of  the  label 
sequences  corre.sponding  to  all  possible  computations  in  F.  Hence,  6 is 
a terminal  sentential  form  obtained  by  means  of  a restricted  derivation 
in  G'  if  and  only  if  6 = h(w),  for  some  w e W(G) . In  particular,  6 

is  a string  in  W(G')  if  and  only  if  there  exists  a string  w C W(G)  such 
that  6 = h(w)  = w.  This  happens,  however,  if  and  only  if  w is  the 
label  sequence  corresponding  to  a computation  in  F which  does  not  con- 
tain any  recursive  call  blocs.  Thus,  a terminal  sentential  form 
obtained  by  means  of  a restricted  derivation  in  G'  is  a string  in  W(G') 
if  and  only  if  6 is  the  label  sequence  corresponding  to  £i  computation 
in  f which  is  terminal. 

Consider  now  an  arbitrary  composite  computation  6 in  F.  For  sim- 
plicity, let  us  assume  that  y contains  only  one  free  occurrence  of  a 
recursive  call  bloc;  the  argument  applies  to  the  case  wliere  there  are 
several  free  occurrences  of  recursive  call  blocs,  as  well.  Thus,  let 
I = fjai2  where  a denotes  the  free  occurrence  of  the  recursive  call 
bloc  ;i . Suppose  that  a sentential  form  6 can  be  reached  in  G'  such 
that  6 = that  is  the  free  occurrence  of  the  recursive  call  bloc 

a has  been  marked  in  6 by  the  variable  A.  According  to  Definition 
5.7.7  the  composite  computations  which  can  be  generated  from > are  of 
the  form  Yja,' ■ where  is  a computation  in  f . On  the  other  hand, 

the  only  variable  contained  in  the  sentential  form  6 is  A.  The  only 
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tirodiict  ion  with  t lit-  iionternii  n.i]  A on  riie  left  hand  side  contained  in  C 

is  A aS.  Applyinj;  this  production  in  <S  wc  obtain  tlie  sentential 

torm  i^aSy,,.  If  f'  is  a computation  in  f then  tliere  exists  a 

restricted  derivation  in  G'  whicli  lends  to  tlie  terminal  sentential 

torm  6',  sucli  tiiat  (S'  ==  ii(Y').  ilius,  we  can  obtain  in  G'  the  sentential 

form  Y.aS'  . in  wliicli  the  variables  contained  mark  the  free  occur- 

1 / 

rences  of  recursive  call  blocs  in  y^ai'Y^.  In  particular,  if  (' 

is  a computation  in  1 which  does  not  contain  any  recursive  call  blocs, 
tja.'i,,  is  a terminal  composite  computation  in  F and 

Yja5'  ,,,  = ijU-, 'y,  a strinp  in  W(G'). 

We  can  conclude  that  if  y is  a composite  computation  in  F then 
there  exists  a sentential  form  (S  which  can  he  derived  in  G'  such  that 
the  variables  in  6 are  placeholders  for  the  free  occurrences  of  recur- 
sive call  blocs  in  y.  Moreover,  if  y is  a terminal  composite  compu- 
tation in  r then  '■  = ( is  a string  in  W(G').  A similar  inductive 
argument  can  be  used  in  order  to  sliow  that  if  w i.  W(G’)  then  there 
exists  a terminal  composite  computation  y in  F sucii  that  w is  the  label 
setpuMice  corresponding  to  y. 

We  note  that  tlie  composite  grammar  G'  cor  responding  to  a recursive 
flow  diagram  I remains  in  Greibach  normal  form.  The  grammar  G' 
represents  the  flow  of  control  within  the  recursive  flow  diagram  F.  If 
1 is  invoked  as  a subroutine  by  some  other  composi to  flow  diagram  F',  the 
flow  of  control  in  the  composite  system  formed  bv  F and  f'  is  repre- 
sented as  before,  namely  as  a substitution  with  W(G')  in  W(G"),  where 
G"  is  the  composite  context-free  grammar  corresponding  to  I'. 

It  the  recursive  flow  diagram  f also  contains  lu-n - i ccurs i ve  call 
blocs  then  the  composite  grammar  G'  corresponding  to  I is  further 
modifii-d  according  to  the  construct  presented  for  the  representation 
of  simple  (non-recursive)  subroutine  calls. 

We  can  conclude  that  the  flow  of  control  in  programs  calling  sub- 
routines, including  recursive  subroutines,  can  be  represented  using  the 
substitution  operation  with  -Iree  context-free  languages  (note  that 
accortling  to  our  constructs  the  empty  string  \ cannot  be  generated  by 
t h»-  context-frie  grammars  associated  with  flow  diagrams).  We  alreatiy 

know  that  the  language  family  A (t'G-GPM)  contains  all  A-free  context- 

o 

f rt-e  languages  and  is  clf)sed  under  substitution.  Conser)uen  t 1 y , the 
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KC-Cl’M  can  represent  the  flow  of  control  in  programs  calling  recursive 
subroutines.  However,  the  construct  presented  in  Section  3.3  for 
prt'ving  the  closure  under  substitution  of  the  language  family  A (KC-CPM) 
is  rather  complicated.  Nevertheless,  taking  advantage  of  tlie  special 
structure  of  context-free  productions,  the  construct  can  be  considerably 
simplified  in  the  particular  case  of  the  stubstitutlon  with  X-free 
context-free  languages.  In  this  way,  the  natural  representation  of  the 
flow  of  control  in  programs  can  be  preserved.  In  the  remainder  of  this 
section  we  present  the  simplifications  mentioned  above.  We  first  exhib- 
it a language  preserving  nxuti f icat ion  on  context-free  grammars. 

Let  G = V^,  P,  S)  be  a context-free  grammar  in  Greibach  normal 

form.  Suppose  S does  not  appear  on  tlie  right  hand  side  of  any  produc- 
tion in  P (this  condi t ion  can  always  be  arranged  for  any  context-free 

language).  Let  V = i S,  A , ...  , A ),  V = f 15,  , ...  ,15  ‘ and  let 

N j m N i m 

us  form  the  following  set  P'  of  productions: 

i.  If  S ♦ '^i^il  ■■■  ^ik-l^ik  production  in  P,  where 

k > 1,  then  we  introduce  in  P'  the  production  S -*■  a. A , ...  A.,  . 

1 il  lk-1  ik 

Anv  production  S a.  of  P is  transfered  unmodified  to  P'. 

1 

ii.  If  A.  *■  a. A.,  ...  A.  A.  is  a production  in  P,  where 

J ) ,|1  ir-1  ir  > 

A.  ^ S and  r > 1,  then  we  introduce  in  P'  the  production 

B.  ' ‘*;A,,  ...  A,  , ^ ■ If  A.  ’■a.  is  a production  in  P then  we 

J 1 )1  jr-1  ir  , J 

introduce  in  P'  the  production  B.  >•  a.. 

.1  I 

iii.  P'  contains  all  the  productions  of  the  form  A " a . of  P 

1 I 

where  A.  ^ S (>  can  be  '). 

J 

Let  G'  = (Vj^  V.J.,  P',  S)  be  a new  context-free  granunar.  Then, 

W(G')  = W(G). 

Su|)pose  w t W(G').  If  w = a,  for  some  a t V^,,  then  w can  he  gen- 
erated only  by  the  production  S ' a,  conunon  to  botli  G and  G' . Hence, 
w (.  W(G).  Suppose  now  that  jw,  ■ 1 and  consider  a leftmost  derivation 
of  w in  G'.  Tht'  first  step  in  the  derivation  must  be  of  the  form: 


S =»-  a,  A. 


Ni-1^ 


II  1 i-i  1 ) 

According  to  the  construction  procedure  of  G',  no  production  of 
having  a variable  A ’ on  tlu-  lefthand  side,  A ^ S,  contains  a 


variable  B r V'  on  the  right  hand  side 
N 


Thus,  A 


ir 


l.)-I 


cannot 
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introduce  any  variable  from  in  the  derivation.  Let  then 

S =>  a A ...  A b =;>  a Ct  B where  U t V* 

111  1 1-1  1 I 1 1 I 1 1 T 

On  the  other  hand,  any  production  in  P'  having  on  the  left  hand 


side  is  of  the  form  B 


IJ 


a .A  ...  A . , B , or  B,  . >•  a . . Thus . 

I Jl  jr-1  ,ir  1)  j 


B, . introduces  at  the  most  one  variable  from  V'  in  the  derivation,  in 
1 j N 

the  rightmost  position  of  the  sentential  form.  Let  then 


S *•  a^.a^B,.  ...  t 

* 

a a B a fx.a^a^ 

p p ps  I 1 Z Z 


‘2'^2r 


~ 'V^l‘'*2'‘2 


a ri  a , , = w 

P P P+1 


At  the  last  step  in  the  derivation,  a production  of  the  form  B ’■a  , , 

ps  p+1 

has  been  used. 


It  is  easy  to  see  that  we  can  form  a leftmost  derivation  of  w in  G: 


''2r-l''2r  ^ 


* * 

a,u,a_i„A,,  =i-  a,a,a_t„  ...  a <x  A =?>  a 

1 1 2 2 2r  112  2 p p ps  112  2 


...  ;i  a a 

p p p+1 

Hence,  w £.  W(G)  and  thus  W(G')  t W(G), 


Using  a similar  argument  it  can  be  shown  that  W(G)  W(G')  as 
well  and  therefore  W(G)  = W(G'). 

Note  the  following  facts  about  the  grammar  G': 


i.  at  each  step  of  a derivation  in  G'  tlie  corresponding  senten- 
tial form  contains  at  the  most  one  variable  from  in  the  riglitmost 

pos i t ion. 

li.  for  any  w t W(G'),  where  |w(  > 1,  the  last  production  used  in 

any  leftmost  derivation  of  w is  of  the  form  B * a,  for  some  B.  F.  V'. 

.1  J N 

Moreover,  no  production  of  this  form  has  been  used  at  any  previous  step 
in  the  derivation. 


Consider  now  a A-free  conte>:t-f ree  language  W and  suppose  G'  is 
a grammar  in  Greibach  normal  form  which  generates  W . Let  G be  the 

cl 

(ontext-tree  grammar  obtained  from  G'  after  the  application  of  the 

construct  described  above.  G is  still  in  Greibach  normal  form. 

According  to  Theorem  !.  !.l  we  can  construct  a L.abelled  EC-GPM  A’CVy  such 
f f 

that  , UM  ) = W . Moreover,  UM  is  the  zero  marking.  Tlie 

o /■,'i  a 

typic.'il  structure  of  such  an  EC-GPM  is  exhibited  in  Figure  5.7.5.  The 
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lu’t  contains  a distinct  transition  lor  eacii  production  of  G.  According 
to  oiir  discussion,  given  some  string  w t W the  production  used  at  the 
last  step  (and  only  at  the  last  step)  in  any  leftmost  derivation  of  w 
is  of  the  form  B.  * a.  if  w 1 and  S a if  |w  =1.  Recall  also 

that  the  KG-Gl’M  ■'  ' y simulates  exactly  leftmost  derivations  in  C. 

Thus,  we  can  identify  the  transitions  which  can  fire  last  in  any 

ti-rminal  firing  seciuence  generated  by  7 ' . More  important,  the 

•'a 

•iring  of  any  such  transition  necessarily  leads  to  the  zero  marking. 

This  fact  guarantees  in  case  T is  used  as  a substitution  net  that 

'a 

the  net  can  be  reutilized  as  many  times  as  needed  along  a firing  sequence 

of  the  EC-Cl’M  in  which  the  substitution  is  performed. 

Let  be  a Labelled  EC-GPfi  which  generates  some  context-free 

language.  Let  t be  a transition  of  ^nd  let  a be  the  label  of  t. 

Suppose  that  we  want  to  perform  a substitution  of  the  type  encountered 

in  this  section.  Thus,  let  H(a)  - -a}W  . 

<1 

Figure  5.7.6  exhibits  a sample  transition  t of  assume 

that  all  transitions  of  ^ self-loop  on  a control  place  p^.  The 
substitution  net  is  given  in  Figure  5.7.7.  Thus,  we  replace  transition 
t by  t ' where  t'  has  the  same  input  and  output  connections  as  t excep- 
tion making  the  places  p^  and  tt  . Therefore,  the  firing  of  t'  has  the 
Siune  effect  as  the  firing  of  t but  t'  does  not  restore  the  token  in  the 
control  place  p^,  leaving  all  the  transitions  of  ' disabled.  More- 
over t'  places  in  tr  the  initial  marking  of  . Only  after  has 

^a  a 

executed  a complete  terminal  firing  sequence  will  the  "last"  transitions 
of  E'  „ restore  the  token  in  the  control  place  p allowing  ' to 

it 

continue  its  firing  sequence. 

Note  that  if  contains  several  transitions  with  the  same  label 

a,  the  Hiime  construct  is  performed  for  each  of  them  but  only  one  copy 

of  'y  is  needed. 

‘ a 

We  can  see  that  the  construct  for  the  substitution  operation  with 
context-free  languages  is  in  fact  very  simple  and  requires  minimal 
modifications  to  tlie  EG-Cl’M  ' . This  fact  is  of  importance  in  a 

top-down,  hlerarchlal  approach  to  tlie  modelling  of  software  systems. 

We  shall  conclude  this  section  with  two  final  remarks.  We  liave 
shown  that  context-free  languages  can  represent  the  flow  of  control  in 
flow  diagrams,  including  reiuirsive  flow  diagrams.  The  cont ex t - 1 ree 
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j’.r.immiirs  obtained  by  means  of  the  alKoritlims  presented  liere  are  In 
(•reii)ach  normal  term.  Thus,  at  each  step  in  a derivation  one  terminal 
symbol  is  generated.  Nevertheless,  tlie  order  in  which  terminal  sym- 
bols are  generated  ilong  a derivation  corresponds  to  the  order  in  whicli 
nodes  are  passed  by  the  1 low  of  control  in  the  corresponding  computa- 
tion only  if  the  derivation  is  leftmost.  This  is  ex,actly  tlie  approach 
taken  in  the  KC-CI’M. 

Next,  consider  the  recursive  flow  diagram  f of  Figure  5.7.4.  We 

show  tliat  the  language  W of  the  label  sequences  corresponding  to  all 

terminal  composite  computations  in  I is  not  in  A (C-CPM) . Suppose  for 

o 

.1  moment  that  W r (C-CPM)  and  let  us  define  the  homomorphisms  h^  and 
h.,  by: 

h^(s)  = s,  hj^(a)  = a,  hj^(b)  = b,  hj(e)  = e,  h^(f)  = f 

h|(x)  = X,  hj(c)  = c,  h|^(g)  = g,  h^(d)  = c,  h^(k)  = g 

and  h,,  (s)  = h^Ca)  = h,,  (b)  = h^d)  = h2(x)  = ^ 
h^Cc)  = c,  112(e)  = e,  112(g)  ^ ^ 

Obviously,  hj  is  a A-free  renaming  homomorphism  while  I12  is  a 
k- limited  erasing  on  W (in  fact,  here  k = 3) . 

’Hie  language  family  A^ (C-CPM)  is  closed  under  A-free  renaming 
homomorphism  and  by  Theorem  4.2.2  A^^  (C-CPM)  is  also  closed  under 

k-limited  erasing.  Hence,  if  W e A (C-CPM)  then  h„(h  (W))  must  be  in 

R I ^ ^ > 

(C-CPM),  as  well.  But  h,,(h,(W))  = ( wew  | w c fc , g'*(  which  we 

o Z L 

have  already  shown  not  to  be  A (C-CPM).  Thus,  we  reach  a contradiction. 

t) 

We  can  conclude  that  the  C-CPM  and  the  other  nxidels  examined  in 
Chapter  IV  cannot  model  in  a A-free  manner  the  flow  of  control  in  any 
recursive  flow  diagram. 

Section  5.8  A PRODUCER-CONSUMFiR  SYNCHRONIZATION  PROBLEM  WITH  GENERAl.- 
IZEp  pUEUEINC  MECHANISM. 

Consider  the  following  producer-consumer  synchronization  problem. 
Suppose  the  coordination  system  contains  two  producer  processes,  P^  and 
I’2,  and  two  consumer  processes,  Cj  and  C2 • All  processes  are  connected 
t to  a shared  buffer  B.  ’Hie  buffer  B is  structured  into  "slots"  such  that 

each  slot  may  contain  either  a single  item  produced  bv  P|  or  an  arbi- 
trary number  of  items  proiluced  by  I’2  but  no  other  combination  of  items. 

A producer  proces.s  m.iy  be  activated  at  any  time  and  it  produces  and 
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deposits  one  itoni  in  the  buffer  b.  Producer  I’  always  creates  a new 
I 1 

1 slot  at  tlie  top  of  the  buffer  in  which  it  deposits  the  newly  produced 

^ item.  On  tlie  other  tiand,  producer  I’^  first  chocks  the  content  of  the 

buffer  R.  If  H is  emjity  or  tlie  slot  currently  at  the  top  of  the  buffer 
B contains  an  item  produced  by  then  P2  creates  a new  slot,  the  new 
, top  slot  of  B,  in  which  it  deposits  the  item  it  has  just  produced. 

[ (itherwise,  P.,  deposits  tlie  new  item  in  tlie  slot  currently  at  the  top 

I of  B.  The  consumer  processes  and  C2  become  active  as  soon  as  B is 

nonempty  and  they  attempt  to  consimie  items  from  the  slot  at  the  bottom 
of  the  buffer  B.  can  consume  only  items  produced  by  P^^  while  C2 

can  consunu-  only  items  produced  by  1*2.  Tlius,  the  buffer  B is  accessed 
similar  to  a FIFO  queue  e-Kccpt  that  the  slots  of  the  queue  may  contain 
more  than  one  element. 

The  producer-consumer  synchronization  problem  described  above  can 

I be  further  extended.  The  coordination  system  may  involve  several 

I producer-con.sumer  process  pairs,  possibly  partitioned  into  two  classes. 

The  prodticer-consumer  pairs  belonging  to  one  class  behave  like  the 

process  pair  P^,  C|  while  the  producer-consumer  pairs  belonging  to  the 

other  class  behave  similar  to  the  pair  P2,  C2.  In  this  wav,  a slot  of 

the  shared  buffer  B may  contain  either  one  item  produced  by  a producer 

process  from  the  first  class  or  an  arbitrary  number  of  items  produced 

by  various  producer  processes  belonging  to  the  second  class. 

, The  EC-CPM  representation  of  the  producer-consumer  synchronization 

I 

problem  described  at  the  beginning  of  this  section  is  given  in  Figure 
I.S.l.  There,  the  place  p^  represents  the  buffer  B.  The  transitions 
t|  and  t2  model  the  processes  P^  and  C^,  respectively.  The  transition 
||  t^  models  the  ct)nsumer  process  (l2  while  tj,  and  t^  model  the  prodxiciT 

i process  P2 . I'hus,  t ^ simulates  the  activation  of  P.,  in  case  the  butte' 

B is  empty  and  transitions  t^  and  t^  model  the  activation  f P , in 

1'  case  the  top  slot  ot  B contains  an  item  deposited  by  P^  .imi  in  • -s  .• 

top  slot  of  B contains  items  produced  by  P.,,  respei  t i ve  1 v . '‘• 

p acts  as  a counter  ot  the  number  of  items  cont.iliud  In  ''•> 

H 

The  FC-t:PN  can  model  correctly  this  svnchron  i :t  1 : , • 

due  to  its  capal)iltiv  of  structuring  tin'  c,ilet  he 
according  to  some  desired  qinuu'lng  disi  ilia  N' 

( just  i f i.ib  1 v)  argue  that  the  l aun'i  i r*  ' 
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direct  counterpart  in  the  modelled  system.  One  could  also  object  to 
the  use  of  three  transitions  for  the  modelling  of  the  producer  pro- 
cess We  note  that  the  place  Pg  has  been  Introduced  as  one  possible 

solution  to  the  modelling  of  the  operation  of  the  process  P^  in  case 
the  buffer  P is  empty.  It  appears  that  if  the  EC-CPM  would  employ  more 
sophisticated  "f"  and  "g"  mappings  as  color  threshold  and/or  color  out- 
put functions,  these  def ficiencies  could  be  avoided.  This  example 
thus  goes  to  show  that  there  are  synchronization  situations  which  could 
be  modelled  in  a more  natural  way  by  classes  of  the  CPM  even  more  com- 
plex than  the  EC-CPM. 

The  producer-consumer  synchronization  problem  described  in  this 
section  was  not  artificially  created,  but,  as  in  the  case  of  the  other 
modelling  examples  examined  in  this  chapter,  can  actually  be  encountered 
in  computing  systems.  Consider,  for  example,  the  computer  architecture 
developed  in  [DENN-70]  in  order  to  "Illustrate  the  principles  of  a 
machine  with  multiple  functional  units,  especially  the  central  pro- 
cessor of  the  Control  Data  6600." 

The  processor  incorporates  four  value  registers  which  hold  data 
values.  Two  functional  units  perform  arithmetic  operations  on  the 
values  contained  in  the  value  registers.  The  system  also  incorporates 
a load/store  unit,  which  transfers  data  between  the  value  registers 
and  main  memory,  and  a transfer  unit,  which  Implements  conditional  con- 
trol transfer  instructions.  An  Instruction  queue  unit  fetches  instruc- 
tions from  memory  and  assigns  them  for  execution  to  the  appropriate 
execution  units.  The  system  can  be  extended  by  adding  more  value  regis- 
ters and  more  execution  units,  eltlier  homogeneous  or  specialized. 

Instructions  are  assigned  to  execution  units  exactly  in  the  sequence 
specified  by  the  respective  program.  Moreover,  no  instruction  is  allo- 
cated until  it  is  known  that  its  execution  is  required.  The  main  con- 
trol problem  is  to  sequence  the  access  to  the  value  registers  of  the 
execution  units  operating  in  parallel  In  such  a way  that  the  Intent  of 
the  program  is  preserved.  This  task  is  accomplished  by  the  part  of  the 
control  structure  called  the  scoreboard.  The  ♦coreboard  enforces 
following  constraints  with  respect  to  each  value  register: 

1.  Instructions  which  modify  the  content  of  the  register  are 
executed  In  the  order  in  which  they  are  allocated. 


2.  Tlie  sequencing  of  instructions  which  modify  the  content  of  the 
value  register  and  of  instructions  which  examine  the  content  of  the 
value  register  at  allocation  is  preserved. 

The  scoreboard  contains  one  identical  section  for  each  value  regis- 
ter. Such  a section  can  be  viewed  as  a queue  of  the  type  described  at 
the  beginning  of  this  section.  The  instruction  allocator  deposits 
items  at  the  top  of  the  queue  in  accordance  with  the  instructions  allo- 
cated to  the  execution  units.  Each  item  carries  a tag  which  identifies 
the  execution  unit  and  the  type  of  access  it  has  to  perform  on  the 
respective  value  register  (the  execution  unit  can  either  modify  or 
examine  the  content  of  the  value  register) . Execution  units  consume 
items  from  the  bottom  slot  of  the  queue.  An  execution  unit  can  proceed 
only  when  it  has  collected  the  items  corresponding  to  the  register 
accesses  incorporated  in  the  Instruction  it  has  been  allocated. 

Note  that  instructions  which  only  examine  the  content  of  a value 
register  may  be  executed  in  any  order  without  altering  the  Intent  of 
the  program.  Therefore,  items  corresponding  to  register  content 
examine  operations  which  are  Issued  in  consecutive  order  by  the  instruc- 
tion allocator  are  placed  in  the  same  slot  at  the  top  of  the  queue.  In 
this  way,  when  that  slot  advances  to  the  bottom  position  of  the  queue, 
the  respective  items  are  simultaneously  available  to  the  pertinent 
execution  units.  On  the  other  hand,  items  which  correspond  to  register 
accesses  which  modify  the  content  of  the  register  are  always  deposited 
in  a new  slot  at  the  top  of  the  queue  in  order  to  satisfy  constraint  1 
above.  In  order  to  satisfy  constraint  2,  two  items  corresponding  to 
register  accesses  which  examine  and  modify  the  content  of  the  register, 
respectively  and  which  are  issued  in  consecutive  order  by  the  instruction 
allocator  are  also  deposited  in  distinct  slots  at  the  top  of  the  queue 
(in  the  order  in  which  they  were  issued). 

In  this  perspective,  the  Instruction  allocator  can  be  viewed  as  a 
collection  of  producer  processes,  where  each  producer  process  generates 
items  with  a fixed  tag.  Moreover  the  producer  processes  are  divided 
into  two  disjoint  classes.  The  processes  in  the  first  class  are  the 
"write"  processes,  l.e.,  they  generate  items  corresponding  to  register 
accesses  which  modify  the  content  of  the  value  register.  The  processes 
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in  this  class  behave  like  the  producer  process  of  our  synchronization 
problem.  The  processes  in  tfie  second  class  are  the  "read"  processes, 
that  is  they  generate  items  corresponding  to  register  accesses  which 
examine  but  do  not  alter  the  content  of  the  value  register.  The  read 
processes  operate  the  same  way  as  the  producer  process  On  the 

other  hand,  each  execution  unit  can  be  viewed  as  a collection  of  con- 
sumer processes,  such  that  there  exists  a consumer  process  which  can  be 
paired  with  either  a write  or  a read  producer  process. 


CHAPTKR  VI 


CONCLUSIONS 

Section  6.1  OyKRVIKW  OF  THE  RESF^RCH 

At  the  beginning  of  this  report  we  have  suggested  that  the  use  of 
colors  to  represent  distinct  control  flow  streams  operating  simultan- 
eously in  concurrent  systems  would  enable  a simpler  and  more  natural 
representation  of  the  flow  of  control  in  various  synchronization 
structures,  in  particular  of  reentrancy  and  recursivity  in  programs. 

Our  objective  was  to  develop  a model  of  concurrent  systems  having  the 
capability  of  handling  "colored"  representations  of  control  flow  and 
to  analyze  the  modelling  power  of  the  respective  model.  Let  us  now 
examine  to  what  extent  we  have  succeeded  in  achieving  these  goals. 

We  have  defined  the  Colored  Petri  Model  as  a general  framework 
for  the  modelling  of  systems  exhibiting  concurrency.  Deliberately, 
as  few  constraints  as  possible  were  incorporated  in  the  CPM  in  order 
to  obtain  a general  model  which  then  can  be  further  restricted  according 
to  the  modeller’s  needs.  We  in  turn,  starting  with  synchronization 
structures  of  practical  significance,  have  singled  out  two  classes  of 
the  CPM,  namely  the  C-CPM  and  the  EC-CPM.  The  representation  powers 
of  the  C-CPM  and  of  the  EC-CPM  have  been  analyzed  by  studying  the 
closure  properties  and  the  extents  of  the  family  of  computation 
sequence  sets  and  of  the  family  of  terminal  computation  sequence  sets 
corresponding  to  these  two  classes  of  the  CPM. 

From  our  study  it  follows  that  the  A and  language  families 
generated  by  the  EC-CPM  preserve  and  for  certain  operations  extend 
the  closure  properties  of  the  corresponding  language  families  generated 
by  the  GPN's.  Thus,  even  though  the  EC-CPM  is  a more  complex  model  it 
not  only  preserves  but  in  certain  cases  amplifies  the  modelling 
flexibility  offered  by  the  CPN's.  This  fact  is  Important  when  one  is 
Interested  In  the  top-down  hierarchical  modelling  of  large  concurrent 
systems.  More  important,  from  the  analysis  of  the  extents  of  the 
language  families  A(EC-CPM)  and  A^(EC-CPM)  it  follows  that  the 
EC-CPM  is  strictly  more  powerful,  as  far  as  its  representation 
capabilities  are  cotire’'ned,  than  the  C-CPM,  KPM,  PPM,  COPM  and  the 
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Potri  Net  Model  with  switchth,  disjunctive  logic  and  token  absorbers. 
Hence,  there  are  synchronization  systems  whose  coordination  sequences 
can  be  modelled  without  thi'  aid  of  X-trans it  ions  by  the  EC-CPM  but 
not  by  any  of  the  latter  models  (recall  also  that  the  C-CPM  and  the 
other  formal  models  exaiinned  in  Chaptei  IV  are  already  strictly 
more  powerful  than  the  CPN's,  the  Complex  CMC,  the  Finite  State 
Parallel  Program  Schemata,  etc.).  Various  coordination  structures 
which  can  be  modelled  in  a natural  manner  by  the  EC-CPM  and  which 
do  require  its  additional  representation  power  were  presented  in 
Chapter  V.  In  particular,  we  have  shown  that  the  EC-CPM  can  indeed 
model  in  a natural  and  systematic  way  the  flow  of  control  in  recursive 
urograms . 

Regarding  the  C-CPM,  we  have  related  the  language  families  A(C-CPM) 
and  (C-CPM)  to  the  coi r esponding  language  families  generated  by  the 
EPM,  PPM,  COPM  and  the  Petri  Net  Model  with  switches,  disjunctive  logic 
and  token  absorbers.  During  our  study  of  the  C-CPM,  we  have  introduced 
various  variants  of  the  aoove  models  such  as  the  EPM(I),  EPM(Il), 

PPM(I)  and  the  C-CPMfl).  These  new  models  were  not  only  useful  in  the 
constructs  we  have  employed  but  also  contain  a few  interesting  features 
of  their  own.  Our  study  of  the  C-CPM  has  led  to  some  rather  interest- 
ing results.  Thus,  we  have  concluded  that  the  "conflict  structure" 
as  well  as  the  "choice"  in  the  selection  of  enabling  colors  incorporated 
in  the  C-CPM  do  not  extend  the  representation  capabilities  of  this 
model  with  respect  to  the  representation  capabilities  of  the  less 
complicated  PPM,  for  example.  Also,  the  representation  capabilities 
of  the  C-CPM  are  not  altered  if  more  iophist icated  color  threshold  and 
color  output  functions  than  the  constant  mappings  of  Definition  2.4.1 
are  used.  Other  features,  such  as  the  positive  testing  arcs  or  the 
token  absorbers  do  not  affect  the  language  families  in  question,  either. 
We  have  also  shown  that  the'  C-CPM  anu  the  other  formal  models  considered 
in  Chapter  IV  can  simulate  the  behavior  of  arbitrary  EC-CPM's  only 
with  considerable  difficulty.  Nonetheless,  we  have  presented  examples 
of  coordination  systems  which  can  be  modelled  in  a natural  way  by 
the  C-CPM  and  which  do  not  require  the  additional  repre.sentat ion  power 
of  the  EC-CPM.  At  the  same  time,  we  have  argued  that  the  respective 
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coordination  systems  cannot  be  modelled  in  a simple  and  natural  manner 
by  the  EPM,  PPM,  COPM  or  the  Petri  Net  Model  with  switches,  disjunctive 
logic  and  token  absorbers.  In  particular,  the  C-CPM  has  been  shown  to 
be  well-suited  to  the  modelling  of  reentrancy. 

Inevitably,  our  work  has  not  covered  all  aspects  of  the  problem 
under  study.  The  following  are  a few  of  the  more  challenging  open 
research  problems: 

1.  Find  a characterization  of  the  language  families  A(EC-CPM)  and 
Aq(EC-CPM).  One  possibility  would  be  to  eventually  relate  these 
language  families  to  restricted  types  of  scattered  context  grammars 
(lGREI-69]). 

2.  Determine  whether  A(EPM(II))  £ A(C-CPM). 

3.  Determine  whether  it  is  possible  to  convert  Labelled  EC-CPM's 
and/or  Labelled  C-CPM' s in  a A-transition  free,  language  preserving 
manner  into  restricted  form,  l.e.,  no  multiple  arcs  and  no  self-loops. 


APPENDIX  A 


BA(;  NOTATIONS  AND  DEFINITIONS 


This  appendix  presents  the  concept  of  a bag  and  pertinent  nota- 
tions and  definitions.  For  a more  detailed  discussion  on  this  topic, 
the  reader  is  referred  to  (CERF-72].  V/e  mention,  however,  that  we  have 
introduced  a few  new  definitions  and  that  we  have  altered  some  of  the 
definitions  with  respect  to  [CERF-72]  In  order  to  better  serve  our  pur- 
pose . 

Let  P(x)  denote  any  predicate  and  let  S be  the  set  defined  by  it, 
i e.  S = [x  I P(x)l.  Let  F:  S > be  a function. 

Definition  A^J 

The  bag  B over  the  set  S determined  by  the  function  F is  a collec- 
tirn  of  elements  of  S where: 


i.  If  F(b)  > 0 then  b is  an  element  of  the  bag  B,  denoted  b C B. 

li.  If  F(b)  = 0 then  b is  not  an  element  of  the  bag  B,  denoted 
b / B. 

For  each  b t S,  F(b)  is  the  number  of  occurrences  of  b in  the  bag 
^ and  is  also  denoted  by  #(b,  B) • Formally,  the  bag  B is  specified  as 
fol lows: 

B = < I X t S and  y = //(x,  B)  = F(x)}. 

A bag  is  similar  to  a set  except  that  it  may  contain  more  than  one 
occurrence  of  the  same  element.  The  order  of  occurrence  of  the  ele- 
ments in  the  collection  which  forms  the  bag  is  not  important. 

Alternate  ways  of  writing  the  bag  B are; 

B x^^^^  I P(x)> 
or  B = x^  I P(x),  y = F(x)> 
or  B “ ' X I P(x) , F(x)  ■ . 

If  the  function  F is  understood,  it  may  be  omitted  from  the  specifica- 
tion of  the  bag  B.  In  this  case: 

B = < X I P(x)>. 

Sometimes,  it  may  be  more  cof’venlent  to  specify  the  bag  B by  sim- 
ply listing  the  collection  of  elements  which  forms  the  bag  B.  For 
example,  let  S « fa,b,c,d}  and  let  F(a)  = F(b)  = 2,  F(c)  = 3 and 
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F(d)  = 0.  The  following  are  equivalent  descriptions  of  the  bag  B over 
the  set  S determined  by  the  function  F: 


- a , a , h , b , c , c , c> , 
<a,b,a,b,c,c,c', 
<c,c,a,b,c,b,a  ■, 


^ 2 ^2  3 ,0. 

<a  ,b  ,c  ,d  >, 


2 3 ^,2, 

a ,c  ,b  -- 


b,b,a 


etc . 


Def init ion  A.^ 

The  domain  of  the  bag  B is  the  set: 

f^(B)  = lb  I b C B}  = fb  ! b C S and  F(b)  = #(b,  B)  > O} 

Tile  empty  bag  t is  a bag  which  contains  no  items. 

De  f in  i t ion  A. 3 

The  bag  closure  of  the  set  S is  the  set  of  bags: 

■ S>*  = iB  I ,C^(B)  c S} 

Obviously,  the  bag  closure  of  the  set  S contains  all  possible  bags 
which  can  be  formed  v;ith  the  elements  of  S.  The  bags  in  <S>*  differ 
only  by  the  corresponding  functions  F:  S > Z*^. 

De f_ln i t ion  A. 4 

Two  bags,  Bj^  and  B2,  are  equal  if  and  only  if: 
i.  = (/(B2)  = D. 

il.  For  each  element  b t.  D,  //(b,  B^^)  = #(b,  B2). 

Ion  A. 5 

A bag  B^  is  a subbag  of  a bag  B.,,  denoted  by  B^  ^ B2,  if  and  only 
if  for  each  item  b C 
Hb,  Bj)  //fb, 

Obviously,  C/(B^)  c if  B^  c B2- 

B^  is  a proper  subbag  of  B2,  denoted  by  B^^  < B2,  if  and  only  if: 
i.  B^  c B2 

II,  Tliere  exists  an  element  b E,  !jf'(B2)  such  that 
Hh,  B^)  ' //(b,  B2). 

Def  ^nljion  k.b 

Olven  two  bags  and  B2  the  bag  B is  the  union  of  and  B2,  i.e., 
S « U B2,  If  and  only  if  for  each  element  b C ^(B) 
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«(b.  B)  = Hh,  Bj)  + //(b,  B^) 

Obviously.  fV'vB)  = fl/)(B|)  H . 

B is  the  intersection  of  B^  and  B^,  i.e.,  B = fl  B2, 
if  for  eacli  element  b f~  ,0Ab) 

#(b,  B)  = minl/<(b,  B^),  //(b,  B^)} 

Oljviouslv,  fV'^B)  = ^B^)  n ^(B2) 

B is  tlie  difft^rence  of  B^  and  B2,  i.e.,  B = B^^  - B2,  if 
if  for  each  element  b r (JtKli) 

Hh,  B)  = maxf//(b,  B^)  - //(b.  B2),  O! 

Oljvionsly,  ^(B)  = ib  | #(b,  B^^)  '■  /'(b,  82)^ 


if  and  only 


and  only 


APPKNDIX  B 


TAPE  AND  TIME  COMPLEXITY  OF  THE  LANGUAGE 
yA>riLlES’  A(EC-CPM)’ AND  A (EC-CPM) 


We  begin  this  appendix  by  giving  a concise  definition  of  the 
Turing  nvichine  model  employed  in  our  proofs. 

An  n-tape  Turing  machine  is  a (n+6) -tuple 

TM  = (K,  X,  r , . . . , 1'  , 6 , q , F,  n)  where: 

1 n o 


i.  K,  X. 


are  finite  sets,  q C K,  F K and  n is  a 
n o — 


non-negative  integer. 

ii.  6 is  a function  from 

K X (J]  U (Al)  X ((;  11  {A})  X ...  X (P  U {A}))  into  the  finite  subsets 

i n 

of  K X ((r  X ii,  0,  -1})  u 1*)  X ...  X ((r  X (1,  0,  -1})  u r*). 

1 in  n 

TM  is  det  erm  in  i s t i (■  if  for  all  q t K,  A.  e f.  U {A} 

i.  6(q,  A,  A,,  ...  , A ) ^ 0 implies  6(q,  a,  A,,  ...  , A ) = 0, 
in  in 

for  all  a C X,  and 

ii.  for  all  aC  PU  {A},  | 6(q,  a,  A,  ...  , A)|<  1. 

1 n - 

Definition  B . ^ 

A ^o_nf i^iira_t_ion  of  TM  is  a (2n+2)-tuple 
(q,  w,  y^,  ...  , y^^,  ij^,  ...  , i^)  wliere: 

i . q t,  K , w t Z* 

ii.  y,  t-  i *,  0 • i < |y  1 and  i = 0 if  and  only  if  y = A,  for 

*kj^“K”'K  K K. 

a'  I k,  1 ■ k •_  n. 

The  relation  |—  between  configurations  is  defined  as  follows.  Let 

(q,  aw,  y, , ...  , y , 1,,  ...  , i ) be  a configuration,  a G Z U {A}. 

1 n 1 n 

.et  (q',  0^)  be  in  i5(q,  a,  A^ , ...  , A^).  Then, 

(q , aw , y^^,  ...  , y^,  Ij^,  ...  , 1^)  |—  (q  , w,  y^^,  ...  , y^,  ij^,  ... 

if  for  each  k,  1 ^ k ■"  n,  either: 

1.  L = (B,  i),  yj^  = xAj^y,  y^^  = xBy , i^^  = jx]  + 1, 

0 < ik  = \ ‘ - l^kl- 

\ ■ >'k’  “k  ■ ^ ' ' {•  K ■ \ 


3. 


\ " ‘k’  ^ " 'k’  \ ' ^k’  ^k  = ^k  = 


285 


.1 
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The  relations!-:  (m  > 0)  and  [ — arc  dc^fined  as  follows.  For  any 

cont  igiirat  ion  C,  C !— C . If  C.  ' — C I — ...  |— C then  C |-!2.  C .and  if 

()  I m 0 • tn 

C = (q  , w,  ...  , ',0,  ...  , 0)  then  . C , . . . , C is  called 

0 o ( 1 m 

•in  m-step  computation  on  w.  If  C = (q,  A.  ...  , A,  0,  ...  ,0)  with 

m 

q c F then  it  is  an  accepting  corapiitation  (on  w) . For  configurations 

, and  C„,  (’I-  C.,  if  C,  L"’  C.,,  for  some  m > 0.  I f C,,  I — C,  | I — C 

1 liz  " U'i  'm 

and  k ■ 0 is  a cotistant  such  that  for  each  configuration 

c.  = (q,  , y,  , ...  , ij,  ...  , i^)  every  y^  i.'--  such  that  |y^|  ■_  k 

then  TM  visits  no  more  than  k tape  squarc;s  on  any  of  its  storage  tapes 

in  the  computation  C_,  ...  , C . 

l)  m 

De  f ini  ^ion 

The  l;ip£ua£e  Jiccj-ipti^d  Jyy_  1J1  is  the  set; 

W(TM)  = :w  C E*  1 (q^.  w,  ' A,  0,  ...  , 0)[-- 

(c|,  , A,  ...,  A,  0,  ...,  0)  for  some  q ► F} 

Dc  f ij2^i  c ion_  B . 4 

A multitape  Turing  acceptor  TM  operates  witliin  tape  hound  f if  for 
eacli  input  string  w accepted  by  TM,  every  accep.  ing  computation  of  I’M 
on  w visits  no  more  than  maxi|w|,  f(jw|)l  tape  squares  on  any  of  its 
storage  tapes  (f  is  a real-valued  function  of  a real  variable). 

Let 

DetTAI’E(f)  = 'W(TM)  | TM  is  a deterministic  multitape  Turing  acceptor 

which  opi'rates  within  tape  hound  fi. 

DeJ J_n  i t i on  B . 5 

An  online  multitape  Turing  acceptor  TM  operates  within  time  bound  f 
if  for  each  input  string  w accepted  by  TM,  every  accepting  computation 
of  TM  on  w has  no  more  than  max{iw|,  f(jwi)f  steps. 

Let  us  now  determine  a suitable  "Turing  machine  encoding"  for  an 
EC-CPM.  I.et  A ' - (.AT,  ",  1.)  be  an  arbitrary  Labelled  EL-CFM  wliere 

K'’’  - (CN,  UM°),  CN  = (N,  U(C),  II)  and  N = (T,  P,  I,  0)  is  the  underlying 
CPN. 

We  have  already  mentioned  that  given  a color  marking  UM^  and  a 

transition  t^^  of  '■'  c,  UM^[t|^  ■ then  the  color  marking 

is  uniquely  determined  by  UM^  and  tj^.  This  renuirk  can  be  extended  to 

firing  sequences  as  well.  Thus,  let  Y,  = be  a nonempty 

k k j kn) 
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firing  sequence  in  S(UM'').  Suppose 


UM°It,  > UM 


1 


UM 


UM^ 


The  color  markings  UM  , 0 * j * m,  are  uniquely  determined  by  UM°  and 
> . In  this  sense,  an  EC-CFM  behaves  similarly  to  a deterministic 
automaton.  On  the  other  hand,  in  each  of  the  color  markings  UM'^ 
above,  other  transitions  than  t,  may  also  be  enabled,  some  of  which 
nviy  be  in  conflict.  Nevertheless,  all  enabled  transitions  have  the 
same  priority  to  be  selected  to  fire  in  tiie  respective  color  marking. 
From  this  point  of  view,  ECP..  behaves  like  a nondeterministlc  automaton. 


5: 

Let  us  assume  that  T = (t^,  tj , 


Let  be  the  m-digit 


• ’ 'n'* 

k formed  from  tlie  indices  of 
m 

ttie  transitions  contained  in  tlie  firing  sequence  Y^-  Obviously, 


number  (in  the  basis  n+1)  k2 


0 ■ Y.  ■ n 
k - 


..  n.  If  Yj^  and  Y2  ^re  distinct  firing  sequences 


then  Yj^  y 2'  Moreover,  by  virtue  of  the  remarks  made  above,  one  can 
associate  with  Yj^  tiie  (unique)  sequence  of  reachable  color  markings 
UM^ Um"'. 

Let  us  now  make  a few  observations  regarding  the  way  In  which  the 

color  bags  of  the  places  of  vary  along  the  firing  sequence  1 Tins 

will  enable  us  to  determine  the  amount  of  Turing  machine  tape  required 

in  order  to  simulate  Y,  • 

k 


0 = max*0(t,  , p.)  It,  c T,  p.  t P) 
k 1 ' k 


Let : 


and  = max(M°(p.)  p.  C P) 

J J 

Then,  for  all  places  p.  C P, 

m'"(p.)  < M°  + . 0 

M°  and  0 are  constants  depending  on  the  initial  color  marking  of  EPP ^ and 
the  structure  of  the  underlying  GPN  N,  respectively.  We  conclude  that 
the  number  of  tokens  present  in  any  place  of 
firing  sequence  is  linearly  bounded  by  the  length  of  • 

Let  A denote  the  set  of  arcs  of  ECPy  and  let: 

r ^ r ^ 

= max  (7.  I H(a.  ) = (c  ; z ) for  some  arc  a.,  e.  A,  z_  e Z } 

r ' Ik,  r’  r Jk  ’ 

I »=  nwixli.u.b.  ( f/  (i;';’n  1 p.  f.  P} 

I I 

R = max  (Z , ^ ) 

S = max  ! s 


H(a':  ) 
Ik 


c ; ?..u.b.  + s ] or  H(a,  ) = 

r ^ Jk 


= (c^;  g.i!.b.  + s^i 


ior  some  arc  a,, 

Ik 


A,  s C 7. 
r 


■r 
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rhfn,  for  .ill  pi  act's  p.  ’ P, 

li.ii.b.  (^y^(u"'))  • ■ R + ! Y.  i • S, 

,1  - K 

i.e.  S..u.b.(^/  "(U'!'))  is  bounded  by  a linear  function  of  the  lengtlt  ol 
tbe  firing  sequence  Yj^. 

Let  C = (X,  ■ ) be  the  finite  set  of  colors  wliose  extension  U(C)  is 

the  set  of  colors  associated  with  o67'j-  "s  .issume  that 

X = ic,,  ...  , c , c , c.,1.  Let  also  be  the  bag  of  colors 

1 u’  m M ) 

corrospc.nid  ing  to  some  place  p.  Z P in  one  of  the  color  m;irkings 
IIM*^  reachable  along  the  firing  sequence  Y,  • We  want  to  represent 

1 

on  a Turing  machine  tape  whose  associated  tape  alphabet  1 contains  the 

symbols  c^^,  ...  , c and  the  special  markers  $ and  if . Let  for  all  k, 

1 k ^ H.u.b.  ((/-(U^))  = TOP 
n 

= < c ; (c  , k)  C and  n = f/(c  , w!~)  = 

k q ' q J kq  q’  k 


= (c  . k)  , UO 


Then  the  color  bag  can  be  represented  on  tape  as  follows: 


S?  / wj  f 


/ w|;  / 


/ w i % 
TOP 


1)  for  some  k Wj^  = $ tlien  on  tape  we  have  the  following  configuration: 
^ Vl  ^ ^ '"k+1  ^ 

Thus,  tlie  tape  can  contain  substrings  of  adjacent  i markers.  For 
reasons  to  become  apparent  later  on,  we  assume  that  within  the  bags  w^ 
the  colors  are  grouped  together  and  placed  in  order,  i.e.; 

"k. 


. "k  "k 

w"=  c/qi.c/72,  ...,c^ 

k Tj 


qs  - »• 


where  1 ■ q^  ■ q^ 

With  this  preparation  we  can  now  determine  the  number  x”  of  tape 
squares  needed  in  order  to  encode  tlie  color  bag  u'j',  for  any  place  Pj  L P. 
Thus, 


X*"  = m'"(p.)  + 
.1  ,1 


.u.b.(^/'(u’"))  + i 


Therefore , 

V®  m' 
*1  - ” 


0 + R + 


'k' 


+ ) 


il.. 


for  some  nonnegative  integer  constant  't. 

Thus,  the  number  of  tape  squares  needed  in  order  to  store  the  bag 
of  colors  of  some  place  p^  l P along  the  simulation  of  some  firing 
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sequence  'y,  is  linearly  bounded  by  the  length  of  y . Note  that  this 
^ k 

bound  depends  only  on  the  length  of  the  firing  sequence  Yj^  ar“i  not  on 
the  particular  firing  sequence.  Therefore,  all  equal-length  firing 
sequences  require  the  same  amount  of  tape. 

With  the  above  preparation  we  can  now  proceed  to  construct  a 
deterministic  Turing  acceptor  TM  such  that  W(TM)  = hQ'CF^y).  Based  on 
our  construct  we  shall  determine  the  amount  of  tape  required  in  order 
to  accept  any  language  from  the  language  family  A(EC-CPM).  Finally, 
we  sliall  extend  our  discussion  to  the  language  family  A (EC-CPM) . 

Given  a string  w e I*,  w L \{FFCP^)  if  and  only  if  there  exists  a 
firing  sequence  Y t S(UM°)  such  that  h (Y)  = w.  Moreover,  all  such 
firing  sequences  must  have  the  same  length,  |w| . Consequently,  in 
order  to  check  wheth --r  w £ h(P-'CPy),  TM  will  simulate  in  turn  firing 
sequences  of  KCPy  of  cengtli  |w|  until  either  a firing  sequence  Y with 
I.(Y)  = w is  found  or  all  such  firing  sequences  are  exhausted.  In  the 
latter  case,  obviously  w y'  ^iPCPy)  . 

TM  iias  .!  • |P|  + 3 tapes,  where  P denotes  the  set  of  places  of 
. . Tape  k,  1 k ■_  [P|,  is  used  to  store  the  color  bag  of  the  place 
along  the  simulation  of  any  firing  sequence  of 
purpose,  the  encoding  presented  earlier  is  used.  Tape  |p|  + k, 

1 < k < |pl,  is  used  as  an  auxiliary  tape  for  rearranging  the  content 
of  the  tape  k.  In  general,  the  pair  of  tapes  k and  (p(  + k,  for  each 
k,  1 • k ■ jP|,  will  work  in  a "head-to-head",  pushdown  manner. 

Tape  2 • |pj  + 3 is  used  to  store  the  input  string  w.  Tape 

2 • jpj  + 2 will  contain  at  the  end  of  the  simulation  of  a firing 
sequence  A the  corresponding  label  sequence  h(A).  By  comparing  the 
contents  of  the  tapes  2 • |p]  + 2 and  2 • | P | + 3 we  can  determine 
whether  the  firing  sequence  A generates  the  given  string  w. 

Finally,  I'M  will  generate  in  turn  on  tape  2 • |P|  + 1 all 

,w:-digit  numbers  in  the  basis  |t|,  starting  with  0 ...  0.  For  each 
such  number  k^  ...  ^ will  attempt  to  deterministically  simulate 

the  firing  sequence  Yj^*  where  “ k^  •••  | [ ' '''is  mechanism 

permits  us  to  simulate  all  firing  sequences  of  SCPy  of  length  |w|  in  a 
deterministic  manner. 

In  the  initial  configuration  TM  has  all  its  storage  tapes  empty. 
ITi  starts  Its  computation  on  w by  depositing  in  one  move  the  initial 
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I 


I 


I 

i 

I 


color  niiirkin^;  LfM"  of  r’CTj,  on  the  t.ipcs  k , I ^ k _<  |p|.  Next,  TM  copies 
the  input  string  w from  its  read-only  input  tape  onto  tape  2 • |p|  + 3. 

At  each  step  during  this  copy-process,  TM  also  writes  a digit  0 on 
tape  2 • |p|  + 1 while  moving  tlie  liead  on  this  tape  to  the  right. 

Thus,  a I the  end  of  this  phase: 

- the  head  on  each  tape  k corresponding  to  some  place  p^^  C P for 
which  L’M°(Pj^)  ^ 4i  scans  the  rightmost  nonempty  position  on  the  respec- 
tive tape. 

- the  tapes  |l’l  ^ k,  for  all  k,  1 " k < 1p|,  and  the  tape 

? ■ |p|  + 2 are  empty. 

- tape  2 ■ |p|  + 1 contains  |w|  digits  0 and  the  respective  head 
is  positioned  on  the  |w|-th  t.ipe  square. 

- tape  2 • |p|  + 3 contains  the  input  string  w and  the  correspond- 
ing tape  head  is  positioned  on  the  tape  square  containing  the  rightmost 
symbol  of  w. 

At  this  point  TM  is  ready  to  simulate  the  firing  sequence 
> = tjj...t^^  (Y  = 0...0).  The  simulation  of  the  firing  sequence  y is 
j'erformed  by  simulating  in  turn  the  firing  of  the  transitions  con- 
tained in  Y,  in  the  order  in  which  the  corresponding  indices  occur  on 
the  tape  2 • |p|  + 1 from  right  to  left  (in  this  particular  case,  TM 

will  attempt  to  simulate  |w[  consecutive  firings  of  the  transition  t^) . 

During  the  simulation  of  each  transition  firing,  TM  will  write  the 

corresponding  label  on  the  tape  2 • |p|  + 2.  At  the  end  of  the  simu- 
lation of  the  firing  sequeiue  y the  tapes  k , 1 ■ k ''  |p|  , will  contain 
the  color  marking  I'm"',  where  Dm‘’(  > UM™.  f)n  each  such  tape  corre 

spending  to  some  place  Pj^  t P ft)r  which  Km"'(P|^)  ^ <}).  the  corresponding 
tape  head  will  be  positioned  on  the  rightmost  nonempty  tape  square. 

At  the  same  time,  the  tape  2 • 1 1’ | + 2 will  contain  the  label  sequence 

I.(Y)  and  the  respective  tape  head  is  positioned  on  the  rightmost 
symbol  of  I.(y)-  TM  will  now  scan  in  parallel  the  tapes  2 • |p|  + 2 

and  2 • |p|  + 3 in  order  to  compare  I.(y)  with  w.  If  l.(Y)  = w then  TM 

stops  in  an  accepting  conf Igur  it  ion . Otherwise,  IM  "lumps"  to  the 
subroutine  KXIT,  preparing  for  the  simulation  of  another  firing 
sequence  of  length  |w|.  In  the  subroutine  EXIT,  TM  increments  the 
|w|-digit  number  contained  on  tape  2 • |P|  +1  by  1.  I.et  N be  the 
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new  number  contained  on  tape  2 • )pj  + 1 . I t N is  less  than  or 
eriual  to  the  Iwl-di^it  number  |t|...1t|  then  TM  proceeds  to  simulate 
the  firing  sequence  <S  , for  which  iS'’=  N.  Before  doing  so,  however, 

TM  moves  the  head  on  the  tape  2 • |p|  + 3 back  to  the  right  end  of 
the  tape,  erases  all  its  tapes  but  the  tapes  2 • |P|  + 1 and  2 -|P|  ■*"  3 
and  deposits  on  the  tapes  k,  1 ^ k ^ |p|>  the  initial  c<ilor  marking 

The  above  algorithm  is  executed  repeatedly  until  either  a 
firing  sequence  <S'  with  1,(6')  = w is  found  or  the  number  reached  on 

the  tape  2 • |p|  + 1 exceeds  the  |w|-digit  number  |t|...|t|.  In  the 

latter  case,  obviously  w i \ (ECPy)  and  TM  stops  without  accepting  the 
input  w. 

We  note  that  there  may  exist  |w| -digit  numbers  N'  such  that 
'(■ ' t S(1T1^^),  where  y'~  = N' . Let  us  suppose  that 

= t.  ...t,  t •••*^1,  where  UM°[t,  --.t  > UM*"  and  the 

1 r r+1  w 1 r 

r 

transition  t,  is  not  enabled  in  the  color  marking  IIM  . In  this 
^r+1 

case,  TM  will  be  able  to  simulate  the  prefix  firing  sequence 
t • • • hut  will  not  be  able  to  complete  the  simulation  of  the 

K - K 

I r 

jr 

firing  of  the  transition  t,  in  the  color  marking  UM  (the  simula- 

^'r+1 

tion  of  the  firing  of  a transition  is  explained  below).  Consequently, 
TM  will  simply  abort  the  simulation  of  the  firing  sequence  y’  and  will 
proceed  to  execute  the  subroutine  EXIT. 

We  conclude  the  description  of  TM  by  explaining  the  simulation 
of  the  firing  of  some  aribtrary  transition  t^.  of  B'CPy.  First,  TM 
writes  the  label  L(t^)  on  the  tape  2 • 1p|  + 2 while  advancing  the 
respective  tape  head  one  position  to  the  right.  Next,  TM  checks 
whether  t^.  is  enabled  in  the  current  color  marking.  Let  Pj^  be  an 
Input  place  of  t,..  For  simplicity,  let  us  assume  that  I(pj^,t^)  = 3 
and  that  *--n-h.  - si],  H(a2^)  = [c^;  g.«,.b  + s2]  and 

H(a^  ) = (c^;  s^] . Assuming  that  In  the  current  color  marking, 
let  it  be  UM^ , the  place  Pj^  is  not  empty,  the  he.d  on  the  correspond- 
in"  tape  k is  placed  on  the  rightmost  nonempty  tape  square  (which 
contains  a 5?  marker).  TM  checks  first  whether  there  exists  an 
enabling  token  (of  color  (c|_,  ^ . u.  b . ( f!/' ^ (IJ^) ) - sj.)  = (cj^,  TOP  - sj^)) 
for  the  arc  a.^  . In  order  to  do  so,  TM  scans  the  tape  k from  right 


to  loft,  counting  tlio  nutnbor  of  i markers  oncounlorod.  The  fixed 
integer  is  stored  in  tlie  finite  memory  of  the  control  of  TM.  After 
tile  he. id  on  tape  k lias  passed  sj.  + 1 / m.irkers  it  reaches  the  color 
bag  _ j,l-  he.ad  lontinues  to  scan  through  tiie  bag  ,1 

until  it  encounters  the  first  symbol  c|,  in  which  case  it  replaces 

that  svmbol  by  a special  "erase"  marker  We  recall  that  the  colors 

in  the  b.ig  w^p,p  _ ‘tre  grouped  together  and  placed  in  order.  This 

rule  is  meant  to  facilitate  the  search  through  the  color  bag 

''TOI’  - s*  fl'ere  are  several  input  arcs  of  t^  from 

' r 

p,  which  request  the  s.ame  enabling  color,  (c^,  TOP  - si).  After  the 
K r r 

svTnbol  c'l  has  been  "marked"  TM  continues  to  move  left  on  the  tape  k, 

without  counting  the  t markers,  until  the  left  end  marker  is  reached. 

Next,  TM  checks  whether  there  exists  an  enabling  token  (of  color 

(i-2.  g.  8,.b.  ( ) + s^)  = (c2,  EOT  + s2))  for  the  input  arc 

a“^.  In  order  to  accomplish  this,  the  head  on  tape  k is  moved  right. 

Ad  jacent  i markers  immediately  following  the  left  end  marker  S!  (if 

.any)  are  ignored.  As  soon  .as  the  respective  tape  head  encounters 

.a  i m.irker  immediately  followed  by  a symbol  other  than  a i marker,  TM 

starts  counting  the  numher  of  t m.arkers  passed  by  the  tape  head.  After 

it  h.is  passed  s^  + 1 ^ markers,  the  he.ad  on  tape  k reaches  the  color 

bag  ^ ^2-  first  symbol  c^  encountered  is  replaced  by  the 

‘ r 

"cT.ase"  m.arker  From  this  )>oint  on,  TM  simply  moves  the  head  on 

the  tape  k to  the  right,  without  counting  i m.arkers,  until  the  right 
end  marker  % is  encountered. 

In  order  to  check  whether  there  exists  an  enabling  token  for  the 
input  arc  TM  first  moves  the  head  on  the  tape  k to  the  left  end 

of  that  t.ap<'.  Next.  TM  proceeds  as  in  the  case  of  the  input  arc 
a^^  except  that  adjacent  / markers  immediately  following  the  left  end 
marker  ? are  also  counted. 

After  TM  has  m.arked  the  "enabling  tokens"  for  the  input  arcs  of 
tf  from  the  pl.ace  Pj^  it  proceeds  to  erase  the  marked  symbols  (this 
( orresponds  to  t^  removing  its  enabling  tokens  when  firing).  The  head 
of  the  tape  k scans  the  content  of  that  tape  from  right  to  left.  At 
each  step,  the  symbol  read  on  the  tape  k is  erased  from  the  tape  k 
and  written  on  the  tape  |p|  + k (the  tape  |p|  + k is  empty  at  this 


stagi').  Obviously,  tlu'  bead  on  the  tape  1 1’ | + k nu)ves  in  opposite 
direction  i.e.,  from  left  to  ri^lit  . Whenever  a # marker  is 
encountered,  it  is  erased  from  the  tape  k hut  it  is  not  copied  on  the 
tape  I P I + k.  When  the  head  on  the  tape  k erases  the  left  end  marker 
tape  k becomes  ecipty  while  tape  |p|  + k contains  the  color  hag: 

UJ  - • (c^  TOP  - sl),(c-,  HOT  + s2)  ,(c3,s'^)>. 
k r r r r r r 

At  this  point  the  roles  of  the  tapes  k and  |p|  + k are  reversed,  that 
is  the  content  of  the  tape  |p|  + k is  copied  bark  on  the  tape  k while 
the  tape  (p|  + k is  erased.  Note  that  the  process  of  removing  "the 
hag  of  enabling  tokens  of  t^  from  the  input  place  Pj^"  may  generate 
adjacent  ^ markers  immediately  preceding  the  right  end  marker  2.  All 
such  i markers  are  now  erased  from  the  tape  k (without  using  the 
auxiliary  tape  |p|  + k) . This  operation  may  require  an  additional 
scan  of  the  tape  k. 

We  also  note  that  "enabling  tokens"  of  tr  cannot  be  erased  from 
the  tape  k before  all  such  "tokens"  have  been  marked.  This  is  so 
because  the  removal  of  an  enabling  token  may  generate  an  intermediate 
color  bag  for  which  g.H.b.  (^^^(U^'))  and/or  . u . b . ( (/ ^ (Uj^’ ) ) 

are  different  from  g.  . b.  ( ^ (Uj^) ) and  ?..u.b.  ^(U^) ) respec  t ivel y , 

which  in  turn  would  influence  the  selection  of  the  remaining  enabling 
tokens . 

If  TM  cannot  mark  an  "enabling  token"  for  some  input  arc  of 

the  transition  t^  then  tp  is  not  enabled  in  the  current  color  marking. 

In  this  case,  as  mentioned  earlier,  TM  aborts  the  simulation  of  the 

firing  of  t^  and  proceeds  to  execute  the  subroutine  EXIT.  The 

mechanism  for  the  simulation  of  the  firing  of  the  transition  t^  can 

easily  be  extended  to  the  case  when  there  are  more  than  three  input 

arcs  of  t|-  from  the  place  Pj^.  Nonetheless,  still  only  four  scans 

of  the  tape  k are  sufficient  in  order  to  mark  all  the  "enahllng  tokens" 

of  t..  from  p,  . Also,  onlv  up  to  three  more  scans  are  required  In 
r ' k 

order  to  erase  (remove)  these  "enabling  token.s." 

In  case  t^  has  other  input  places  than  p^^,  these  operations  are 
performed  concurrently  on  the  corresponding  tapes. 

If  "enabling  tokens"  could  be  marked  (and  subsequently  removed) 
for  all  input  arcs  of  t^. , TM  proceeds  to  deposit  the  "output  tokens" 
of  t^.  At  this  stage,  the  tapes  k,  5 1 k £ |p|,  contain  the 


intornu‘0  iiito  i-olor  marking  UM  * . Tor  I'.uh  place  p,  t 1’  for  which 

k 

I'm'  (P|^)  i ij',  the  head  on  the  tape  corresponding  to  P|^  scans  the 
t i>;htmosL  nonempty  tapi'  stpuire. 

I’M  deposits  the  "output  tokens"  of  the  transition  t^  following; 

an  algorithm  similar  to  that  used  for  remi^ving  the  "enabling  tokens" 

of  t . I.et  p be  an  output  place  of  t . TM  determines  first  the 
r m r 

I’ositions  on  the  tape  m in  which  the  corn-sponding  "out|)ut  tokens" 

of  tj-  have  to  be  inserted  by  counting  i markers.  Next,  I’M  writi's 

in  the  selected  tape  squares  symbols  corresponding  to  the  first 

coordinates  of  the  colors  of  the  respective  tokens.  In  this  case, 

however,  it  is  not  necessary  for  TM  to  execute  separate  scans  of 

the  tape  m during  which  the  affected  tape  squares  are  marked  and  then 

additional  scans  during  which  the  insertion  of  the  respective  "output 

tokens"  is  actually  performed.  These  two  operations  can  in  fact 

he  performed  simultaneously.  Thus,  using  the  auxiliary  tape  (p|  + m 

as  shown  earlier  (except  that  here  symbols  are  added  rather  than 

el iminated)  each  "output  token"  can  be  inserted  as  soon  as  its 

position  has  been  determined.  In  order,  however,  for  the  "output 

tokens"  to  be  inserted  in  the  correct  "slots",  "tokens"  corresponding 

to  arcs  of  if  carrying  output  color  functions  of  the  form 

[cj^;?..u.b.  + s^]  must  be  deposited  first.  "Tokens"  corresponding 

to  outi)ut  arcs  carrying  output  color  functions  of  the  form 

[c|;g.£..b.  + s|;l  must  be  deposited  second  while  "tokens"  corresponding 

to  output  arcs  carrying  output  color  functions  of  the  form  [c^;si] 

must  be  deposited  last.  It  can  be  verified  that  four  scans  of  the 

tape  m are  sufficient  in  order  to  deposit  all  "output  tokens"  of  t^ 

corresponding  to  the  place  p . 

m 

This  completes  the  description  of  the  Turing  ac(;eptor  TM.  It 
can  be  verified  that  the  operations  described  above  can  be  executed 
by  TM  deterministically.  Moreover,  in  view  of  our  earlier  discussion 
regarding  the  amount  of  tape  required  by  our  encoding  of  the 
color  bags  corresponding  to  the  places  of  and  of  the  fact  that 

all  firing  sequences  which  generate  the  given  ln[)ut  string  w (if  any) 
have  the  same  length,  (w|,  it  follows  that  every  ;iccept  iny,  computation 
of  TM  on  w visits  no  more  than  a • |w|  tape  squares  on  any  tape,  where 
(t  is  a nonnegative  integer  constant.  Hence 
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AOX-CI’M)  ^ I)etTAI’E(u  • i) 

witfrt*  i(x)  = X is  tlic  identity  function  on  the  set  of  real  numbers. 
Accordin)*  to  | ROOK  70al,  for  any  real-valued  function  f of  a single 
real  variable  and  for  any  constant  k > 0, 


DetTAPK.(k  • f)  = I)etTAPE(f). 

Tberefore,  A(KC-Cl’M)  c OetTAPR ( i ) . But  OetTAPE(i)  is  the  family  of 
di'termin ist  ic  context-sensitive  languages.  Moreover,  the  language 
{a'^b”c"|n  ^ 0l  is  contained  in  but  not  in  A(EC-CPM).  Thus, 

we  actu.il  ly  bav(>: 

A(EC'-CPM)  c 

Let  us  now  consider  the  language  family  A^^  (F.C-CPM) . Suppose  ITM^ 
is  the  final  color  marking  of  the  l.abelled  EC-CPM  considered 

at  the  beginning  of  this  appendix.  For  any  string  w G T.* , 

w c A (KCP„,  IIM^)  if  and  only  if  there  exists  a firing  sequence 

o h j- 

Y C T(UM  , UM  ) with  L(y)  = «•  Moreover,  all  firing  sequences  which 
generate  w must  have  the  same  length,  |w|.  Since  T(UM'\uM^)  c s(Um”) 
the  deterministic  Turing  acceptor  TM  can  easily  be  modified  in  order 
to  accept  the  language  Ao(/7L7’j,,  IJM^)  . Thus,  whenever  TM  finds  a 
firing  sequence  Y with  L(Y)  = w it  checks  in  addition  whether  the  color 
marking  IIm'*'  stored  on  the  tapes  k,  1 k _<  |p|,  at  the  end  of  the 
simulation  of  the  firing  sequence  Y equals  UM^.  This  check  can  be 
performed  deterministically  and  certainly  does  not  require  any 
.idditional  tape  space.  Hence,  we  c.in  conclude  that 

Ao(EC;-(;PM)  ' 

The  Corollary  1 of  Theorem  3.4.2  follows  in  a rather  straight- 
forward manner  from  the  construct  presented  so  far  in  this  appendix. 
Without  going  into  details,  let  us  tranform  the  deterministic  multi- 
tape Turing  acceptor  TM  into  a nondeterministic  multi-tape  Turing 
acceptor  TM'  which  recognizes  the  same  language  as  TM.  For  this 
purpose,  we  eliminate  the  tapes  2 • 1 1’ | + 1,  2 • |p|  + 2 and 

2 • |p|  + 3.  The  tanes  k and  |p|  +k,  l_<k£|p|,  are  used 

the  same  way. 

TM’  incorporates  a distinct  subroutine  for  each  transition  of 
A’CPj..  F.ach  such  subroutine  simulates  the  firing  of  the  corresponding 
transition.  For  any  string  w G E*,  TM'  checks  whether  w e ^(ECPy) 

(w  r AofA’(7Pj,,  IIM*^))  by  simulating  firing  sequences  of  length  |w|  from 
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S(1’m")  (T(iw",  Mori',  t ho  firing  so(|iienco  simiilatod  by  TM ' is 

dftorminod  by  t ho  input  string  w.  Tims,  TM'  scans  the  input  tape 
I rom  left  to  riftiit.  For  oacii  symbol  a road  by  TM ' from  its  input 
tape,  TM'  ontors  t bo  subrout  ino  cor  respond  i n^t  to  some  transition  of 
l.abollod  a.  DurinK  the  execution  of  the  respoctivo  subroutine, 
the  lioad  on  the  input  tape  is  not  advanced.  In  case  there  are  several 
tr.insitions  of  h'Cf’y  carrying  the  same  label  a,  the  choice  of  the 
subroutine  entered  by  TM'  is  nondeterm i n i s t i c . 

We  have  seen  that  the  simulation  of  the  firing  of  a transition 
requires  a fixed  number  of  scans  of  the  tapes  k and  jp|  + k, 

1 ' k < !p|.  Since  the  number  of  noni'mpty  tane  squares  on  any  of 
these  tapes  is  hounded  by  a • |w|  and  since  all  firing  sequences  which 

generate  the  input  string  w have  the  same  length,  ]w|,  it  follows  that 
every  accepting  computation  of  TM'  on  w requires  no  more  than 
t'  • ‘ steps,  where  ft  and  u'  are  nonnegative  integer 

constants.  Note  that  in  the  case  of  tiie  language  AoC.'i’CPj,,  UM^)  after 
the  simulation  of  any  firing  sequence  TM'  must  check  whether  y 

leads  to  the  given  final  color  marking  UM*^ . This  operation  requires, 
however,  only  a fixed  number  cf  steps.  Since  for  any  real-valued 
function  f of  a single  real  variable  and  for  any  constant  k > 0, 
TlMK(f)  = TIMK(k  • f)  ((BOOK-70a))  it  follows  that: 

A(EC-CPM)  c TIME(x^) 
and  A,JKC-CPM)  c TlMF.(x^) 


APPENDIX  C 


MULTI-COUNTER  E-ACCEPTORS 


The  objective  of  this  appendix  is  to  show  that 
i\^(EPM(II))  A^(EPM)  and  to  discuss  the  relationship  between  A(EPM(II)) 
and  A(EPM).  In  order  to  do  so  we  shall  first  introduce  the  family  of 
multi-counter  E-acceptors,  a variant  of  the  multi-counter  acceptors 
([BOOK-72]).  The  notations  employed  in  this  appendix  are  compatible 
with  those  of  [BOOK-72]. 

De_f inition  C.l 

An  n-counter  E-acceptor  is  a system  A = (K,  Z,  Z,  6,  q^,  F,  n) 
where : 


1.  K is  a finite  set  of  states,  E K is  the  Initial  state  and 
F E K is  the  set  of  final  states. 

2.  Z is  a finite  set  of  symbols,  called  the  input  alphabet,  Z is 
an  abstract  symbol  called  the  storage  symbol,  n is  a positive  integer. 

3.  6 is  a (possibly  partial)  mapping  from  K x (Z  U fX})  x {z, 
into  the  finite  subsets  of  K x {0,  X,  Z,  E}^*^^. 


De f 1 nit  i oji^_(^.^ 

A conf iguration  of  A = (K,  Z,  Z,  >5,  q^,  F,  n)  is  an  n + 2-tuple 

(q,  w,  y , ...  , y ) where  q e K denotes  the  state  of  A,  w E Z*  denotes 
i n 

the  input  remaining  to  be  read  and  for  each  k,  1 k < n,  y^^  E Z* 
denotes  the  content  of  the  k-th  storage  tape. 


Let  ^denote  the  following  relation  among  the  configurations  of  A. 


For  configurations  C^  = (q,  aw,  yj^. 


, y ) and 
n 


C2  = (q 
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\ = 0 and  y’  = y^ 
X,  E [Z,  X]  and  y^^  = 
\ ^ and  y ' = 

\ ^ ^k  “ 
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\ = \ = W’  \ ^ ^k  = 

informally,  a multi-counter  E-acceptor  A is  a modified  one-way, 
nondeterminist ic  multi-counter  acceptor.  Each  storage  tape  is  a 
pushdown  tape  of  the  form  ’i}  (Z  fixed).  It  is  assumed  that  whenever 
^ A scans  the  rightmost  nonempty  square  of  the  k-tli  storage  tape, 

for  all  k,  1 ■_  k ^ n.  On  the  other  hand,  A also  has  the  capability  to 
sense  if  y^^  = A.  In  addition,  however,  a multi-counter  E-acceptor  can 
exei-ute  ganeralized  erase  moves  (conditions  e) , f))  also  called  E-moves. 
From  this  perspective,  a multi-counter  accepter  ([BOOK-72])  can  be 
viewed  as  a multi-counter  E-acceptor  which  does  not  perform  E-moves. 

De  t iji  i t io n _C  . 3 

A computat ion  of  A of  length  m is  a sequence  of  configurations 

C,, , C,  , ...  , C such  that  C.I~C.,,,0  - 1-  m.  IfA  moves  f rom 

01  m 1 1+1 

some  configuration  C.  to  a configuration  C.  via  a computation  of 

^ J * 

length  m ■ 0,  we  shall  denote  this  fact  by  C^.  In  case  we  want 

to  stress  the  length  of  the  particular  computation  we  shall  use  the 
notat ion  C . i—  C . . 

» j 

De  f i n i t ion  C . A 

The  language  accepted  by  an  n-counter  E-acceptor 
A = (K,  , Z,  ',  q^,  F,  n)  is  the  set: 

1(A)  = -w  L A*  i (q  , w,  {Al^’’^)  I — (q.  A,  {A}^'^^)  for  some  q t F} 
o 

Definition  ^.J) 

Let  d be  a nonnegative  integer.  An  n-counter  E-acceptor 
A = (K,  u,  Z,  6,  q^,  F,  n)  is  said  to  operate  with  delay  d or,  equiva- 
lently, lias  delay  d,  if  for  all  configurations  C,  = (q.  A,  y,,  ...  , y ) 
— 1 1 n 

and  ^2~  ’*  y{*  •••  » such  that  ( — C^,  we  must  have  m ' d. 

If  A has  delay  d for  some  d 0,  then  A is  said  to  be  quasi-realtime. 

The  definition  of  a quasi-realtime  multi-counter  acceptor  is 
analogous . 

For  each  n > 1 let  us  define  the  language  families: 

CE  - L(A)  I A is  a quasi-realtime  n-counter  E-acceptor} 
n 

( * fi(A)  I A is  a quasl-real tine  n-counter  acceptor! 
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a = CL  c c 

'' — n n 

n = 1 n = 1 

We  note  that  the  definition  of  acceptance  (Definition  C.4) 
demands  both  final  state  and  empty  storage  tapes.  In  Section  4 of 
1 BOOK-72)  it  was  shown  that  acceptance  by  final  state  alone  of  a 
quasi-realtime  n-coiinter  acceptor  Is  equivalent  to  acceptance  by  final 
state  and  empty  store.  The  arguments  presented  there  can  actually  be 
extended  in  order  to  prove  a more  general  result,  namely  that  CE  = C: 


Lemma  C . 1 


^roof:  Let  A = (K,  a,  Z,  A,  q^,  F,  1)  be  a quasi-realtime 

1-counter  E-acceptor.  Let  A'  = (K',  Z,  Z,  6',  q^,  F,  1)  be  a 
1-counter  acceptor  where: 


K" 


1.  K'  = K IJ  K"  where: 

Uq,  q'l  I (q',  E)  C A(q,  a,  y)  for  q,  q' 
y £ { A , 2 } } 

2.  6'  is  defined  by: 

2i.for  all  q £ K,  a £ 5^  U lA},  y c fA  , 
<5'(q,  a,  y)  = 6(q,  a,  y)  - l(q',  E) 
2ii.  if  (q',  E)  C 6(q,  a,  y)  where  q'  £ 
( [q.  q ' i , A)  C A ’ (q,  a,  y) 

2ili.  for  all  [q,  q']  £ K"  and  all  b C 
A’([q,  q'l.  A,  Z)  = :([q,  q'l,  X)  } 
<'i'(lq,  q'l.  A,  A)  = Uq',  A)[ 

<5'  ( Iq,  q'l,  b,  y)  =4). 


in  K,  a £ 2^  U 


Zl 

! q'  £ Kf 
K then 

Z 


{A}, 


Thus,  A'  simulates  the  moves  of  A until  A performs  an  E-move. 

In  that  case  A'  enters  an  "erase  loop"  In  which  it  erases  its  storage 
tape.  As  soon  as  the  storage  tape  is  empty.  A'  resumes  the  simulation 
of  A . 

Clearly,  E(A')  = 1(A)  but  A'  may  not  be  quasi-realtime.  Neverthe- 
less, any  language  accepted  by  a 1-counter  acceptor  is  accepted  by  some 
quasi-realtime  1-counter  acceptor  ([GlNS-741).  Thus,  L(A')  e . 
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Lumra.  ) 2 

It  1.  t C{  , n 1,  tlion  there  exist  L L in  CL  , a 

II  - 1 n 1 

•-tree  renaming  tiomomor  pli  i sm  and  k-1  imited  erasing  homomorphism  h^ 

on  li,,  ( L 1 ...  1 L ) sucli  that  L = h,(h,,  (i,  H ...  0 L )). 

2 1 n 1 2 1 n 

Proof:  Let  A = (K,  L,  7.,  (5.  q^,  F,  n)  be  an  n-coiinter  E-acceptor 

which  operates  with  delay  k,  for  some  k 0.  Let 

A'  = (K,  L' , 7,  iS',  K,  n)  be  an  n-counter  E-acceptor  which  has 

delay  0 and  for  which: 


1 . 

V f 

= All  {c}  where 

c is  a new  symbol,  not 

i n X . 

i i . 

For 

all  q E K , a 1 

- Z and  7 t 1A, 
J 

, Z ) = n(q,  a, 
n 

7;  , 1 

1 j 1 

6’ 

(q,  a,  7^,  ... 

•• 

• , z„) 

and 

5' 

(q,  c,  ^2'  .*• 

, Z^^)  = 6(q,  A, 

z^,  .. 

. , 7 ) 
n 

Let  h^  be  .a  homomorphism  on  (Z  U {cf)*  defined  by  hj^(c)  = A and 
hj(a)  = a,  for  all  a C li.  Clearly,  hj(L(A'))  = L(A)  and  since  A is 
quasi-realtime,  h^  is  a k-limiied  erasing  on  i(A'). 


Consider  now  an  n-counter  E-acceptor  A"  = (K",  7",  7,  6",  q^,  F",  n) 


which 

operates  with 

delay  0.  We  sliall  define  n 

l-counter 

E-acceptors 

A,  , 1 

• k • 

n,  such 

that  A.  simulates  the  k-th 

counter  of 

A".  Let 

k 

- 

- 

k 

2 ” 

[ q ^ . 

<1 , ^ ’ 

'’z’  °r 

. . . , a ] ! 
n 

(q2 » ^2  * 

. . . , a ) L 
n 

C 6(q^, 

a,  Z,,  ...  , Z ) 
1 n 

where  q^^. 

q2  c K",  a 

e L", 

Z . C ■'  1 , 

Z’,  c ^0,  A, 

Z,  E},  1 ■_ 

i < n} 

1 

i 

— « 

Then, 

II 

< 

(K",  :,2. 

z,  6^,  q;;,  F", 

1)  where  6, 
k 

is  defined 

by ; 

i.  (q2,  n^)  C [q^.  a. 


for  all  [q^  a,  7^  , 


• ’ ^'n’  ‘’2’ 


, q^,  C^, 

a ] in 
n 2 


C ),  Z ) 
n k 


Let  li.,  be  the  homomorphism  on  liefined  by: 

^^([qj*  < Zj  , ...  , 7^^,  q^,  Oj  , ...  , I ^ 

for  all  [ q j . a , Z ^ , 


. , 7.  , q,,,  • T I 

n 2 1 n 


t y,2-  Evidently,  h^  is 


a '-free  renaming  homomorphism.  It  is  easy  to  see  that 

k • n . 


L(A")  » h2(lj 


L ) where  L,  = 1 (A  ) . 1 
n k k 


□ 


Lemma  C . i 

CE  = r. 


Proof : For  anv  L 


CL  , n 
n 


1,  we  have  L = h (h„(l,  fl  ...  (1  L )) 
lit  n 


where  h , h.  and  1,  , 1 ■ k n are  as  in  Lemma  C.2.  By  Lemma  C.l, 
12  k - - 


toi 


I ( C , 1 • k • n.  On  the  other  hnnei,  C = H(C  a ...  a C ) T 
k I "*  ■“  n 1.  i 

where  Cj  occurs  n times  In  the  last  expression  ([BOOK-72]).  Conse- 
quently. h.,(l,  11  . . . n L ) L C . Also,  C is  a principal  AFL 
'■21  n n n 

(lBOOK-721).  By  Theorem  2.1  of  |GlNS-69],  Is  closed  under  k-limited 

erasing.  Thus.  hj(h2((^  0 . . . H 1^)  C and  therefore  CE^  t . 

On  tlie  other  hand,  n-counter  acceptors  are  a particular  case  of 

the  n-counter  E-acceptors  and  therefore  C ' CE  . 

n - n 

□ 

We  note  that  the  family  of  languages  realtime  recognizable  by 
deterministic  multi-counter  acceptors  with  generalized  erase  moves 
properly  includes  the  class  of  languages  accepted  in  realtime  by 
de termin ist  ic  mill t i-coun ter  acceptors  without  E-moves  ([FlSH-68]).  For 
the  nondeterministic  case,  quasi-realtime  acceptance  is  equivalent  to 
(nondetsrministic)  realtime  acceptance  ([BOOK-72]).  In  light  of 
Lemma  C.3,  E-moves  do  not  increase  tlie  recognition  power  of  nondeter- 
ministic mill  t i-coiinter  acceptors. 


Lemma  C.4 

A (EPM(Il))  <-  CE. 
o - 

Proof : Let  EN^  = (EM,  Z,  L)  be  a Labelled  EPM(II)  where 

EM  = (EN,  M ) and  EN  = (T,  P,  1,  0).  Let  denote  the  final  marking 

ol  EM.,.  It  is  ratlier  straightforward  to  show  that  A (EM„,  M^)  e CE . 

A o L 

Wo  shall  construct  a quasi-realtime  n-counter  E-acceptor 
A = (K,  i.,  2,  6,  q^,  F,  n)  w'liere  n = |f|.  which  simulates  firing  se- 
quences of  EM„.  A contains  a distinct  storage  tape  for  each  place  in 
P;  tape  j,  1 ■ j • |p| , will  store  the  markings  of  p^  e P along  any 
firing  sequence  of  EM.  . 

L. 

Given  an  input  string  w C Z*  A will  check  whether  there  exists  a 

firing  sequence  y L T(M°,  M*^)  such  that  L (y)  = w.  The  simulation  of  a 

firing  sequence  requires  three  phases. 

Phase  I Let  ‘"q  “ max  { M°(p.)  | p^  E Pi.  Phase  I requires 

m + 1 states,  denoted  by  q , q,,  ...  , q ,,  q = q . For  all  i, 
o o 1 'm^,-l  ‘m  ^p 

1 • i • m , 

- o 


T For  each  family#  Vof 
■free  iiomomorph  ism  } . For 


n 


languages  “ 

all  families',',^. 


n 


C 


..y  J. 


{h(L)  1 L c 

..  of 

1 n I . 


• 'i^,  h is 

1 anguages 


■p 


102 


6(q._^,  A.  Z._^  J, 
wlu>ro  for  cacti  r,  1 ■ r 


and 


ir 


^'i-1  n^  ^il’ 


. 0 )} 

1 n 


if  M°(p^)  > 0 


if  M°(p  ) = 0 


if  i < M°(p^)  and  M°(p  ) > 0 

if  i >M"(p^)  and  M°(p^)  > 0 

if  M ° ( p ) = 0 
' r 


Till'  function  6 is  not  defined  for  tuples  from  tlie  set 


‘lo-  ‘t] 


-1 


X ).  X {A,  Zt 


i(n) 


(A  does  not  accept  any  inputs 


from  L in  Phase  1).  Thus,  in  Phase  I A performs  the  computation 


(q„.  w. 


!■.  , (n)  I . 

iU  ) 1-  (qp.  w,  y 


ol’ 


i , vM°(p  ) 

y ) where  y = Z ' r 
on  or 


1 • r • n.  Evidently,  this  pliase  is  completely  deterministic  and 
requires  exactly  m A-input  moves.  At  the  end  of  Phase  I A is  in  a 
distinguished  state,  q^. 

Phase  11  During  Phase  11,  A performs  the  actual  simulation  of  a 
firing  sequence.  For  eacli  transition  tj^  t T,  tlie  control  of  A contains 
a separate  subroutine.  Suppose  A is  currently  in  some  configuration 

At  this 

stage  A can  enter  (nondeterminist leal  1 y)  the  subroutine  corresponding 

to  either  transition  t,  sucli  tliat  L(t,  ) = a.  Let  t be  such  a transi- 

k k s 

tion.  Let  m = max{l(p.,  t ) 1 p.  C P } and 
s ] s ' ) s 

p.  C P - P t.  The  subroutine  corresponding  to 

' i * 

t^  reiiulres  exactly  m^  + n^  states,  denoted  by  q^, 

' o . . i b 


(qp.  aw',  y^. 


, y ) where  a t 
n 


and  y £-Z*,  l‘^r<n. 
r - - 


n = nvix  U)  ( t , p . ) 
s s ’ ' j 


m 


o 

h’ 


q . Let  q , , = q , • 
'n„  m +1  1 

s 


Thus 


First,  A ctiecks  wlietlier  "t  is  enabled". 

’ s 

(qi»  ^ ^1*  * ^n^ 

where  for  each  r,  1 


and  t = A if  p 
r ' r 

(if  z^  = A)  if  p^  / 


r < n,  Z = Z and  0 = 0ifp  CP,Z  = A 

- - r r ^ r s r 

P^',  Z t {A,  zl,  O = 0 (if  Z = Z)  and  a = A 

s r r r r 


For  all  j,  1 •'  i 

<5(q!,  y-, 


jl’ 

wliere  for  each  r,  1 ■ r 
iZ  , A r . O 


. 7-  . ) = ^(q  . . I > D . , , 

.111  J + 1 )1 

n , Z , = Z and  n 

it  .it 


. . , (1  . ) } 

.I'l 

A if  I(p  , t ) > .i, 
r s - 


Z t 
\r 


Ir 


0 (if  Z.  = Z)  and  a, 

.1  r 1 r 


A (if  Z 


Ir 


A)  If 


UPr*  ■ i or  p^  / ^'jr  ° ^ ^ 


ir 


A if  Kp^.  t^) 


C. 


}0i 


Also,  for  all  J,  1 _ j •_  n - 1, 

i'-., Z.  ) = Kq.,,,  0 0 )i 

1 jl  in  'l+l  )1  in 

where  for  each  r.l’r-n.Z  i Z^,  O.  *ZifO(t,p)>i, 

- - jr  jr  s'^r- 

a.  =0  (if  = 0)  ami  n.  = A (if  7. . = >)  if  ()(t  , p ) < j or 

)r  )r  jr  ji  s 'c-" 

p C ?'\ 
s 

The  last  move  of  the  subroutine  is: 

6(q”  , A,  Z Z ) = Uq  , U.  , ...  , C )> 

ri^  ll  Jn  pi  n 

Slid)  that  for  eacli  r,  1 ■ r < n,  Z.  f.  {A,  Z , o . = K if  p F . 

- - J r J r ' r s 

O.  = Z if  0(t  , p ) = n ami  o.  =0  (if  Z.  = Z)  or  o = A 

J r s ' r s ) r q r j r 

(ifZ,  =A)ifO(t,p)<n. 
i r s r s 

A does  not  accept  in  tlie  subroutine  any  inputs  other  tlian  A.  Thus, 

tile  subroutine  attempts  to  perform  tlie  computation 

(q  , aw’,  y y ) r^(q“,  w',  y* y')  ^^®(q  . w' , y" 

, ...  , y|^)  where  for  each  r,  I • r • n,  y^Z  = y^  if 

p F P''  or  y'  = y if  p / P^  and  y”  = y'Z^'^^^s’  *^r^  if  P / P^ 
r s -^r  r r s -^r  r ’r  s 

or  v”  = \ if  p F P^. 

■ r ' r s 

The  subroutine  is  executed  deterministically  and  requires  exactly 

m + n A- input  moves, 
s s 

After  the  entire  input  string  w is  read,  A reaches  a configuration 

of  the  form  (q  , A,  y,,,  ...  . y,  ) and  enters  Phase  III. 
p f 1 fn 


m.  + 1 states,  denoted  bv  q = q , q,  . 
f ' 'p  ^o  ^1 

F 


Phasi^  bet  m.  = max  |M  (p.)  | p.  E P}.  Phase  III  requires 

fj  f J f f 

, q,  , ...  , q , . q = q<: . 
p ‘o  ^1  ^m^-1  ^m^-  f 

iq^}.  For  all  1,1-  i < m^,, 

z,_i  1 ^11’  •••  ’ ^n^^ 


where  for  each  r,  1 < r < n,  = A and 


'i-1  r 


i: 


if  M (p  ) • i 
r 

if  M^(p^)  > i 


In  tills  phase,  A does  not  accept  any  input  symbols  from  L.  Thus,  A 
attempts  to  perform  deterministically  the  computation 

, tiif  (n) 

(q^,  ',  yj-^,  ...  . Xf,,)  ■ •»  )•  Evidently,  the  configura- 
tion (q^..  A,  ■ can  be  reached  only  if  y^^  * Z^  ^*^r\  1 < r < n. 

Exactly  m^.  A-input  moves  are  required  for  this  purpose. 

Let  m » max ‘m  + n It  t T}  and  u « maxim,  m , m,).  Evidently, 
s s s of 


T 


)(K4 


w L i'*  is  accepted  by  A ii  and  only  if  there  exists  a firing  sequence 
Y fT(M°,  M^)  such  that  L(y)  = w.  Moreover,  A operates  with  delay  iJ . 

□ 

We  shall  now  present  a refinement  of  the  result  given  in 
Theorem  9.2  of  |llACK-75]: 


l.eniiKi_  C_.  5 

A (KPM)  = iW  1 W t C and  X Wl 
o 

Pr£0^f : liy  Theorem  3.1  of  [BOOK-72],  if  W C C then  there  exists  an 

n-coiinter  acceptor  A,  which  operates  with  delay  0,  such  that  W = L(A). 
Witliout  loss  in  generality,  let  us  then  consider  such  an  n-counter 
acceptor  A = (K,  Z,  Z,  iS,  q^,  F,  n)  and  suppose  A f L(A).  We  shall 
build  a Labelled  EPM(I)  = (EN,  Z,  L)  such  that  ~ E(A) 

where  denotes  the  final  marking  of  ENy.  Let  EW  = (EN,  M")  where 


EN  = (T,  P,  1,  0)  is  the  underlying  EPN(I).  ENy  simulates  computations 
of  A. 


We  shall  introduce  a distinct  place  in  P for  each  of  the  n 
storage  tapes  of  A;  place  p , C P "remembers"  the  contents  of  tape  j, 

1 < j < n,  along  any  computation  of  A.  In  addition,  we  shall  intro- 
duce In  P a place  denoted  by  ii,  whose  markings  encode  the  current  state 
of  A.  Suppose  we  have  ordered  the  states  in  K such  that  each  st.ate  q^ 
can  be  uniquely  represented  by  an  integer  tag  [q  |,  where 


1 


Thus,  the  markings  of  tr,  i.e.  M^(n),  are  always 


i 


bounded  through  our  construct  by:  1 <■  M (7i) 


K 


Let  (q  , a,  u)  c K <<  J:  X [A,  Z} 


(n) 


be  a tuple  such  that 


cS(q  , a,  a)  is  defined.  Let  a = (Z^,  ...  , 


(q  , i<)  L ei(q  , a,  a)  and  let  = (o.  . 
in  s i 

in  T a transition  t,  such  that: 
k 


. a^), 


Suppose 

We  shall  introduce 


i.  1(tt,  t ) = (o, 
k 

il.  For  each  r,  1 < r 
1 

KPr.  ’ 


hsl^=  o(tk,  n)  = 


■_ 

if  Z = Z 
r 


if  Z = c 
r 

if  a = Z and  Z = Z 
r r 


0(tk,  P^) 


if  o 

r 

if  o 


0 or  o 


Z and  Z = A 
r 


T 


I,et  also  L(tj^)  = a.  Wo  shall  introduce  such  a transition  for  all 

tuples  (q  , l^)  ' 6(q  , a,  oi)  , for  all  tuples  (q  , a.  t)  for  which  the 

mapping  is  defined.  Evidently,  each  transition  simulates  one  possi- 
ble move  of  A and  at  the  same  time  generates  the  symbol  a i /.  which  is 

read  in  by  A during  that  move  (recall  that  A must  advance  its  input 

head  at  each  move,  i.e.  X-input  is  not  permitted).  The  initial  marking 

•M°  is  defined  by  M“(7t)  = |q  I and  M°(p  ) = 0 for  all  p t:  P,  p ^ v. 

'o'  r *^r  *^r 

I f w e 1(A),  then  there  exists  a computation  of  A 

(q^^,  w,  (q^,  X,  )A]^'^^),  for  some  q^.  t;  F.  In  EM,.,  the 

firing  sequence  which  simulates  this  computation  leads  to  a marking  M 

where  M(ti)  = |qj.|  and  M(p^)  = 0 for  all  p^  e P,  P^.  ^ 7).  Since  A may 

have  several  final  states,  firing  sequences  which  simulate  distinct 

accepting  computations  of  A may  lead  to  distinct  markings.  In  order  to 

secure  a unique  final  marking  M^,  we  shall  Introduce  a set  of  "stop" 

transitions.  Thus,  let  q^  C F and  suppose  t^  is  a transition  such  that 

0(t  , ■t)  = jq  I , i.e.,  t has  been  introduced  to  simulate  a move  of  A 
n f n 

which  leads  to  q,.  We  shall  introduce  a transition  t in  T which 

t nstop 

has  exactly  the  same  input  and  output  connections  as  t except  for  v ; 

n 

we  sliall  set  0(t  , it)  = 0.  We  note  that  the  firing  of  t in 

nstop  " nstop 

any  marking  leaves  the  place  T empty  and  therefore  disables  all  the 

transitions  of  EM  (all  transitions  of  EM,  Including  t , are 

connected  to  ti  by  positive  testing  arcs).  Moreover,  the  firing  of 

t in  some  marking  leads  to  the  zero  marking  (all  places  of  P are 

nstop  or 

empty)  if  and  only  if  the  firing  of  t In  the  same  marking  loads  to  a 
marking  in  which  ti  contains  (q^|  tokens  and  the  remaining  places  of  P 
are  empty  (which  corresponds  to  the  last  move  of  an  accepting  computa- 
tion). Let  also  L(t  ^ ) = l.(t  ). 

nstop  n 

This  construct  is  applied  lor  all  transitions  of  T such  as  t , for 

f 

all  q c F.  Finally,  we  shall  set  M to  be  the  zero  marking.  Then, 

A (EM,.,  M^)  = E(A). 

o A 

Since  the  multi-counter  acceptors  are  similar  to  the  multi-counter 

E-acceptors  in  every  respect  except  for  the  E-moves,  the  construct  of 

Lemma  C.4  can  immediately  be  particularized  in  order  to  show  that  if 

W e.  A (EPM)  then  there  exists  a quasi-realtime  n-counter  acceptor  A 
o 

such  that  W » L(A).  Since  for  any  such  language  W,  X ^ W by  definition. 


the  theorem  follows. 


If  W t (KPM(II))  rlu*n  by  clofinitiun,  A / W.  By  berama  C.4, 

wi‘  actually  have*  A (EPM(ll))  iW  | W t Ct  and  A / w}.  But  by 

Lemma  C. 3,  (W  | W i Cf  and  A ^ W}  = iW  : W * C and  A / W).  Hence, 

by  Lemma  C.5,  A (KPMdD)  A (KPM). 

o - o 

Let  us  now  examine  the  relationship  between  the  language  families 
’IEPM(II))  and  A(EPM).  For  each  n-counter  acceptor 
A = (K,  , Z,  A,  F.  n)  let 

lj.(A)  = ,w  t L*  I (q^,  w,  {A}^"^)|—  (q,  >,  y^  . ...  , y^)  for  q t F, 

V e Z , J r 1-  n). 

■ r 

Suppose  A is  an  n-counter  acceptor  with  delay  0.  A sufficient  condi- 
tion for  L^(A)  to  be  in  A(EPM)  is  that  K = F,  i.e.  each  state  of  A is 
a final  state.  In  this  case,  for  any  w t:  F.* , w e L^(A)  if  and  only  if 
there  exists  a computation  of  A on  w,  that  is  if  and  only  if 
(q^^,  w,  (q,  ',  yj^,  ...  , • Equivalently,  each  computation 

of  A is  an  accepting  computation  in  the  sense  of  L^(A).  Note  that  if 
w e L^(A),  then  <all  prefixes  of  w,  including  A,  are  in  L^(A)  as  well 

(q  is  also  a final  state), 
o 

Let  A be  such  an  n-counter  acceptor  and  let  us  apply  to  A the 
construct  of  Lemma  C.5  while  ignoring  the  final  marking  and  the  perti- 
nent set  of  "stop"  transitions.  Let  = (EM,  T.,  L)  be  the  resulting 

Labelled  EPM(I).  A straightforward  induction  argument  can  show  that 
for  any  w • I*  there  exists  a computation  of  A on  w if  and  only  if 
there  exists  a firing  sequence  i > S(M°)  of  EM^  such  that  L('»)  = w. 

Hence,  w C L^(A)  if  and  only  if  w f A(EM^)  and  thus  l.^(A)  C A(EPM). 

Let  us  now  consider  a language  W t A(EPM(I1)).  By  Corollary  1 of 
Theorem  4.7.2,  W - lAj  £ A^(EPM).  By  Lemma  C.5,  We  C.  By 
Theorem  3.1  of  [BOOK-72)  there  exists  an  n-counter  acceptor  A,  with 
delay  0,  such  that  L(A)  = W.  Evidently,  there  exists  an  n-counter 
acceptor  A',  with  del<iy  0,  such  that  L^(A')  = E(A)  (A'  simulates  A but 
enters  an  accepting  state  if  and  only  if  A enters  an  accepting  state 
with  all  counters  empty).  Let  us  consider  the  computation  tree  of  A' 
with  input  w.  Each  path  In  the  tree  corresponds  to  a computation  of  A' 
with  Input  w.  Each  node  corresponds  to  a configuration  of  A'  along  one 
such  computation.  Let  us  organize  the  nodes  in  levels,  that  is  level  k, 
0 ' k ' ,W|,  contains  the  set  of  configurations  which  can  be  reached  by 

A'  after  reading  In  the  k leftmost  symbols  of  w. 


X 


I Wf  note  that  if  w i W then  all  prefixes  of  w must  be  in  W.  Conse- 

! quently,  in  the  computation  tree  of  w each  level  must  contain  at  least 

one  accepting  configuration.  Conversely,  if  there  exists  a level  such 
that  no  node  on  tliat  level  corresponds  to  an  accepting  configuration 
tlien  w / W.  Unfortunately  this  fact  does  not  imply  that  all  states  of 
A'  are  final  states  or  that  there  exists  an  n-counter  acceptor  with 
delay  0 which  has  this  property. 


AIM’ENDIX  1) 


THE  PETRI  NET  MODEL  WITH  SJ^LTaiES 
DlSJm^TIVE  LOGIC  AND  TOKEN  ABSORBERS 

Tins  appendix  defines  the  Petri  Net  Model  with  switches,  disjunc- 
tive Ionic  and  token  absorbers,  an  extension  of  the  model  described  in 
1 BAER -7. 1 1 . 

Def  ini  t ion  I).  I 

A Petri  Net  with  switches,  disjunctive  logic  and  token  absorbers 
is  a system  SPN  = (SN,  Log^,  Log  ) where: 

1.  SN  = (T,  P,  I,  0)  is  a modified  Generalized  Petri  Net,  where: 
la.  T is  a finite  set  of  transitions. 

Ih.  P is  a finite  set  of  places.  Let  S c p be  the  set  of 

switches,  a distinguished  category  of  places. 

lc.  1:  P ^ T -*  Z°  is  the  input  incidence  function. 

ld.  0:  T ^ P ‘ Z“  U ie,  f,  Ct  is  the  output  incidence  function. 

Following  restrictions  are  imposed  on  the  input  and  output  inci- 
dence functions.  Let  tj^  be  an  arbitrary  transition  in  T: 

i.  If  there  exists  a switch  s.  C S siich  that  l(s.,  t,  ) > 0 

,1  ' j ’ k" 

then  I(s  , t,  ) = 0 for  all  s r S,  s # s . Moreover,  I(s  , t,  ) =1. 
r k r r j J k 

Thus,  a transition  can  have  at  most  one  switch  as  input  place,  in 

which  case  the  switch  is  connected  to  the  respective  transition  by  a 

single  input  arc.  In  order  to  distinguish  the  switches  from  the 

"regular"  places,  switches  are  represented  graphically  as  triangles, 

rather  than  circles  (in  Figure  D.l,  for  example,  s^  denotes  the  input 

switch  of  t,  ) . 

k 

ii.  If  has  a switch  as  input  place  then  there  exist  p^  ‘ P 

and  p c p such  that  0(t,  , p ) = e and  0(t,  , p ) = f.  The  transition 
s k r k s 

tj^  is  connected  to  p^  and  p^  by  special  directed  arcs,  labelled  e and 

f,  respectively  (see  Figure  D.l).  In  addition,  for  all  p^  E P, 

p p and  p p . either  0(t,  , p ) = 0 or  0(t  , p ) = f,. 
r ' s k q k q 

If  0(t  . p ) * , for  some  pair  (t,,  p ) C T x P,  then  t,  and  p 

k q ' k "q  k ' q 

are  connected  by  a special  type  of  arc,  called  a token  absorber.  A 
token  absorber  is  represented  graphically  as  Indicated  in  Section  4.7, 


i(Jb 


<9 
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2.  Log"*^:  T - S)  is  the  input  logic  function.  Here 

( 1’  - S)  denotes  the  power  set  of  the  set  of  "regular"  nlaces.  For 
each  transition  tj^  s T,  hog^(tj^)  = u)  where  ir  <- 

J.  Log";  T ► f^(  I’)  is  the  output  logic  function.  For  each 

transition  t^^  t T,  Log  (tj^)  “ to  where 
U)  c {p^  I Pr^  = s,  s G X.'*’}. 

A marking  of  a Petri  Net  v;ith  switches,  disjunctive  logic  and 
token  absorbers  is  a total,  single-valued  mapping  from  the  set  of 
places  P into  Z°. 

Def initio n D. 2 

A transition  tj^  G T is  enabled  in  the  marking  if  and  only  if: 

1.  For  all  places  p^  such  that  l(p^,  t^^)  > 0,  p^  ^ S and 
p^  / Log'*'(t|^),  M^(p^)  > I(p^,  tj^). 

2.  If  Log^(t  ) ^ 4>,  there  exists  a place  p G Log  (t  ) such  that 
M^(p  ) '■  I(p  , t ) and  M^(p  ) = 0,  for  all  p G Log  (t  ),  p ¥ p . 

S*"SK  Cj  ^ 

Condition  1 above  is  also  referred  to  as  conjunctive,  or  AND,  input 
logic  while  condition  2 is  referred  to  as  disjunctive,  or  F.OR,  input 
logic.  Note  that  if  t^^  has  a switch  as  input  place,  the  marking  of  tlie 


Figure  D. 1 
Sample  Transition 


respiM- 1 i Vf  switch  does  not  influence  the  enabled  status  of  tj^.  For 

example,  in  Flcure  I). 2 tr.3nsitlon  t is  enabled  while  transition  t is 

m n 

disabled  (because  condition  2 is  not  satisfied). 


Figure  D. 2 
Sample  Tr.insitions 

Any  transition  enabled  in  some  marking  imiy  be  selected  to  fire 

in  M^.  Suppose  tj^  is  enabled  in  M*  and  let  denote  the  marking 

obtained  after  firing  t^^  in  M*  . Let  denote  the  "intermediate 

marking"  obtained  after  <-ollecting  the  corresponding  tokens  from  the 

input  pl.aces  of  t but  before  tokens  are  placed  in  the  output  places  of 

t, . Thus: 
k 

1.  for  all  places  p ,£  H such  that  l(p,,  t.)  = 0, 

i-  i ’ J 

M (p^  ) = M (p  j ) . 

11.  for  all  places  p such  that  I(p  , t,  ) > 0,  p / S and 
. Jr  "^r  k r 

p^  / Log'^(tj^),  M "(p^)  - M (p^)  - Kp^.  t|^). 

lli.  for  all  places  p e Log"*"(t  ),  (p  ) •=  0 if  (p  ) = 0 or 
' s " k s s 

M^~(p  ) - M^(p  ) - l(p  , t ) if  M (p  ) > 0 (recall,  however,  that  all 
S S K S 

places  in  Log  (t  ) but  one  must  have  a zero  marking  in  order  for  t,  to 
I 

be  enabled  in  M ). 


ill 


iv.  if  s is  the  input  switch  of  t,  then 
u . k. 

fo  if  M (s  ) = 0 

M^"(s  ) = { . 

” I M^(s  )-l  if  M^(s  ) > 0 
u u 


We  can  now  define  the  marking  M 
i 


1+1 


as  follows: 


for  all  places  p . L P such  that  0(t  , 
i+1  i-  J ^ 

M (Pj)  = (p  J. 

il.  for  all  p^  C P such  that  Pj.)  = 


Pj)  = 0, 


C,  ) = 0. 

r 


iii, 


if  t|^  has  a switch  as  input  place,  let  it  be  s.,  then  let 


m 

0(t 


f P be  such  that  0(t,  , p ) = e and  let  p C P be  such  that 

k m n 

, p ) = f.  Then 
k n 


:'m^  (p  ) 
i+1  ! 

1 (p  ) + 1 

M (p  ) + 1 
n 


= { 


if  M (s  J > 0 

if  M^(s.)  = 0 
i J 

if  M (s . ) > 0 
J 


I (p  ) 

n 


if  M (s.) 
J 


0 


IV. 


if  t does  not  have  a switch  as  input  place  then  for  all 

places  p such  that  0(t, , p ) > 0 and  p i Log  (t  ),  (p  ) = 

^ ^ k 

= M (p  ) + 0(t  , p ).  If  Log  (t  ) ^ ((),  for  some  place  p c Log  (t  ), 

i+1  q j_  K q K § ^ 

M (p  ) = M (p  ) + 0(t  , p ) while  for  all  p , p C Log  (t,  ) and 
s s . k s u u k 

Pu  ^ Pg.  M ^Py^  ~ ^Pu^‘  place  p^  is  arbitrarily  selected. 

Notice  that  if  t has  the  switch  s.  as  input  place  then  p receives 
k 1 1 ^ 

a token  upon  the  firing  of  t in  M only  if  M (s.)  = 0,  l.e.  only  if 

i ’ 

Sj  is  "empty"  in  the  marking  M (whence  the  label  e of  the  arc  connect- 
ing t,  to  p ).  On  the  other  hand,  if  M^(s^)  > 0,  i.e.  s.  is  "full"  in 
k m ^ j J . 

the  marking  M , then  p^^  receives  a token  upon  the  firing  of  t^^  in  M 


(whence  the  label  f of  the  arc  connecting  t^^  to  p ) 


Thus,  the  place 


s.  acts  Indeed  as  a "switch"  directing  the  output  token  of  t,  to  p or 
J k m 

p^  (but  not  botli)  depending  on  its  nvirklng  prior  to  the  firing  of  tj^. 
Figure  D. 3 examplifies  the  operation  of  a switch. 

Figure  I). 4 examplifies  the  firing  of  a transition  which  does  not 
have  a switch  as  input  place  and  for  which  Log  (fj^)  and  Log  (fj^)  are 
not  empty.  We  emphasize  that  upon  the  firing  of  tj^  only  one  place  from 
Log  (t|^)  receives  tokens,  the  selection  of  that  place  being  arbitrary. 
This  constraint  is  referred  to  as  disjunctive,  or  EOR,  output  logic. 


A. 


Figure  I). 4 also  examplilies  the  operation  of  a token  absorber.  Note 
that  a token  absorber  perforins  exactly  as  described  in  Section  4.7. 
Thus,  if  *'(t|^,  p^)  = 7,,  for  some  place  p^  i P,  then  upon  the  firing  of 
in  all  tokens  present  in  p^  are  "absorbed"  such  that  ~ 

irrespective  ot  M (p^). 

Deflnitijm  D.3 

A Petri  Net  Model  with  switches,  disjunctive  logic  and  token 
absorbers  (SPM)  is  a system:  SPM  (SPN,  M“)  where: 

1.  SPN  = (SN,  l.og^.  Log  ) is  a Petri  Net  with  switches,  disjunc- 
tive logic  and  token  absorbers. 

2.  M“  is  the  Initial  nuirking  of  SN. 

[)j?f  in  i t ion  _D^._4 

A Labelled  Petri  Net  Model  with  switches,  disjunctive  logic  and 
token  absorbers  is  a system  SPM.,  = (SPM,  7,,  L)  where: 


1.  SPM  = (SPN,  M“)  is  a Petri  Net  Model  with  switches,  disjunc- 
tive logic  and  token  absorbers. 

2.  ) Is  a finite  label  alphabet. 

'3.  L:  T >•  /.  is  a total  single-value  mapping,  called  the  labelling 
function  of  SPM^. 


Figure  I).  4 

The  Firing  of  a Transition  without  a Switch  as  Input  Place 
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Tho 

ina logons 


families  of  Languages  A(SPM)  and  A^(SPM)  are  defined 
to  A(C-CPM)  and  A^(C-CI’M),  respectively. 


V 


BIBI.IOCRAIMIY 


1ac;ar-75  1 

[AHO-72 1 

[ BAER- 7 31 

[BIRK-67  1 
( BOOK- 70a  1 

[BOOK- 70b) 

[BOOK-72] 

[CERF-72] 

[COUR-71  1 

|[)ENN-70] 

[DENN-75] 

[FISH-68] 

[0 INS-69  ] 
[OINS-74  ] 


Agarwala,  T.K.M.,  "Towards  a Theory  for  the  Analysis  and 
Synthesis  of  Systems  Exhibiting  Concurrency,"  I’h.D.  Tliesis, 
The  .Johns  Hopkins  University,  Baltimore,  Maryland,  1975. 

Alio,  A.V.  and  Oilman , J.D.,  "The  Theory  of  Parsing,  Trans- 
lation and  Compiling,"  Vol.  I,  Prentice-Hall,  Series  in 
Autonvitic  Computation,  1972. 

Baer,  J.E.,  "Modeling  for  Parallel  Computation:  A Case 
Study,"  Sagamore  Computer  Conference  on  Parallel  Proce.ssing, 
1973. 

Birkhoff,  G.,  "Lattice  Theory,"  American  Mathematical 
Society  Colloquium  Publications,  Vol.  XXV,  1967. 

Book,  R.V.,  Grelbach,  S.A.,  and  Wegbreit,  B. , "Time-  and 
Tape-Bounded  Turing  Acceptors  and  AFl.'s,"  Journal  of  Com- 
puter and  System  Sciences:  4,  1970. 

Book,  R.V.  and  Grelbach,  S.A.,  "Quasi-Realtime  Languages," 
Mathematical  Systems  Theory,  Vol.  4,  No.  2,  1970. 

Book,  R.V.  and  Ginsburg,  S.,  "Multi-Stack-Counter  Languages," 
Mathenvitical  Systems  Theory,  Vol.  6,  No.  1,  1972. 

Cerf,  V.G.,  "Multiprocessors,  Semaphores,  and  a Graph  Model 
of  Computation,"  Pli.D.  Thesis,  Computer  Science  Department, 
UCLA,  1972  (UCLA-10P14-110) . 

Courtois,  P.J.,  Heymans,  F.,  and  Parnas,  D.L.,  "Concurrent 
Control  with  "Readers"  and  "Writers","  CACM,  Vol.  14, 

No.  10,  October  1971. 

Dennis,  J.B.,  "Mt)dular,  Asynchronous  Control  Structures  for 
a High  Performance  Processor,"  Record  of  the  Project  MAC 
Conference  on  Concurrent  Systems  and  Parallel  Computation, 
Woods  Hole,  Massachusetts,  June  2-5,  1970. 

Dennis,  J.B.,  "First  Version  of  a Data  Flow  Procedure  Lan- 
guage," MAC  Technical  Memorandum  61,  Project  MAC,  MIT, 
Cambridge,  Massachusetts,  May  1975. 

Fisher,  P.C.,  Mi  'r,  A.R.,  and  Rosenberg,  A.L.,  "Counter 
Machines  and  Cou;  r Languages,”  Mathematical  Systems 
Theory,  Vol.  2,  No.  3,  1968. 

Ginsburg,  S.  and  Grelbach,  S.A.,  "Abstract  Families  of 
Languages,"  Memoires  Americ.  Math.  Soc . , No.  87,  1969. 

Ginsburg,  S.  and  Rose,  G.F.,  "The  Equivalence  of  Stack- 
Counter  Acceptors  and  Quasi-Real  time  Stack-Counter  Accep- 
tors," .Journal  of  Computer  and  System  Sciences,  8,  1974. 

31  5 


X 


, f 

I 


il  f> 


I 

i 


' i 

I 

i 

I 

f; 


i 


lr.OST-71  1 

[(;rki-691 

[CRlE-71  1 
[HACK- 751 

[HOPC-691 

[KOSA-731 

[MILL-74  1 

[NOE-73] 
[NUTT- 72] 
[PATI-70] 
[PETE-73] 
[RUMB-75 ] 
[SAI.0-7  3] 


(Ristflow,  K.P.,  "Flow  of  Control,  Resource  Allocation,  and 
the  Proper  Termination  of  Programs,"  Ph.D.  Thesis,  Computer 
Science  Department,  UCLA  1971  (UCLA  ENC.-71 79/UCLA-10P14-106)  . 

Creibach,  S.A.  and  Hopcroft,  J.E.,  "Scattered  Context 
Grammars, " .lournal  of  Computer  and  System  Sciences,  Vol.  3, 

No.  3,  August  1969. 

Cries,  D.,  "Compiler  Construction  for  Digital  Computers," 

-John  Wiley,  1971 . 

Hack,  M. , "Petri  Net  Languages,"  Computation  Structures 
Croup  Memo  124,  Project  MAC,  MIT,  Cambridge,  Massachusetts, 
June  1975. 

Hopcroft,  .I.E.  and  Ullman,  J.D.,  "Formal  Languages  and 
their  Relation  to  Automata,"  4ddlson-Wesley , 1968. 

Kosaraju,  S.R.,  "Limitations  of  Dijkstra's  Semaphore 
Primitives  and  Petri  Nets,"  The  Johns  Hopkins  University, 
Baltimore,  .Maryland,  May  1973. 

Miller,  R.E.,  "Some  Relationships  between  Various  Models  of 
Parrallellsm  and  Synchronization,"  RC  5074  (f/22391  ). 
Mathematical  Sciences  Department,  IBM  Thomas  .1.  Watson 
Research  Center,  October  1974. 

Noe,  J.D.  and  Nutt,  C.J.,  "Macro  E-Nets  for  Representation 
of  Parallel  Systems,"  IEEE  Transactions  on  Computers, 

Vol.  C-22,  No.  8,  August  1973. 

Nutt,  C.J.,  "The  Formulation  and  Application  of  Evaluation 
Nets,"  Ph.D.  Thesis,  Computer  Science  Croup,  Univ.  of 
Washington,  Seattle,  1972  (TR.  72-07-02). 

Patll,  S.S.,  "Coordination  of  Asynchronous  Events,"  Ph.D. 
Thesis,  Project  MAC,  MIT,  Cambridge,  Massachusetts,  1970 
(MAC-TR-72). 

Peterson,  ,1.1,.,  "Modelling  of  Parallel  Systems,"  Ph.D. 

Thesis,  Department  of  Electrical  Engineering,  Stanlord 
University,  1973. 

Rumbaugh,  J.E.,  "A  Parallel  Asynchronous  Computer  Archi- 
tecture for  Data  Flow  Programs,"  Ph.D.  Thesis,  Project  MAC, 
MIT,  Cambridge,  Massachusetts,  May  1975  tMAC-TR-1 50) . 

Salomaa,  A.,  "Formal  Languages,"  ACM  Monograph  Series, 
Academic  Press,  1973. 


[SONN-75]  Sonnenburg,  C.R.,  "A  Configurable  Parallel  Computing 

System,"  Ph.D.  Thesis,  Program  of  Computer,  Infornvit ion  and 
Control  Engineering,  The  University  of  Michigan,  Ann  Arbor, 
Michigan,  February  1975  (RADC-TR-74-353) , (A007008). 


> 


4 


il  7 


[URSC-72]  UrschlcT,  C.,  "The  Inherent  Parallelism  of  Flow  Diagrams," 

Technical  Report  TR  25.129,  IBM  Laboratory  Vienna,  July  1972. 

lURSC-7  1)  Urschler,  C.,  "The  Transfornuition  of  Flow  Dif.grams  into 

Maximally  Parallel  Form,"  Sagamore  Computer  C inference  on 
Parallel  Processing,  1971. 

[URSC-75]  Urschler,  G.,  "Automatic  Structuring  of  Programs,"  IBM 
J.  Res.  Develop.,  March  1975. 


